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on_the Congruence of Modular Forms

by Jacob Sturm

51 rntroduction.
. EEme—

The purpose of this paper is to give a criterion for decidj,
ng.

shen two modular forms with algebraic integer coefficients ar,
‘e con-

gruent modulo @ prine 3. Ve then uis a formalaioemcir:)s SN
ne

our result in the case where the modular forms are newforms (i

-e,
p;imitiVe forms) of square free level,
some examples.

In the last section we give

1 would like to thank D. Rohrlich and J. Tunnel for Several useful

discussions. In particular, they were the ones who formulated the ori.
ginal question and who showed me one of the examples which Apboatih -

section four.

§2. The congruence of modular forms.

Fix N a positive integer and let
. pm b ab 10
T(N) = ((C d) € SLZ@H(C d) = (4 1) mod N},
and fix T, a subgroup of r(l) containing r(N). Let H be the set o

complex numbers with positive imaginary part, and k a positive

ger. Then, for every function F: H > C and every y € G‘LZ(B), define

Flky: H-> C by E

(F!ky) (z) = F((az+b)- (cz+d)'l) (czm)‘k(adubc)kﬂ,

WHELE: k. = (z Z). Let M (T) be the space of modular forms on [ ¢
weight k: A function £: H » C is in M (1) if £ ds holomorphic,
Elyy = £ for all y e 1, and if £1,y is bounded on the set of

Plex numbers whose imaginary part is greater than one, for a

£(z) = % a(n)e(nz),
n>0 i
ne (1/N)2

Yhere o(x) denotes the function s If R AT
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2 whose Fourier coefficientg
denote by Mktr.R) those forms 1in Mk(r) T
a(n) € R for all n).

{i.e s 5
F and let R? be the ring of integerg of

in R
Now fix a number field
1f s =7 c(n)e(nz) (n> 0) is a cara

3, a prime ideal of RF.
= inf(n|afc(n)}, with the conventjep

F. PFix

sum with c(n) € R, define ord\(s) W
we note that or N 5152) = ord)\(sll

ordxls) =o if J_lc(n) for all n.

+ QrdchZ)‘

Theorem 1: Let f£,9 € M.k(r,RF). Assume ordk(f-g) > k[F(1):r]/12.
Then ardl(f-g) =w, i.e., £ =g mod ).

Example: Let [ = 70(113) and kX = 2. If £(z) = T a(n)e(nz) ¢ Mz(r,a)

and g(z) = £ b(n)e(nz) € MZ(!'.R), then to show a(n) = b(n) for all i,
it suffices to check a(0) = b(0), a(l) = b(l),...,a(l1l9) = b(119).

proof of theorem one: Case one: [ = T(l). Let a(z) = 1 r(n)e(nz)
€ Mlz(f(l),gl be the discriminant form and let j(z) = y» a(n)e(nz)
(n > -1) be the "j" function (we recall that j is an automorphic

function on r(l) whose only pole is at infinity). we normalize so
that a(-1) = 7(1) = 1,

all n. Let g = £ - g. Then ord, (Gu) > k which implies
%

Then a(n) and -(n) are rational integers for

L L
n>-k

12 -x
© A c(n)e(nz),

Hence we obtain alib-k € 2[3] is 2

(this can be proved easily by

with c(n) € RF and xle(n) if n < 0O,

polynomial in j of degree at most %

X g 12

induction on k), so that ¢ ° € 3[3]4"° which implies ord ' = =, and

hence ord)c = o,

Case two: T© arbit i v
t T ‘trary. Let g = f - g, After replacing o bY o

if necessary, we may assume 12|k, Then, by considering uA-k/lz and

applyi
BBx Mgl theorem 6.6 of shimura [4], we conclude ol € My(r(“):“‘fuu”

for all €
¥ € T{1), vhere uy = e(1/N). Moreover, ©|,y has bounded de-

nominators, e ini
. Now let K be a finite extension of F(y ) such that KRK
is principal (e.g., take g £

and let

o be the Hilbert class field of F(“N“'
A bea prime dividing ;, in r(1), the

Chines: i 5 .
€ remainder theorem implies the existence of a scalar Aly) € K
such that

(1)

Then, for all ¥

A(Y)(n|ky) € Mk(r(N)'Rk) and

bl

277
(2) crdAtA(y)w[ky) is finite,

: =" ot 2 =1%o

jow write T(1) = U ) Tylv) with y(1) = (p 1)» and let
m

ol 1 A(v(v))mikv(u)].

=

&=

1 d d o~
Then § € My (F(1)) and oxd (8) > ord (y) = °rd, () > kn/12. Hence,
case one implies Otdk(c) = w, which yields

m
ord + Eorordeifal
Al AP el y (W] = w
. d = ord = o,

and hence, or e r X ®. We remark that if ¢ and g are cusp

forms, one can obtain a somewhat sharper result by using the fact that

in this case, ordAA(y{u))gikylv) 2 1 for each y 5 1.

B3. congruence of newforms,
Let F be a number field and RF the ring of integers in F. 1f
N and K are positive integers and if x 1s a Dirichlet character

modulo N, we denote by Sk(ro(N),x,RFJ the space of cusp forms on
rD(N) with character x Wwhose Fourier coefficients lie in RF In

other words, f ¢ sk(ro(N) ""RF) if and only if f € uk(r'(m,xp) and

() fly = ¥ (@F for all y € om0 = ((25) € r2) e = o) ana

(2) limy_)m E|ky = 0 for all y € T(1).

Let o (M) =g at (d|N and d positive) and denote by ) a fixed

prime ideal of RF' In this section we shall prove the following:

Theorem 2; Let N be a square free positive integer and x a
Dirichlet character modulo N,
= I b(n)e(nz) be elements of sk(rom)""kl-‘)‘ Assume that £ and g
are newforms (i.e. e

Let £(z) = £ a(n)e(nz) and g(z)

primitive forms) of exact level N.

[pl'Pz"- -»P.] be a subset (possibly empty) of the prime divisors of
u, Assume
(1)

°rd, (£-9) > kg, (N)/(12-27) and

(2) AP )i=tbi(p, ) or 1= o

Then £ o 9 mod 3.

. Moreover, if x = 1 and 3|2, then oxd (£:9) >
Ky .

l(N]/(lZnU(NH implies £ = g mod 3.









