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Abstract

Explicit approac hes to modular abelian varieties
by
William Arth ur Stein
Doctor of Philosophy in Mathematics
University of California at Berkeley
ProfessorHendrik Lenstra, Chair

| investigate the Birch and Swinnerton-Dyer conjecture, which ties together the con-
stellation of invariants attached to an abelian variety. | attempt to verify this conjecture
for certain speci ¢ modular abelian varieties of dimension greater than one. The key idea
is to useBarry Mazur's notion of visibilit y, coupledwith explicit computations, to produce
lower bounds on the Shafarevic-Tate group. | have not nished the proof of the conjecture
in theseexamples;this would require computing explicit upper bounds on the order of this
group.

| next describe how to compute in spacesof modular forms of weight at leasttwo. | give
an integrated padkage for computing, in many cases,the following invariants of a modular
abelian variety: the modular degree the rational part of the special value of the L-function,
the order of the componert group at primes of multiplicativ e reduction, the period lattice,
upper and lower bounds on the torsion subgroup, and the real volume. Taken together,
thesealgorithms are frequertly suzcient to compute the odd part of the conjectural order
of the Shafarevih-Tate group of an analytic rank O optimal quotient of Jo(N), with N
square-free.| have not determined the exact structure of the component group, the order
of the componert group at primes whosesquaredivides the level, or the exact order of the
torsion subgroup in all cases. However, | do provide generalizationsof some of the above
algorithms to higher weight forms with nontrivial character.

ProfessorHendrik Lenstra
Dissertation Committee Chair
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Preface

The object of numerical computation is theoretical advance.
{A. O.L. Atkin, see [5]

The de nition of the spacesof modular forms as functions on the upper half plane
satisfying a certain equation is very abstract. The de nition of the Hedke operators even
more so. Nevertheless,one wishesto carry out explicit investigationsinto these objects.

We are fortunate that we now have methods available that allow us to transform the
vector spaceof cusp forms of given weight and level into a concrete object, which can be
explicitly computed. We have the work of Atkin-Lehner, Birch, Swinnerton-Dyer, Manin,
Merel, and many othersto thank for this (see[6, 16, 45]). For example,the Eichler-Selberg
trace formula, as extended in [30], can be usedto compute characteristic polynomials of
Hedke operators. One can compute Hedke operators using Brandt matrices and quaternion
algebras[32, 52]; another closely related method involves the module of enhancedsuper-
singular elliptic curves[47]. In the courseof computing large tables of invariants of elliptic
curvesin [16], Cremonademonstratedthe power of systematic computation using modular
symbols.

Various methods often must be usedin concertto obtain information about the padkage
of invariants attached to a modular form. For example, computing orders of componert
groups of optimal quotients of Jo(N) involvescomputations on the module of supersingular
elliptic curvescombined with modular symbols techniques (seeChapter 4).

Chapter 1 is an attempt to systematically prove the Birch and Swinnerton-Dyer con-
jecture for a certain nite list of rank-0 quotients of Jo(N ) that have nontrivial Shafarevid-
Tate groups. The key ideais to useBarry Mazur's notion of visibilit y, coupledwith explicit
computations, to produce lower bounds on the Shafarevid-Tate group. | have not nished
the proof of the conjecture in these examples;this would require computing explicit upper
bounds on the order of this group. Howewer, | obtain explicit formulas and data that will
be helpful in further investigations.

The following three chapters describe the algorithms used in Chapter 1, along with
generalizationsto eigenformson j 1(N) of integral weight greater than two. | have used
these algorithms to investigate the Artin Conjecture [12], Serre's conjecture, and many
other problems not described in this thesis. | have implemented most of the algorithms
that are described in Chapters 2{4 in both Ma gma and C++ ; this implementation should
be available in the standard releaseof Magma in versions2.7 and greater.

William A. Stein
University of California, Berkeley



Chapter 1

The Birc h and Swinnerton-Dy er
conjecture

Now that the Shimura-Taniyamaconjecture hasbeenproved, many experts considerthe
Birch and Swinnerton-Dyer conjecture (BSD conjecture) to be one of the main outstanding
problems in the eld (see[19, pg. 549] and [68, Intro.]). This conjecture ties together
many of the arithmetic and analytic invariants of an elliptic curve. At presen, there is no
generalclassof elliptic curvesfor which the full BSD conjecture is known, though a slightly
weakenedform is known for a fairly broad classof complex multiplication elliptic curvesof
analytic rank 0 (see[55]), and seweral deep partial results have been obtained during the
last twenty years(see,e.g.,[27] and [33)]).

Approachesto the BSD conjecture that rely on congruencesbetween modular forms
are likely to require a deeper understanding of the analogue of the BSD conjecture for
higher-dimensional abelian varieties. As a rst step, this chapter presers theorems and
explicit computations of someof the arithmetic invariants of modular abelian varieties.

The reader is urged to also read A. Agashe's2000 Berkeley Ph.D. thesis which cover
similar themes. The paper of Cremona and Mazur's [18] paints a detailed experimental
picture of the way in which congruencedink Mordell-Weil and Shafarevid-Tate groups of
elliptic curves.

1.1 The BSD conjecture

By [10] we now know that every elliptic curve over Q is a quotient of the curve X o(N),
whose complex points are the isomorphism classesof pairs consisting of a (generalized)
elliptic curve and a cyclic subgroup of order N. Let Jo(N) denote the Jacobian of X o(N);
this is an abelian variety of dimensionequalto the gerus of X o(N) whosepoints correspond
to the degree0 divisor classeson X g(N). The survey article [21]is a good guide to the facts
and literature about the family of abelian varieties Jo(N ).

Following Mazur [41], we make the following de nition.

De nition 1.1 (Optimal quotien t). An optimal quotient of Jo(N) is a quotient A of
Jo(N) by an abelian subvariety.
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Consider an optimal quotient A such that L(A; 1) 6 0. By [35], A(Q) and X (A) are
both nite. The BSD conjectureassertsthat

L(A;1) _ #X (A) ¢ijN Cp

-a #AQ)H#A-(Q)

Here the Shafarevid-Tate group

A !
Y
X (A) := ker HY(Q;A)! H1(Qv:A)

\"

is a measureof the failure of the local-to-global principle; the Tamagava numbers c, are
the orders of the groups of rational points of the componert groups of A (seeChapter 4);
the real number - 5 is the measureof A(R) with respect to a basis of di®erertials having
everywhere nonzerogood reduction (seeSection3.12.6); and A- is the abelian variety dual
to A (see[50, x9]). This chapter makesa small cortribution to the long-term goal of verifying
the above conjecture for many speci ¢ abelian varieties on a case-ly-casebasis. In a large
list of examples,we compute the conjectured order of X (A), up to a power of 2, and then
shav that X (A) is at least asbig as conjectured. We also discussmethods to obtain upper
boundson # X (A), but do not carry out any computations in this direction. This is the
‘rst step in a program to verify the above conjecture for an in nite family of quotients
of Jo(N).

1.1.1 The ratio L(A;1)= A

Extending classicalwork on elliptic curves, A. Agasheand the author proved the fol-
lowing theorem.

Theorem 1.2. Let m be the largestsquae dividing N. The ratio L(A; 1)= A is a rational
number that can be explicitly computed, up to a unit (conjecturally 1) in Z[1=(2m)].

Proof. The proof usesmodular symbols combined with an extension of the argument used
by Mazur in [41] to bound the Manin constart. The modular symbols part of the proof
for L-functions attached to newforms of weight k , 2 is given in Section 3.10; it involves
expressingthe ratio L (A; 1)= A asthe lattice index of two modules over the Hedke algebra.
The bound on the Manin constart is givenin Section3.11. O

The author has computed L (A; 1)= 5 for all simple optimal quotients of level N -
1500; this table can be obtained from the author's web page.

Remark 1.3. The method of proof should alsogive similar results for special valuesof twists
of L(A; s), just asit doesin the casedim A = 1 (see[16, Prop. 2.11.2]).

1.1.2 Torsion subgroup

We can compute upper and lower boundson # A(Q)wr, SeeSection3.8; thesefrequertly
determine # A(Q)tor -
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These methods, combined with the method used to obtain Theorem 1.2, yield the
following corollary, which supports the expected cancellation betweentorsion and ¢, coming
from the reduction map sendingrational points to their imagein the componert group of A.
The corollary also generalizesto higher weight forms, thus suggestinga geometric way to
think about reducibility of modular Galois represenations.

Corollary 1.4. Let n be the order of the image of (0) j (1) in A(Q), and let m be the
largestsquare dividing N. Then n ¢L(A; 1)= A 2 Z[1=(2m)]:

For the proof, seeCorollary 3.48in Chapter 3.

1.1.3 Tamagawa numbers
We prove the following theorem in Chapter 4.

Theorem 1.5. When p? - N, the number Cp can be explicitly computed (up to a power
of 2).

We can compute the order ¢, of the group of rational points of the componert group,
but not its structure asa group. When p? j N it may be possibleto compute Cp using the
Drinfeld-Katz-Mazur model of X o(N), but we have not yet donethis. There are also good
bounds on the primes that can divide ¢, whenp? j N

Systematic computations (see Section 4.7.1) using this formula suggestthe following
conjectural re nement of a result of Mazur [40].

Conjecture 1.6. SuppseN is prime and A is an optimal quotient of Jo(N) correspnding
to a newformf. Then A(Q)wr is geneated by the imageof (0) i (1) andcp = # A(Q)tor-
Furthermore, the product of the ¢, over all simple optimal quotients correspnding to new-
forms egualsthe numerator of (N j 1)=12

| have cheded this conjecturefor all N - 997and, up to apower of 2, forall N - 2113.
The rst part is known whenA is an elliptic curve (see[48]). Upon hearing of this conjecture,
Mazur reportedly proved it when all \ g-Eisenstein quotients” are simple. There are three
promising approacesto nding a complete proof. One involves the explicit formula of
Theorem 1.5; another is based on Ribet's level lowering theorem (see[53]), and a third
makes use of a simplicity result of Merel (see[46]).

The formula that lies behind Theorem 1.5 probably has a natural analoguein weight
greater than 2. One could then guessthat it produces Tamagava numbers of motifs at-
tached to eigenformsof higher weight; howewver, we have no idea if this is really the case.
These numbers appear in the conjectures of Bloch and Kato, which generalizethe BSD
conjecture to motifs (see[7]). Anyone wishing to try to compute them should be aware of
Neil Dummigan's paper [22], which gives someinformation about the Tamagava numbers
of motifs attached by Scholl in [57]to modular eigenforms.

1.1.4 Upp er bounds on #X (A)

V. Kolyvagin (see[34]) and K. Kato (see,e.g., [58]) constructed Euler systemsthat
were usedto provethat X (A) is nite whenL(A; 1) 6 0. To verify the full BSD conjecture
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for certain abelian varieties, we must make the Kolyvagin-Kato "niteness bound explicit.
Kolyvagin's bounds involve computations with Heegnerpoints, and Kato's involve a study
of the Galois represenations assaiated to A.

Kolyv agin's bounds

In [33], Kolyvagin obtains explicit upper boundsfor # X (A) for a certain ( nite) list
of elliptic curves A by computing the index in A(K) of the subgroup generated by the
Heegnerpoint, whereK is a suitable imaginary quadratic extension. In [35], Kolyvagin and
Logadhev generalizeKolyvagin's earlier results; in Section 1.6, \Unsolv ed problems", they
say that: \If one wereto compute the height of a Heegnerpoint y [...] consideredin the
preser paper, then onewould have succeededn obtaining an upper bound for # X for this
curve." (By \curve" they mean abelian variety.) This suggeststhat explicit computations
should yield upper bounds on the order of X (A), but that they had not yet gured out
how to carry out such computations.

Kato's bounds

Kato hasconstructed Euler systemscoming from K »>-groups of modular curves. These
can be usedto prove the following theorem (see,e.g., [56, Cor. 3.5.19]).

Theorem 1.7 (Kato). SuppmseE is an elliptic curve over Q without complex multipli-
catigg that E has conductor N, that E has gaod reduction at p, that p does not divide
2E " gN Lo(d 1)# E(Qq)tor, and the Galois representation g, : Go ! Aut( E[p]) is sur-
jective. Then

L(E;1).

- E

# X (E)p divides

Here L(x) is the local Euler factor at g and the constart rg arisesin the construction
of Kato's Euler system. Rubin suggeststhat computing rg is not very dixcult (private
communication). Appropriate variants of Kato's argumerts give similar results for quotients
of Jo(N) of arbitrary dimension, though these have not beenwritten down.

1.1.5 Lower bounds on #X (A)

One approac to showing that X (A) is as at least as large as predicted by the BSD
conjecture is suggestedoy Mazur's notion of the visible part X (A)* of X (A) (see[18, 43)).
Let A- Y2 Jo(N) be the dual to A. The visible part of X (A-) is the kernel of the natural
map X (A-) ! X (Jo(N)). Mazur obsened that if an elemen of order p in X (A-) is
visible, then it is explained by a \jump in the rank of Mordell-Weil" in the sensethat there
is another abelian subvariety B %2 Jo(N) suc that pj #( A-\ B) and the rank of B is
positive.

Mazur's obsenation can be turned around: if there is another abelian variety B of
positive rank sud that p j #( A- \ B), then, under mild hypotheses(see Theorem 1.8),
there is an elemen of X (A-) of order p. From a computational point of view it is easy
to understand the intersectionsA- \ B; seeSection 3.6. From a theoretical point of view,
nontrivial intersections \correspond" to congruencesbetween modular forms. Thus the
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well-developed theory of congruencesbetweenmodular forms can be usedto obtain a lower
bound on # X (A-).

Invisible elements of # X (A-)

Numerical experiments suggestthat as A- varies, X (A-) is often not visible inside
of Jo(N). For example(seeTable 1.2), the BSD conjecture predicts the existenceof invisible
elemerts of odd order in X (A-) for almost half of the 37 optimal quotients of prime level
- 2113.

Visibilit y at higher level

For every integer M (Ribet [54] tells us which M to choose), we can ask whether
X (A-) maps to 0 under one of the natural maps A- ! Jo(NM); that is, we can ask
whether X (A-) \b ecomesvisible at level NM." We have been unable to prove in any
particular casethat X (A-) is not visible at level N, but becomesvisible at some level
N M. SeeSection 1.4.1 for somecomputations which strongly indicate that such examples
exist.

Visibilit y in some Jacobian

Johan de Jong proved that if E is an elliptic curve over a number eld K and c 2
H1(K;E) then there is a JacobianJ and an imbedding E | J such that ¢ mapsto O under
the natural map H(K;E) ! H(K;J) (seeRemark 3 in [18]); de Jong's proof appearsto
generalizewhen E is replacedby an abelian variety, but time doesnot permit going into
the details here.

1.1.6 Motiv ation for considering abelian varieties

If A is an elliptic curve, then explaining X (A) using only congruencesetweenelliptic
curves will probably fail. This is becausepairs of non-isogenouselliptic curves with iso-
morphic p-torsion for large p are, accordingto E. Kani's conjecture, extremely rare. It is
crucial to understand what happensin all dimensions.

Within the range accessibleby computer, abelian varieties exhibit more richly textured
structure than elliptic curves. For example, there is a visible elemern of prime order 83341
in the Shafarevih-Tate group of an abelian variety of prime conductor 2333;in contrast,
over all optimal elliptic curvesof conductor up to 5500,it appearsthat the largest order of
an elemen of a Shafarevidh-Tate group is 7 (seethe discussionin [18§]).

1.2 Existence of nontrivial visible elements of X (A)

The reader who wants to seetables of Shafarevidh-Tate groups can safely skip to the
next section.

Without relying on any unveri ed conjectures, we will use the following theorem to
exhibit abelian varieties A suc that the visible part of X (A) is nonzero. In the following
theorem we do not assumethat J is the Jacobian of a curve.
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Theorem 1.8. Let A and B be akelian subvarietiesof an akelian variety J suchthat A\ B
is nite and A(Q) is nite. Assumethat B has purely toric reduction at each prime at
which J has bad reduction. Let p be an odd prime at which J has good reduction, and
assumethat p does not divide the orders of any of the (geometric) component groups of A
and B, or the orders of the torsion sulgroupsof (J=B)(Q) and B(Q). Suppsefurther that
B[p] “2A\ B. Then there exists an injection

B(Q)=pB(Q) ! X (A)*
of B(Q)=pB(Q) into the visible part of X (A).

Proof. Let C = J=A. The long exact sequenceof Galois cohomologyassaiated to the short
exact sequence

or At Jgr ct o
begins

0! AQ)! J(Q)! C(Q)i" HYQ;A)! ¢tc¢:

BecauseB[p] ¥2 A, the map B ! C, obtained by composing the inclusion B | J with
J ! C, factors through multiplication-b y-p, giving the following commutativ e diagram:

B—/B

L

A—1y—c:

BecauseB (Q)[p] = 0 and B(Q)\ A(Q) = 0, we deducethe following commutativ e diagram
with exact rows:

0 K1 K2
0 B(Q) /B(E) M’:i;i):pB(Q) —o
OQJ(Q):ZA(Q) /C(E) ’i(C(LQ)) —o
KZ;

where K1 and K, are the indicated kernels and K 3 is the cokernel. We have the snake
lemma exact sequence
0! Ki! Ky! Kg:

BecauseB(Q)[p] = 0 and K, is a p-torsion group, we have K; = 0. The quotient
J(Q)=B(Q) has no p-torsion becauseit is a subgroup of (J=B)(Q); also, A(Q) is a -
nite group of order coprime to p, so K3 = J(Q)=(A(Q) + B(Q)) has no p-torsion. Thus
Kz = 0.
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The above argumert shaws that B (Q)=pB(Q) is a subgroup of H1(Q;A). However,
H(Q:A) cortains innitely many elemeris of order p (see[59]), whereasX (A)[p] is a
“nite group, so we must work harder to deducethat B(Q)=pB(Q) liesin X (A)[p]. Fix
x 2 B(Q). We must show that ¥{x) liesin X (A)[p]; equivalertly, that res,(¥{x)) = 0 for
all placesv of Q.

At the archimedeanplacev = 1 , the restriction res,(¥4x)) is killed by 2 and the odd
prime p, henceres,(¥{x)) = 0.

Supposethat v is a place at which J has bad reduction. By hypothesis, B has purely
toric reduction, soover the maximal unrami ed extensionQY" of Q, there is anisomorphism
B = Gﬂ,zi of Gal(Q,=QUY")-modules, for somel\lattice" . For example,whendimB = 1,
this is the Tate curve represettation of B. Let n be the order of the componert group
of B at v; thus n equalsthe order of the cokernel of the valuation map j ! Z9. Choosea
represetativeP = (x1;:::;Xq) 2 GY for the point x. Then nP canbe adjusted by elemeris
of | sothat ead of its componerts x; 2 G, hasvaluation 0. By assumption, p is a prime
at which J has good reduction, sop 6 v; it follows that there is a point Q 2 G¢9 (QU")
such that pQ = nP. Thus the cohomology classres,(¥4nx)) is unrami ed at v. By [51,
Prop. 1.3.8],

HH QY =Qv; A(QY) = HY(QY =Qu; ©aw (Fv));

where ©,., is the componert group of A at v. Sincethe componert group ©a. (Fy) has
order n, it follows that
res,(¥4nx)) = nres,(¥4x)) = O:

Sincethe order p of res,(¥{x)) is coprime to n, we concludethat res,(¥{x)) = 0.

Next supposethat J has good reduction at v and that v is odd, in the sensethat the
residue characteristic of v is odd. To simplify notation in this paragraph, sincev is a non-
archimedeanplaceof Q, we will alsolet v denotethe odd prime number which is the residue
characteristic of v. Let A, J , C, bethe N&ron modelsof A, J, and C, respectively (for more
on N&ron models, seeChapter 4). Let A, J, C, also denote the sheaves on the §tale-site
over Spec(Zy) determined by the group schemesA, J , and C, respectively. Sincev is odd,
1=e<vj 1, sowe may apply [8, Thm. 7.5.4]to conclude that the sequenceof group
sthemes

or A Jt cr o

is exact; in particular, it is exact as a sequenceof sheares on the §tale site (seethe proof
of [8, Thm. 7.5.4]). Thus it is exact on the stalks, so by [49, 2.9(d)] the sequence

0! AZY)! J@H! cqz:h! o
is exact; by the N§ron mapping property the sequence
0! A(Qy)! J(Q)! C(@Q))! O

is also exact. Thus res,(¥{x)) in unrami ed, soit arisesby in°ation from an elemen of
H1(QUY=Q,;A). By [51, Prop. 1.3.8],

H 1(Q$r=Qv; A)2H 1(Q3r=Qv; ©av);
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where ©,., is the componert group of A at v. SinceA hasgood reduction, ©4y = 0, hence
res,(¥4x)) = 0.

If J hasbad reduction at v = 2, then we already dealt with 2 above. Considerthe case
whenJ hasgood reduction at 2. Becausethe absoluterami cation index e of Z, is 1, which
is not lessthan vj 1= 1, we can not apply [8, Thm. 7.5.4]. Howewer, we can modify our
situation by an isogery of degreea power of 2, then apply a di®eren theorem as follows.
The 2-primary subgroup? of A\ B is rational asa subgroup over Q, in the sensethat
the conjugatesof any point in 2 are also contained in . The abelian varieties J7= J=2,
A= A=% and B = B= alsosatisfy the hypothesisof the theorem we are proving. By [8,
Prop. 7.5.3(a)], the corresponding sequenceof N&§ron models

or A Jr cro
is exact, sothe sequence

0l A(Q)! JIQH! CQH! o

is exact. Thusthe imageof res,(¥4x)) in H(Qy;A) is unrami ed. It equals0, again by [51,
Prop. 3.8], sincethe componert group of A" at v hasorder a power of 2 (in fact it is trivial,
since A" hasgood reduction at 2), whereas¥{x) hasodd prime order p. Thusres,(¥{x)) = 0,
sincethe kernelof HY(Qy;A) ! H(Qy;A) is a nite group of 2-power order. O

1.3 Description of tables

In this sectionwe describe our tables of optimal quotients of Jo(N ), which have nontriv-
ial Shafarevih-Tate group. The tables, which can be found on pages15{18, were computed
using a conbination of Hecke [64], LIDIA , NTL , Pari , and most successfullyMa gma [9].
The componert group computations at non-prime level rely on Kohel's quaternion algebra
padkage, which was also written in Ma gma.

We compute the conjectural order of the Shafarevid-Tate group of an abelian variety A,
and then make assertionsabout the Shafarevih-Tate group of A-. This is justi ed because
the order of X (A-) equal the order of X (A), sinceboth are nite and the Cassells-Tte
pairing setsup a nondegenerateduality betweenthem.

1.3.1 Notation

Each optimal quotient A of Jo(N) is denoted by a label, such as 389E, which consists
of alevel N and a letter indicating the isogery class. In the labeling, N is a positive integer
and the isogery classis given by a letter: the rst isogery classis labeled A, the secondis
labeled B, the third labeled C, and soon. Thus 389E is the fth isogery classof optimal
guotient of Jo(389), corresponding to a Galois-conjugacy class of newforms. The isogery
classesthat we considerare in bijection with the Galois-conjugacy classesof newformsin
S2(j o(N)). The classesof newforms are ordered as described in Section 3.5.5.

WARNING: The odd part of a rational number x is x=2", wherev = ordy(x). In the
tables, only the odd parts of the arithmetic invariants of A are given.



10 CHAPTER 1. THE BIRCH AND SWINNERTON-D YER CONJECTURE

1.3.2 Table 1.2: Shafarevic h-T ate groups at prime level

Table 1.2 was constructed as follows. Using the results of Section 3.10, we computed
the odd part of the conjectural order # X ,,(A) of the Shafarevih-Tate group of every
optimal quotient of Jo(p) that correspondsto a single Galois conjugacy-classof eigenforms
and has analytic rank 0, for p a prime with p - 2161. We also computed a few sporadic
examplesof prime level p with p > 2161. The sporadic examplesappear at the bottom of
the table below a horizontal line.

Notation

The columns of the table contain the following information. The abelian varieties A
for which # X ,,(A) is greater than 1 are laid out in the rst column of Table 1.2. The
secondcolumn contains the dimensions of the abelian varieties in the rst column. The
third column contains the odd part (i.e., largest odd divisor) of the order of the Shafarevih-
Tate group, as predicted by the BSD conjecture. Column four corntains the odd parts of
the modular degreesof the abelian varieties in the rst column.

The fth column cortains an optimal quotient B of Jo(p) of positive analytic rank,
such that the "-torsion of B- is contained in A—, when one exists, where ~ is a divisor of
# X . (A). We computed this intersection using the algorithm described in Section 3.6.
Such a B is called an explanatory factor. When no sud abelian varieties exists, we write
\NONE" in the fth column. The sixth column cortains the dimensions of the abelian
varieties in the fth column, and the sewenth column contains the odd parts of the modular
degreesof the abelian varieties in the fth column.

Ranks of the explanatory factors

That the explanatory factors have positive analytic rank follows from our modular
symbols computation of L(B;1)= g. This is supported by the table in [11], exceptin the
case2333A , wherethere is a mistake in [11] (seebelow).

The explanatory factor 389A is the rst elliptic curve of rank 2. The table in [11] sug-
geststhat the explanatory factor 1061B is the rst 2-dimensionalabelian variety (attached
to a newform) whoseMordell-Weil group when tensoredwith the “eld of fractions F of the
corresponding ring of Fourier coexcients, is of dimension 2 over F. Similarly 1567B ap-
pearsto be the rst 3-dimensionalone of rank 2, and 2333A is the rst 4-dimensionalone
of rank 2. It thus seemsvery likely that the ranks of ead explanatory factor is exactly 2,
though we have not proved this.

Discussion of the data

There are 23 examplesin which X (A) is visible and 18 in which X (A) is invisible.
The largest visible X (A) found occurs at level 2333and has order at least 8334F (83341
is prime). The largest invisible X (A) occursin a 112-dimensionalabelian variety at level
2111and hasorder at least 211°.

The example 1283C demonstratesthat # X ,,(A) can divide the modular degree,yet
be invisible. In this caseb divides # X ,,(A). Sinceb5 divides the modular degree,it follows
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that there must be other non-isogenoussubvarieties of Jp(1283) that intersect 1283C in a
subgroup of order divisible by 5. In this case,the only sud subvariety is 1283A , which
has dimension 2 and whose5-torsion is contained in 1283C . However 1283A has analytic
(hencealgebraic) rank 0, so# X .,(A) cannot be visible.

The casesl483D, 1567D, 2029C, and 2593B are interesting becauseall of X , even
though it hastwo nontrivial p-primary componerts in ead of these cases,is made visible
in asingleB. In the casel913E only the 5-primary componert of X is visible in 1913A ,
but still both the 5-primary and 61-primary componerts of X are visible in 1913C.

Examples 1091C and 1429B were rst found in [1] and 1913B in [18§].

Errata to Brumer's paper

Contrary to our computations, [11] suggeststhat 2333A has rank 0. Howewer, the
author pointed the discrepancyout to Brumer who replied:

| looked in vain for information about p-relations on 2333 and have concluded
that | never ran the interval from 2300to 2500 0r elsehad lost all info by the
time | wrote up the paper. The punchline: 4 relations for 2333 and 2 relations
for 2381 (also missing from the table).

1.3.3 Tables 1.3{1.6: New visible Shafarevic h-T ate groups

Let n denote the largest odd squaredividing the numerator of L (A; 1)= A. Table 1.3
lists those A such that for somep j n there exists a quotient B of Jo(N), corresponding
to a newform and having positive analytic rank, suc that (A-\ B-)[p] 6 0. Our searth
was systematic up to level 1001, but there might be omitted examplesbetweenlevels 1001
and 1028. Table 1.4 contains further arithmetic information about eat explanatory factor.
Table 1.6 givesthe quartities involved in the formula of Chapter 4 for Tamagava numbers,
for eath of the abelian varieties A in Table 1.3.

Notation

Most of the notation is the sameas in Table 1.2. Howewer the additional columns
Wq and ¢, cortain the signs of the Atkin-Lehner involutions and the Tamagava numbers,
respectively. Theseare given in order, from smallestto largest prime divisor of N.

In eadh caseB has dimension 1. When 4 N, we write \a" for ¢, to remind us that
we did not compute c; becausethe reduction at 2 is additive. Again only odd parts of the
invariants are given. Section4.7.2corntains a discussionof the notation usedin the headings
of Table 1.6.

Remarks on the data

The explanatory factors B of level - 1028 are exactly the set of rank 2 elliptic curves
of level - 1028.
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Table 1.1: Odd invisible jX gj > 1, all N - 5500 (from Table 1 of [18])
p

E iX Ej Mg F mg  Remarks

2849A 3 25 ¢5¢61 NONE i

3364C 7 26 ¢32¢52¢7 none .

4229A 3 23¢3¢7¢13 none i

4343B 3 2% ¢1583 NONE |

4914N 3 24 ¢3P none i E hasrational 3-torsion
5054C 3 22¢32¢11  none i

5073D 3 25¢3¢5¢7¢23 none i

5389A 3 22 ¢2333 NONE |

1.4 Further visibilit y computations

1.4.1 Does X become visible at higher level?

This section is concernedwith whether or not the examplesof invisible elemens of
Shafarevid-Tate groups of elliptic curvesof level N that are given in [18] becomevisible
in abelian surfacesinside appropriate Jo(N p). We analyze eat of the casesin Table 1 of
[18]. For the reader's corvenience,the part of this table which concernsus is reproducedas
Table 1.1. The most interesting exampleswe give are 2849A and 5389A . As in [18], the
assertionsbelow assumethe truth of the BSD conjecture.

How we found the explanatory curv es

We usea naive heuristic obsenation to nd possibleexplanatory curvesof higher level,
even though their conductors are out of the range of Cremona'stables. Note that we have
not provedthat thesefactors are actually explanatory in any casesand expect that in some
casesthey are not.

First we recall someof the notation from Table 1 of [18], which is partially reproduced
below. The \NONE" label in the row corresponding to an elliptic curve E indicates that
there are elemens in X (E) whose order does not divide the modular degreeof E, and
hencethey must be invisible. The label \none" indicates only that no suitable explanatory
elliptic curvescould be found, so X (E) is not visible in an akelian surface inside Jo(N); it
could, howewer, be visible in the full abelian variety Jo(N).

Studying the Weierstrassequations corresponding to the curvesin [18] revealsthat the
elliptic curveslabeled\NONE" have unusually large height, as comparedto their conduc-
tors. Howewver, the explanatory factors often have unusually small height. Motiv ated by
this purely heuristic obsenation, we make a table of all elliptic curvesof the form

y2+ apxy + agy = X3+ apx? + aux + ag;

with aj;az;az 2 fi 1;0; 19, jayj;jasj < 1000,and conductor bounded by 50000. The bound
on the conductor is required only sothat the table will 't within computer storage. This
table took a few days to generate.
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2849A

Barry Mazur and Adam Loganfound the ‘rst known exampleof aninvisible Shafarevid-
Tate group. This was X (E), where E is the elliptic curve 2849A , which has minimal
Weierstrassequation

E: y2+xy+y=x3+x%] 53484 4843180

Consulting our table of curves of small height, we nd an elliptic curve F of conductor
8547= 2849¢3 such that fg = fg (mod 3), wherefg and fg are the newforms attached
to E and F, respectively. This is a congruencefor all eigervaluesa, attachedto E and F.
The elliptic curve F is de ned by the equation

F: y?+xy+y=x3+x?; 154 478

Cremona's program mwrankreveals that the Mordell-Weil group of F hasrank 2. Thus
maybe X (E) becomesvisible at level 8547. Unfortunately, visibilit y of X (E) is not implied
by Theorem 1.8 becausethe geometriccomponert group of F at 3 hasorder divisible by 3.

4343B

Consider the elliptic curve E labeled 4343B . According to Table 1 of [18], X (E) has
order 9, but the modular degreeprevernts X (E) from being visible in Jo(4343). At level
21715= 5¢4343there is an elliptic curve F of rank 1 that is congruert to E. Its equation
is

F: y2ixyiy=x3i x2+ 78| 256

5389A

The last curve labeled\NONE" in the table is curve 5389A , which has minimal Weier-
strass equation

y2+ xy +y=x>j 35590 j 2587197

The main theorem of [54] implies that there existsa newformthat is congruert modulo 3
to the newform corresponding to 5389A and of level 3 ¢5389. This is because(j 2)? =
(3+ 1)2 (mod 3). However, our table of curvesof small height doesnot cortain any curve
of conductor 3 ¢5389. Next we obsene that (j 2)2~ (7 + 1)? (mod 3), so using Ribet's
theorem we can instead augmen the level by 7. Our table of small-height curvescontains
just one (up to isogery) elliptic curve of conductor 37723, and luckily the corresponding
newformis congruert modulo 3 to the newform corresponding to 5389A (away from primes
dividing the level)! The Weierstrassequation of this curve is

F: y?j y=x3+x%+ 34xj 248

According to Cremona's program mwrank the rank of F is 2.
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3364C, 4229A, 5073D

Perhaps X (E) is already visible in some of the casesin which the curve is labeled
\none", becausehe method fails in most of thesecases.Each of the curves3364C , 4229A ,
and 5073D is labeled\none". In none of these 3 casesare we able to nd an explanatory
factor at higher level, within the range of our table of elliptic curvesof small height.

4194N, 5054C

The curve 4914N is labeled\none" and we nd the remark \ E hasrational 3-torsion".
There is a congruert curve F of conductor 24570given by the equation

F: o oy?i xy=x3 x?j 15«j 75

and F(Q) = fOg. The curve 5054C is labeled \none" and its Shafarevih-Tate group
cortains invisible elemerts of order 3. We nd a congruert curve of level 25270and rank 1.
The equation of the congruert curve is

F:y?j xy=x3+x%j 17& + 882

1.4.2 Positiv e rank example

The abelian varieties with nontrivial X (A) that one nds in both ours and Cremona's
tables all have rank 0. In this sectionwe outline a computation which sugggestsbut does
not prove, that there is a positive-rank abelian subvariety A of Jo(5077) such that X (A)
possessea nontrivial visible elemen of order 31.

According to [16], the smallest conductor elliptic curve E of rank 3 is found in J =
Jo(5077). The number 5077is prime, and the isogery decomposition of J is!

J» AEBE E;

where eath of A, B, and E are abelian subvarieties of J assaiated to newforms, which
have dimensions205, 216, and 1, respectively. Using Remark 3.38 or [69], we nd that the
modular degreeof E is 1984= 2% ¢31. The sign of the Atkin-Lehner involution on E is
the sameasits signon A, soE[31]%2A. Wehave E(Q) 2 Z £ Z £ Z, and the componert
group of E is trivial. The numerator of (5077 1)=12is 32 ¢47, so [40] implies that none
of the abelian varieties above have 31-torsion. It might be possibleto nd an analogue of
Theorem 1.8 that applies when A has positive rank, and deducein this casethat X (A)
cortains visible elemers of order 31.

1This decomposition wasfound in about one minute using the Mestre-Oesterl method of graphs (see[47]).
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Table 1.2: Shafarevih-Tate groups at prime level. (The entries in the columns\mod deg"

and \# X _," are only really the odd parts of \mod deg" and \# X ..".)

A dm #X ,,(A) mod deg(A) B dim mod deg®B)
389E 20 52 5 389A 1 5
433D 16 72 3¢7¢37 433A 1 7
563E 31 13 13 563A 1 13
571D 2 32 32 ¢127 571B 1 3
709C 30 112 11 709A 1 11
997H 42 3? 32 997B 1 3
1061D 46 1512 61¢151¢179 1061B 2 151
1091C 62 72 1 NONE

1171D 53 112 3*¢11 1171A 1 11
1283C 62 52 5¢41¢59 NONE

1429B 64 52 1 NONE

1481C 71 132 52 ¢2833 NONE

1483D 67 32 ¢52 3¢5 1483A 1 3¢5
1531D 73 3?2 3 1531A 1 3
1559B 90 112 1 NONE

1567D 69 72 ¢412 7 ¢41 1567B 3 7¢41
1613D 75 52 5¢19 1613A 1 5
1621C 70 172 17 1621A 1 17
1627C 73 3? 32 1627A 1 3?
1693C 72 1307 1301 1693A 3 1301
1811D 98 312 1 NONE

1847B 98 36 1 NONE

1871C 98 19 14699 NONE

1877B 86 72 1 NONE

1907D 90 72 3¢5¢7¢11 1907A 1 7
1913B 1 32 3¢103 1913A 1 3¢5?
1913E 84  5%¢612 52 ¢61¢103 1913A,C 1;2 3¢5%;52¢61
1933C 83 32 ¢72 3¢7 1933A 1 3¢7
1997C 93 172 1 NONE

2027C 94 2% 29 2027A 1 29
2029C 90 5?2 ¢26% 5¢269 2029A 2 5¢269
2039F 99 3*¢52  19¢29¢7759¢3214201 NONE

2063C 106 132 61¢139 NONE

2089J 91 112 3¢5¢11¢19¢73¢139 2089B 1 11
2099B 106 32 1 NONE

2111B 112 2112 1 NONE

2113B 91 72 1 NONE

2161C 98 232 1 NONE

2333C 101 8334F 83341 2333A 4 83341
2339C 114 38 6791 NONE

2411B 123 112 1 NONE

2593B 109 672 ¢221% 67¢2213 2593A 4 67¢2213
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Table 1.3: New visible Shafarevih-Tate groups

A dm #X .,  wq G #A(Q) IAQLAD mod deg(A) B
389E 20 52 i 97 97 52 5 389A
433D 16 72 i 3?2 3? 72 3¢7¢37 433A
446F 8 112 +i 1;3 3 112 11¢359353 446B
563E 31 13 i 281 281 132 13 563A
571D 2 32 i 1 1 32 32 ¢127 571B
655D 13 3? + 1;1 1 3? 32¢19¢515741  655A
664F 8 52 P+ a;l 1 52 5 664A
681B 1 32 +i 1:1 1 32 3¢5° 681C
707G 15 1% + 1;1 1 13 13¢800077 707A
709C 30 112 i 59 59 112 11 709A
718F 7 72 + 1;1 1 72 7¢151¢35573  718B
794G 14 1722 +i 31 3 112 3¢7¢11¢47¢35447 794A
817E 15 72 + 1;5 5 72 7¢79 817A
916G 9 112 P+ a;l 1 112 39¢11¢17¢239 916C
9440 6 72 +j a;l 1 72 7 944E
997H 42 3? i 83 83 3? 3?2 997BC
1001L 7 7?7 o+ + L11 1 72 7¢19¢47¢2273  1001C

1028E 14 112 i+ a;1 3 34 ¢11? 313¢11 1028A
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Table 1.4: Explanatory factors

B rank Wq o #A(Q) mod deg(A) Commerts
389A 2 i 1 1 5 “rst curve of rank 2
433A 2 i 1 1 7

446B 2 +i 11 1 11 called 446D in [16]
563A 2 i 1 1 13

571B 2 i 1 1 3

655A 2 + 11 1 3

664A 2 i + 11 1 5

681C 2 +i 11 1 3

707A 2 + 1.1 1 13

709A 2 i 1 1 11

718B 2 +j 1;1 1 7

794A 2 +i 11 1 11

817A 2 +] 1;1 1 7

916C 2 P + 31 1 3¢11

944E 2 +j 11 1 7

997B 2 i 1 1 3

997C 2 i 1 1 3

1001C 2 +i + 131 1 32 ¢7

1028A 2 i + 31 1 3¢11 intersects 1028E mod 11

Table 1.5: Factorizations

446 = 2¢223 655 = 5¢131 664 = 23¢83 681 = 3¢227
707 = 7¢101 718 = 2¢359 794 = 2¢397 817 = 19¢43
916 = 22¢229 944 = 24¢59 1001 = 7¢11¢13 1028 = 22 ¢257
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389E
433D
446F

563E
571D
655D

664F
681B

707G

709C
718F

794G
817E
916G
9440

997H
1001L

1028E

dim

20

16

31

13

=

15

30

14

15

14

P Wq #Oxyp
389 97
433 32
223 3

2 o+ 3
563 j 281
571 1
131 1

5 + 1
83 + 1
227 1

3 + 1
101 1

7 + 1
709 59
359 1

2 o+ 1
397 j 3

2 o+ 3
43 5
19 + 1
229 + 1
59 1
997 i 83
13 + 1
11 1

7 + 1
257 + 1

Table 1.6: Componert groups

Mx:p
5¢97
38 ¢7¢37
3¢11¢359353
3¢11
13¢281
32 ¢127

32 ¢19¢515741

32
5
3¢5°
3¢5?
13¢800077
13
11¢59
7¢151¢35573
7

3? ¢7 ¢11¢47 ¢35447

3¢11
5¢7¢79
7

3% ¢11¢17¢239

7
32 ¢83

7¢19¢47¢2273
7¢19¢47¢2273

7¢19¢47
33 ¢11

#0O pp (Fp)

97
32
3
3¢359353
281
1
1
19¢515741
1
1
5
1
800077
59
1
151¢35573
3

32 ¢7 ¢47 ¢35447

5
79
1
1
83
1
1
2273
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Chapter 2

Mo dular symbols

Modular symbols permeatethis thesis. In their simplestincarnation, modular symbols
provide a nite presenation for the homology group H1(Xo(N);Z) of the Riemann surface
Xo(N). This presenation is equipped with sud arich structure that from it we can deduce
the action of the Hedke operators; this is already suxcient information for usto compute a
basisfor the spaceS,(j o(N); C) of cusp forms.

We recall the de nition of spacesof modular symbols in Sections2.1{2.2. Then in
Section 2.3, we review the duality between modular symbols and modular forms. In Sec-
tion 2.4, we seethat modular symbols are furnished with analoguesof eac of the standard
operators that one nds on spacesof modular forms, and in Section 2.5 we seethat the
sameis true of the degeneracymaps. Section 2.6 describes Manin symbols, which supply a
cornveniert nite preseration for the spaceof modular symbols. Finally, Section 2.7 intro-
ducesthe complextorus attachedto a newform, which appearsin various guisesthroughout
this thesis.

Before continuing, we o®eran apology. We will only considermodular symbols that are
already equipped with a xed Dirichlet character. Though xing a character complicates
the formulas, the resulting increasein exciency is of extreme value in computational appli-
cations. Fixing a character allows us to compute in just the part of the spaceof modular
symbolsfor j 1(N) that interestsus. We apologizefor any inconveniencethis may causethe
lessexciency minded reader.

Acknowledgmen t. This chapter and the next were greatly in°uenced by the publi-
cations of Cremona [15, 16] and Merel [45], along with the foundational cortributions of
Manin [38], Mazur [42, 39], and Shokurov [63]. Cremona's book [16] provides a motivated
roadmap that guidesthe reader who wishesto compute with modular symbols in the fa-
miliar context of elliptic curves, and Merel's article provides an accessibleoverview of the
action of Hede operators on higher weight modular symbols, and the connection between
modular symbols and related cohomologytheories.

2.1 The de nition of modular symbols

Fix a positive integer N, an integerk , 2, and a contin uous homomorphism
"1 (Z=NZz)"! C*
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such that "(j 1) = (i 1)X. Wecall N the level k the weight and " the Dirichlet character.
Consider the quotient of the abelian group generatedby all formal symbols f®; g,
with ®~ 2 PY(Q) = Q[ flg , by the following relations:

f® g+f ;°g+f°,®y= 0
for all ® ;° 2 PY(Q). Let M be the torsion-free quotient of this group by its torsion
subgroup. BecauseM s torsion free, f®,®= 0and f®, g= if ;®qg.

Remark 2.1. Oneis motivated to considertheserelations by viewing f ®, g asthe homology
classof an appropriate path from ® to ~ in the upper half plane.

Let Vi, 2 be the Z-submadule of Z[X; Y] matlje ug of all homogeneougpolynomials of
degreek i 2,andsetM = Vi;2- M :Forg= 28 2 GL»(Q) and P 2 V; , let

H n T HH b‘ﬂ Hx‘ﬂ‘ﬂ

. — il X —_ d i
gP(X;Y) =P det(g)g N =P ¢ a v

P(dX j bY;j cX + aY):

This de nes a left action of GL(Q) on V; 2; it is a left action because

P (det(gh)(gh)i 'v) = P(det(h)hi 1 det(g)g' ‘v)
gP (det(h)hi *v) = g(hP (v)):

(gh)P(v)

Combining this action with the action of GL»(Q) on P(Q) by linear fractional transfor-
mations givesa left action of GL2(Q) on M :

g(P - f® @) =9(P)- fo(®;0( )g:

i ¢
Finally, forg = ! ab 2 jo(N), let"(g) == "(a), wherea 2 Z=N Z is the reduction modulo N
of a.
Let

Z["l:=Z["(a) :a2 Z=NZ]
be the subring of C generatedby the valuesof the character ".
De nition 2.2 (Mo dular symbols). The spaceof modular symimlsM (N ;") oflevelN,
weight k and character " is the largest torsion-free quotient of M - Z["] by the Z["]-
submadule generatedby the relations gx j "(g)x forall x 2 M g andall g2 j o(N).
Denote by Pf®; gthe imageof P - f® gin M ((N;"). For any Z["]-algebraR, let
M k(N;";R) == M (N;")- ziqR:

SeeSection 3.1 for an algorithm which can be usedto compute M (N;"; Q(")).
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2.2 Cuspidal modular symbols

Let B be the free abelian group generated by the symbols f®g for all ® 2 P1(Q).
There is a left action of GL(Q) on B given by gf ® = fg(®)g. Let By := V; 2- B, and
let GL2(Q) act on By by g(Pf®g) = (gP)f g(®)g.

De nition 2.3 (Boundary modular symbols). The spaceB(N;") of boundary mod-
ular symtols is the largest torsion-free quotient of By - Z["] by the relations gx = "(g)x for
allg2jo(N)andx 2 By.

Denote by Pf®g the imageof P - f®gin Bx(N;"). The boundary map
M ((N;") D Bk(N;™)

is de ned by
HPf®, g)= Pf gj Pf®g:

De nition 2.4 (Cuspidal modular symbols). The spaceSy(N;") of cuspidal modular
symhols is the kernel of +.

The three spacesde ned above 't together in the following exact sequence:

0! SK(N;™)!1 M k(N;") iff By(N;"):

2.3 Dualit y between modular symbols and modular forms
For any positive integer k, any C-valued function f on the complex upper half plane
h:=fz2 C :im(z) > Og;
and any matrix ° 2 GL2(Q), de ne a function f j[°]x on h by

1 F(°2) |

(Fi7J0(2) = det()" 1 e

De nition 2.5 (Cusp forms). Let Sc(N;") bethe complex vector spaceof holomorphic
functions f (z) on h that satisfy the equation

fil 1 = "(°)f

forall °© 2 j o(N), and such that f is holomorphic and vanishesat all cusps,in the senseof
[21, pg. 42].

De nition 2.6 (An tiholomorphic  cusp forms). Let Si(N;") bethe spaceof antiholo-
morphic cusp forms; the de nition is as above, except

f(°2)
(cZ+ d)K

="()f (@

forall ° 2 jo(N).
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There is a canonical isomorphism of real vector spacesbetweenS,(N;") and Si(N;")
that assaiatesto f the antiholomorphic cusp form de ned by the function z 7! f (2).

Theorem 2.7 (Merel). Thereis a pairing
h; i (Sk(N;") ©Sk(N;") £ M ((N;";C)! C

given by 7 7

H ©g,Pf® gi= f(z2)P(z;1)dz + 9(z)P(z; 1)dz;
® ®

where the path from ® to  is, exept for the endmints, contained in h. The pairing is
perfect whenrestricted to Si(N;";C).

Proof. Take the " part of ead side of [45, Thm. 3]. O

2.4 Linear operators

2.4.1 Hecke operators

For ead positive integer n and ead spaceV of modular symbols or modular forms,
there is a Hecke operator T,,, which acts as a linear endomorphismof V. For the de nition
of T, on modular symbols, see[45, x2]. Alternativ ely, becausewe consider only modular
symbols with character, the following recipe completely determines the Hede operators.
First, whenn = pis prime, we have

2 3
M 1 x M 1
5

0 1
Tp(X)=481+ 0p %

r mod p

where the rst matrix is omitted if pj N. If m and n are coprime, then Ty = T Th.
Finally, if pis a prime, r , 2is an integer, " is the Dirichlet character of assaiated to V,
and k is the weight of V, then

To = ToTpini "(AP 1Ty 2
De nition 2.8. The Hecke algeba asseiated to V is the subring
T=Ty=2Z[::Th:::]
of End(V) generatedby all Hedke operators Ty, with n= 1;2;3;:::.

Prop osition 2.9. The pairing of Theorem 2.7 respects the action of the Hecke operators, in
the sensethat F T;xi = H;Txi forall T2 T,x2 M (N;"), andf 2 Si(N;")©Si(N;").

Proof. See[45, Prop. 10]. O
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2.4.2 The wo-involution

' ¢
The matrix j = i (1)(1’ de nes an involution @ of M ((N;") given by x 7! x® = j (x).
Explicitly ,

(POX;Y)I® 9= P(X;i V)i ®i ¢

Becausethe spaceof modular symbols is constructed as a quotient, it is not obvious that
the o-involution is well de ned.

Prop osition 2.10. The o-involution is well de ned.

Proof. Recall that M (N;") is the largest torsion-free quotient of the free Z["]-module
generatedby symbols x = Pf®; g by the submodule generatedby relations °x j "(°)x for
all © 2 jo(N). In order to ched that the operator = is well de ned, it sutcesto ched, for
any x 2 M , that a(°x "(°)x) is,of the form °Qi "(°9y, for somey in M . Note that if
°= 38b"244(N), thenjejil= i%icti) is alsoin jo(N) and"(j°ji 1) = "(°). We have
JEXi ")) =J°xi j"(°)x
=j°it xi "()ix
= (TG G DG x):
O

If f isamodular form, let f ° be the holomorphic function f (j z), wherethe bar denotes
complex conjugation. The Fourier coetcients of f ° are the complex conjugates of those
of f; though f * is again a holomorphic modular form, its character is * instead of ". The
pairing of Theorem 2.7 is the restriction of a pairing on the full spaceswithout character,
and we have the following proposition.

Prop osition 2.11. We have
H % x®i = W xi:

De nition 2.12 (Plus-one quotien t). The plus-one quotient M ((N;")+ is the largest
torsion-free quotient of M (N;") by the relations x” j x = 0 for all x 2 M (N;").
Similarly, the minus-one quotient is the quotient of M (N ;") by all relations x” + x = 0,
for x 2 M (N;").

WARNING 2.13. We were forced to make a choice in our de nition of the operator o.
Fortunately, it agreeswith that of [16, x2.1.3], but not with the choice madein [45, x1.6].
2.4.3 The Atkin-Lehner involutions

In this sectionwe assumethat k is evenand "? = 1. The assumptionon " is necessary
only sothat the involution we are about to de ne presenesM ((N;"). More generally it
is possibleto de ne a map which sendsM (N;") to M ¢(N;™).
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To eadh divisor d of N such that (d;N=d) = 1 there is an Atkin-L ehner involution Wy
of M (N;"), which is de ned as follows. Using the Euclidean algorithm, chooseintegers
X;¥;z;w such that

dxw i (N=dyz= 1

Next let g = ' & )Y and dene

i g Ki2 . .
For example,whend = N wehaveg= " J i 1. The factor ofd 2z  is necessaryto normalize

Wy sothat it is an involution.

On modular forms there is an Atkin-Lehner involution, also denoted Wy, which acts
by Wy(f) = fj[Wg]k. Thesetwo like-namedinvolutions are compatible with the integration
pairing:

AWg(f );xi = b ; Wq(X)i:

2.5 Degeneracy maps

In this section, we describe natural mapsbetweenspacesof modular symbols of di®erert
levels.

Fix a positive integer N and a Dirichlet character " : (Z=NZ)® ! C". Let M be
a positive divisor of N that is divisible by the conductor of ", in the sensethat " factors
through (Z=M Z)" via the natural map (Z=NZzZ)"! (Z=M Z)" composedwith someuniquely
de ned character "%: (Z=M Z)® ! C®°. For any positive divisor t of N=M, let T = (}?
and x achoiceD; = fT° :i = 1;:::;ng of cosetrepresettativ esfor j o(N)nTj o(M).

WARNING 2.14. Thereis amistakein [45,x2.6]: The quotient \j 1(N)nj :(M)T" should
be replacedby \j 1(N)nTj 1(M)".

Prop osition 2.15. For each divisor t of N=M there are well-de ned linear maps

he T
® M k(N;) D M (M;™) @) = (T x = | X
X
M (MY M k(NG Ti(x) = "o e
T°i2D¢

Furthermore, ® = is multiplication by t*i 2 ¢[j o(M) : j o(N)]:
Proof. Tg show that ® is well de ned, we must shaw that for eath x 2 M ((N;") and
o=lab o, (N), that we have
cd 10 ’
®(xi "(*)x)= 02 M ((M;"9:

We have H 1 u T 1 s} 1
a tb

o Peo . t o t 0
A= g XT Lig 01 XT@ g g%
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o)
&Cxi "(°)x) = "@&X) i "()&(x) = O

We next verify that —; is well de'ned. Supposethat x 2 M (M;"9 and ® 2 j o(M);
then "q°)i 1°x = x, so

X
t(x) = ")) tox
@0 |
= llO(OiO)| 1TOIOX.
T°i°2D,
This computation shaws that the de nition of ; doesnot depend on the choice D of coset
represenativ es. To nish the proofthat  is well de ned we must shaw that, for ° 2 j o(M),

we have "(°x) = "4°)¢(x) sothat ~; respectsthe relations that de ne M (M;"). Using
that { doesnot depend on the choice of cosetrepresertative, we nd that for © 2 j o(M),

_t(oX) — uO(oi)| lToioX
T°i2Dt
X
— nO(oioil)j lToioiloX
Te°;°i 12Dy
= ") (0):

To compute ® + ¢, weusethat # D¢ = [j o(N) : i o(M)]:
0 1
X
&@ Qo) tTexA
T
") YT X
T
— '[ki 2 --O(oi)i loix
T°
'[ki 2

& (" (x))

X
TC
thi 2¢[j o(N) = j o(M)] &x:

The scalar factor of tXi 2 appears instead of t, becauset is acting on x as an elemer of
GL>(Q) not asan an elemen of Q. O

De nition 2.16 (New and old modular symbols). The subspaceM ¢(N;")"" of new
modular symiwols is the intersection of the kernelsof the ® ast runs through all positive di-
visorsof N=M and M runs through positive divisors of M strictly lessthan N and divisible
by the conductor of ". The subspaceM | (N;")° of old modular symtpls is the subspace
generatedby the imagesof the ; wheret runs through all positive divisors of N=M and M
runs through positive divisors of M strictly lessthan N and divisible by the conductor of ".
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WARNING: The newand old subspacesxeednot bedisjoint, asthe following example
illustrates! This is cortrary to the statemert on page 80 of [45].

Example 2.17. We justify the above warning. Consider, for example, the caseN = 6,
k = 2, and trivial character. The spacesM »(2) and M »(3) are eat of dimension 1, and
ead is generated by the modular symbol f1 ;0g. The spaceM ,(6) is of dimension 3,
and is generated by the 3 modular symbols f1 ;0g, fi 1=4;0g, and fj 1=2;j 1=3g. The
spacegeneratedby the 2 imagesof M »(2) under the 2 degeneracymaps has dimension 2,
and likewise for M »(3). Together these images generate M ,(6), so M »(6) is equal to
its old subspace. Howewer, the new subspaceis nontrivial becausethe two degeneracy
mapsM ,(6) ! M »(2) are equal, as are the two degeneracymapsM »(6) ! M »(3). In
particular, the intersection of the kernels of the degeneracymaps has dimension at least 1
(in fact, it equalsl).

Computationally, it appearsthat something similar to this happensif and only if the
weight is 2, the character is trivial, and the level is composite. This behavior is probably
related to the nonexistenceof a characteristic 0 Eisenstein seriesof weight 2 and level 1.

The following tempting argumert is incorrect; the error liesin the fact that an elemert
of the old subspaceis a linear combination of ¢(y)'s for variousy's and t's: \If x isin both
the new and old subspacethen x = {(y) for somemodular symbol y of lower level. This
implies x = 0 because

0= ®&(x) = &(c(y)) = t“i 2¢[i o(N) : i o(M)] ty:"

Remark 2.18. The map ~;+® cannotin generalbe multiplication by ascalarsinceM (M ;"9
usually has smaller dimensionthan M (N;").

2.5.1 Computing coset representativ es

De nition  2.19 (Pro jectiv e line mod N). Let N be a positive integer. Then the pro-
jective line P1(N) is the set of pairs (a;b), with a;b2 Z=NZ and gcd(a; b;N) = 1, modulo
the eqgivalencerelation which identi es (a;b) and (a® ) if and only if at’” ba® (mod N).

Let M be a positive divisor of N and t a divisor of N=M. The following random
algorithm computesa set D; of represenativ esfor the orbit spacej o(M )nTj o(N): There
are deterministic algorithms for computing D¢, but all of the onesthe author hasfound are
vastly lessexcient than the following random algorithm.

Algorithm  2.20. Let j o(N=t;t) denotethe subgroupof SL,(Z) consisting of matrices that
are upper triangular modulo N=t and lower triang&llar rr?odulq:t. Obsene that two right
cosetsof | o(N=t;t) in SLy(Z), represened by ‘33 and gﬁg’; , are equivalert if and only
if (a;b) = (a%B?) as points of P1(t) and (c;d) = (c®d9 as points of P(N=t). Using the
following algorithm, we compute right cosetrepreserativ esfor j o(N=t;t) inside j o(M).

1. Compute the number [j o(M) : j o(N)] of cosets.
2. Compute a random elemen x 2 j o(M).

3. If x is not equivalent to anything generatedsofar, add it to the list.
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4. Repeat steps(2) and (3) until the list is aslong asthe bound of step (1).

There is a natural bijection betweenj o(N)nTj o(M) andj o(N=t;t)nj o(M ), underwhich T°
corresponds to °. Thus we obtain cosetrepresenativ esfor j o(N)nT o(M) by left multi-
plying ead cosetrepresettativ e of j o(N=t;t)nj o(M) by T.

2.5.2 Compatibilit y with modular forms

The degeneracymapsde ned above are compatible with the corresponding degeneracy
maps® and ~; on modular forms. This is becausethe degeneracymaps on modular forms
are de ned by summing over the samecosetrepresettativesD;. Thus we have the following
compatibilities.

& (f ); xi = HF; & (x)i;
h5(f);xi = H; (X)i:
If pis prime to N, then T,®& = &Tp,and Ty ¢ = Tp.

2.6 Manin symbols

From the de nition given in Section 2.1, it is not obvious that M ((N;") is of nite
rank. The Manin symbols provide a nite preseration of M ((N;") that is vastly more
useful from a computational point of view.

De nition 2.21 (Manin symbols). The Manin symtols are the set of pairs
[P(X;Y); (u;v)]
whereP(X;Y) 2 V; 2and 0- u;v < N with gcd(u;v;N) = 1.
De ne a right action of GL,(Q) on t@e free Z["]-module M generatedby the Manin

- lab
symbols as follows. The elemert g= 2§ acts by

[P; (u;v)lg = [g" P (X;Y);(u;v)g] = [P(aX + bY:cX + dY); (au+ cv;bu+ dv)]:
Let 3= i Qi é¢ and ¢ = i 9 %¢. Let M (N;")°be the largest torsion-free quotient of M
by the relations
X+ x¥a= 0;
X+ X+ x2=0;
COIPs Ui [P(u; v)] =0
Theorem 2.22. Thereis a natural isomorphism' : M (N:")% ! M (N:") given by
XY 2Kt (u:v)] 71 g(X'Yki 20 if0;1g )
where g = i 23¢2 SLy(Z) is any matrix suchthat (u;v) ~ (c;d) (mod N).

Proof. In [45, x1.2, x1.7] it is proved that ' - >+ C is an isomorphism, so' is injective
and well de ned. The discussionin Section2.6.1below (\Manin's trick") shows that every
element in M (N;") isaZ["]-linear combination of elemens in the image,so' is surjective
aswell. O
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2.6.1 Conversion between modular and Manin symbols

For some purposesit is better to work with modular symbols, and for others it is
better to work with Manin symbols. For example, there are descriptions of the Atkin-
Lehner involution in terms of both Manin and modular symbols; it appears more e+cient
to compute this involution using modular symbols. On the other hand, practically Hede
operators can be computed more exciently using Manin symbols. It is thus essetial to be
able to convert betweenthesetwo represenations. The corversionfrom Manin to modular
symbols is straightforward, and follows immediately from Theorem 2.22. The corversion
badk is accomplishedusing the method usedto prove Theorem 2.22;it is known as\Manin's
trick", and involvescortinued fractions.

Given a Manin symbol [X "Y*i 2 1; (u; V)], we write down a corresponding modular
symbol as follows. Choose 22" 2 SL,(Z) such that (c;(lj) “¢(u;v) (mod N). This is
possibleby Lemma 1.38 of [62, pg. 20]; in practice, nding 23 is not completely trivial,
but can be accomplishedusing the extended Euclidean algorithm. Then

ivKi 200 X 6% v ivki 2P
[X'Y® et (u;v)] Al 2 (X'Y*R A0, 19 ) " ¥,

= (dX | bY)'(j cX + aY)Z ki g;

olo

In the other direction, supposethat we are given a modular symbol P(X;Y)f®, gand
wish to represen it asa sum of Manin symbols. Because

Pfa=b;c=dy= Pfa=b;0g+ PfO0;c=dy;

it suxcesto write Pf0;a=ky in terms of Manin symbols. Let

0: - 4 - A
G2 1 g1 O

Pi2_0 p2_1 po_Po, P, P2.....P_2
1 o & & g b
denote the continued fraction corvergerts of the rational number a=h Then
Pgisi Piag =GPt for 1o
H ;. 1
_ Gy e
If welet g = o = ,then g 2 SLy(Z) and
G (i 1)]. 1q Gi1 g 2( )

. by — . Pii1. b
P(X;Y)Oa=lmp= P(X;Y —_—, =
(VOastm= POCY) gy

X

g (g 'P(X;Y)f01g)
j=i1

[g PO Y (G D g o)l

=il
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Note that in the jth summand, gji 1P(X;Y), replacesP(X;Y). Since g 2 SL»(Z) and
P(X;Y) hasinteger coetcients, the polynomial gji 1p(X;Y) also has integer coezcients,
So no denominators are intro duced.

The cortinued fraction expansion [cs; Cp;::: ;Cy] of the rational number a=b can be
computed using the Euclidean algorithm. The rst term, ¢y, is the \quotient™. a= bg +r,
with 0. r < b. Let a%= b, b°= r and compute ¢, asa®= b, + r° etc., terminating when
the remainder is 0. For example, the expansionof 5=13 is [0; 2; 1; 1; 2]. The numbers

d=c+ T
C2+ Gieee

will then be the ('nite) convergerts. For exampleif a=b= 5=13, then the cornvergens are

1 2 5
O_la 1201d1_01d2_§, d3_ !d4_g! dS_E-

2.6.2 Hecke operators on Manin symbols

Thoerem 2 of [45] givesa description of the Hedke operators T,, directly on the spaceof
Manin symbols. This avoids the expenseof rst corverting a Manin symbol to a modular
symbol, computing T, on the modular symbol, and then cornverting badk. For the reader's
corvenience,we very brie°y recall Merel's theorem here, along with an enhancemeh due
to Cremona.

As in [16, x2.4], de ne R, asfollows. When p = 2,

(RN TR IO I TN 0

o . . 0
Ra:= g2 701" 2

21 1
01"’ 1
: : : 2 : :
When p is odd, Ry is the setof 2£ 2 integer matrices "g‘g with determinant p, and either
1l.a>jb>0,d> j¢> 0,and bc< O; or
2. b= 0,andj¢ < d=2; or
3. ¢c=0,and g < a=2.
Prop osition 2.23. For [P(X;Y);(u;v)] 2 M (N;") and p a prime, we have

[P(X;Y); (usv)ig
92Ry

To((P(X;Y); (u; v)])

[P(aX + bY;cX + dY); (au+ cv;bu+ dv)];
ab ar,

i ¢
where the sum is restricted to matrices ' 23 suchthat gcd(au + cv;bu+ dv;N) = 1.

Proof. For the casek = 2 and an algorithm to compute Ry, see[16, x2.4]. The generalcase
follows from [45, Theorem 2] applied to the set S of [45, x3] by observingthat whenp is an
odd prime S} is empty. O
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2.6.3 The cuspidal and boundary spacesin terms of Manin symbols

This sectionis a review of Merel's explicit description of the boundary map in terms

of Manin symbols for j = j 1(N) (see[45, x1.4]). In the next section, we describe a very
excient way to compute the boundary map. ¢
Let R be the equivalencerelation on j nQ? which identi'es the elemen [. v ] with

sign(, )*[i (V)], for any , 2 Q. Denote by By(j) the Tnite dimensional Q- vector space
with basisthe equivalenceclassesj nQ?)=R. The dimension of this spaceis #(j nP1(Q)).

Prop osition 2.24. The map

n,o - u T,
LoBk(G) PoBk() P v 7V P(Upv)

is well de ned and injective. Here u and v are assumel coprime.
Thusthe kernelof +: Sy(j) ! Bk(j) is the sameasthe kernelof 1 ++

i ¢
Prop osition 2.25. LetP 2 V; 2 andg= ! gg 2 SLy(Z). We have

i ¢
L2 4((P;(c;d)]) = PLO) (D)]i PO:DG 5 T

2.6.4 Computing the boundary map

In this section we describe how to compute the map £: M ((N;") ! Bk(N;") given
in the previous section. The algorithm preserleg here generalizesthe onein [16, x2.2]. To
compute the |mqlge of [P;(c;d)], with g = 3B 2 SL,(Z), we must compute the class of
[(3)] and of [ ]. Instead of nding a canonical form for cusps,we use a quick test for
equwalencemodulo scalars. In the following algorithm, by the ith standard cusp we mean
the ith basis vector for a basisof Bx(N;"). The basisis constructed as the algorithm is
called successiely. We rst give the algorithm, then prove the facts usedby the algorithm
in testing equivalence.

Algorithm  2.26. Givena cusp|[(y)] this algorithm computesan integeri and a scalar ®
sud that [( V)] is equivalent to ® times the ith standard cusp. First, using Proposition 2.27
and Algorithm 2.28, chedk whether or not [(y)] is equivalernt, modulo scalars,to any cusp
found sofar. If so,return the index of the represenativ e and the scalar. If not, record ()
in the represerativ e list. Then, using Proposition 2.30, chedk whether or not () is forced
to equal zero by the relations. If it doesnot equal zero, return its position in the list and
the scalar 1. If it equalszero, return the scalar 0 and the position 1; keep (V) in the list,
and record that it is zero.

In the caseconsideredin Cremona'sbook [16], the relations betweencuspsinvolve only
the trivial character, sothey do not force any cusp classesto vanish. Cremona gives the
following two criteria for equivalence.

Prop osition 2.27 (Cremona). Let (v ), i = 1;2 be written sothat gcd(u;i;vi) = 1.
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1. There existsg 2 j o(N) suchthat g(V*) = (y2) if and only if
s1v2 © spvi (mod ged(vivo;N)); where s; satis es ujs; © 1 (mod vj):
2. There existsg 2 j 1(N) suchthat g(y!) = (V2) if and only if
V2" vi (modN)anduz,” u; (mod gcd(vi;N)):

Proof. The rst is Proposition 2.2.3 of [16], and the secondis Lemma 3.2 of [15]. O

Algorithm  2.28. Suppose (yvi) and (y2) are equivalent modulo j o(N). This algorithm
computes a matrix g 2 j o(N) sud that g(V}) = (v2). Let s1;sp;r1;r2 be solutions to

Sjurj rivi = land spuz i rove = 1. Find integersxg and yg sudh ﬁhat Xo\ﬂ‘vﬁf yoN 'I=T 1.
il
- . . - . 0— o + - Uz r2 up ri
Let X = j Xo(S1v2i S2v1)=(vive;N) and s = s1+ xvi. Then g Vs S Vi s(l’
sends( Y1) to (42).
Proof. This follows from the proof of Proposition 2.27in [16]. O

To seehow the " relations, for nontrivial
obsene that it is possiblethat "(®) 6 "(") but
0T, (VO | O LR N (VI

u u

" — o - o_ U _ = U
@ U =ceu = U =) U

, make the situation more complicated,

Oneway out of this dixcult y isto construct the cuspclassedor j 1(N), then quotient out by
the additional " relations using Gaussianelimination. This is far too inexcient to be useful
in practice becausethe number of j 1(N) cusp classescan be unreasonablylarge. Instead,
we give a quick test to determine whether or not a cusp vanishesmodulo the "-relations.

Lemma 2.29. Supmwse® and @ are integers suchthat gcd(®; ® N) = 1. Then there exist
integers— and ~ °, congruent to ® and @ modulo N, respectively, suchthat ged(";” 9 = 1.

Proof. By [62, 1.38]the map SLy(Z) ! SLy(Z=N2Z) is surjective. By the Euclidean algo-
{ithm, there exist integersx, y and z suc that x® + y®°+ zN = 1. Consider the matrix

3l 2 SL(Z=NZ) and take ~, “°to be the bottom row of a lift of this matrix to
SLy(2). O

Prop osition 2.30. Let N be a positive integer and " a Dirichlet character of modulus N .
Supmse(y) is a cuspwith u and v coprime. Then () vanishesmodulo the relations

DI="C)WVI; al®2ioN)
if and only if there exists®2 (Z=NZ)", with "(®) 6 1, suchthat

v’ ® (mod N);
u” ® (mod gcd(v;N)):
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Proof. First supposesudh an ® exists. By Lemma 2.29 there exists ;22 Z lifting ®® 1
such that gecd(";” 9 = 1. The cusp 70% has gopri,me coordinates so, by Proposition 2.27
and our congruence(:onditionr?3 on ®, the cusps :éfl h%nd (V) are equivalert by an elemert
[ _

of j 1(N). This impliesthat -4 = [(V)]. Since -, = "(®[(})], our assumption
that "(®) 6 1 forces[(y)] = O.

Conversely suppose[(y)] = 0. Becauseall relations are two-term relations, and the
i 1(N)-relations identify j 1(N)-orbits, there must exists ® and ~ with

uuﬂs ' uuﬂ;
® , = 7y and"(®) 6 "():

Indeed, if this did not occur, then we could mod out by the " relations by writing ead
[Pe(y)] in terms of [(V)], and there would be no further relations left to kill [(Y)]. Next
obsene that

: VN . VERIN uu‘ﬂ,

u u L a1 [
O_]l® v - o_ilo® v — ( |1) 0® v = ( |1) o__

(VI R TR N
u u’ o

\Y Vv

Applying Proposition 2.27 and noting that "(" 1® 6 1 shows that ~ '® satis'es the
properties of the \®" in the statemert of the proposition we are proving. O

We enumerate the possible® appearing in Proposition 2.30 as follows. Let g= (v;N)
and list the ® = v¢% ¢a+ 1,fora= 0;:::;9i 1, suc that "(®) 6 0.

Working in the plus one or minus one quotient. Let s be a sign, either +1 or j 1. To
compute Sk (N;")s it is necessaryto replaceBy(N;") by its quotient modulo the additional
relations [(1 Y)] = s[(V)] for all cusps(y). Algorithm 2.26 can be modi ed to deal with
this situation as follows. Given a cuspx = (), proceedas in Algorithm 2.26 and ched
if either (y) or (1Y) is equivalert (modulo scalars)to any cusp seenso far. If not, use
the following trick to determine whether the " and s-relations kill the classof (y): use
the unmodi ed Algorithm 2.26 to compute the scalars®;;®, and standard indices i, iz
assaiated to (y) and (i Y), respectively. The s-relation kills the classof () if and only if

i]_: iz but®16 SC@Z.

2.7 The complex torus attac hed to a modular form

Fix integersN , 1,k , 2,andlet" beamod N Dirichlet character. For the rest of
this section assumethat "2 = 1.

We construct a lattice in Hom(Sg(N;"); C) that is invariant under complex conjugation
and under the action of the Hedke operators. The quotient of Hom(Sk(N;"); C) by this
lattice is a complextorus Jx(N;"), which is equipped with an action of the Hede operators
and of complex conjugation.

The reader may wish to compare our construction with a closely related construction
of Shimura [60]. Shimura obsenesthat the Peterssonpairing gives his torus the structure
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of an abelian variety over C. Note that his torus is, a priori, di®erer than our torus. We
do not know if our torus hasthe structure of abelian variety over C.

When k = 2, the torus J2(N;") is the set of complex points of an abelian variety,
which is actually de ned over Q; whenk > 2, the study of thesecomplex tori is of interest
in trying to understand the conjecturesof Bloch and Kato (see[7]) on motifs attached to
modular forms.

Let S = Sk(N;") (respectively, S = Sk(N;")) bethe spaceof cuspidalmodular symbols
(respectively, cusp forms) of weight k, level N, and character ". The Hedke algebraT acts
in a way compatible with the integration pairing h; i : SE£ S! C. This pairing inducesa
T -module homomorphism®© : S! S” = Hom¢ (S; C), called the period mapping Because
"2 = 1, the o-involution presenessS.

Prop osition 2.31. The period mapping © is injective and ©(S) is a lattice in S”°.

Proof. By Theorem 2.7,
S-prC2 HOmc(S©§;C)Z

Because'? = 1, we have S = Sk(N;";R)- r C. SetSg = S¢(N;";R) and likewisede ne
Sr. We have
Homc(S©§;C) = HOIT\R(SR ©§R;R) -r C:

Let Sk = Sk(N;";R) and S‘F; be the subspace xed under o. By Proposition 2.11we have
maps
SE I Homg (SR © §R X R) I Homg (SR ) R)

and
SL ! Homg(Sg © Sg;iR)! Homg(Sgr;iR):

The map S ! Homg(Sgr;R) is an isomorphism: the point is that if h?xi, for x 2
Sk, vanisheson Sg then it vanisheson the whole of S© S. Likewise, the map S !
Homg (Sg;iR) is an isomorphism. Thus

S- R =Sg 2 HMg(Sg;R) © HOMRr (Sg;iR) 2 Hom¢ (S; C):
Finally, we obsene that S is by de nition torsion free, which completesthe proof. O
The torus Jk(N;") ts into an exact sequence
0i! Siiif! Homc(S;C)i! J(N;")i! O

Letf 2 S beanewformand S; the complexvector spacespannedby the Galois conjugates
of f. The period map ©; assaiated to f isthe map S ! Homc(St;C) obtained by
composing © with restriction to S;. Set

A¢ = Homg (S ; C)=Cx% (S):

We assaiate to f a subtorus of J asfollows. Let I+ = Anny (f) bethe annihilator of f
in the Hedke algebra, and set

Ar = Home (S; C)[I+ ]=O(S[lt ])



34 CHAPTER 2. MODULAR SYMBOLS

where Homc (S; C)[I] = \ 12, ker(t).
The following diagram summarizesthe tori just de ned; its columns are exact but its
rows neednot be.

0 0 0 (2.1)
b b p
S[lt] /s lex (S)

Homc (S; C)[l+] —/Homc (S; C) —/Homc (S[I£];C)

2 R 3
Ar ———I(N;") ———— A
P P P
0 0 0

2.7.1 The case when the weight is 2

When k = 2 and " = 1 the above is just Shimura's classicalassaiation of an abelian
variety to a modular form; see[62, Thm. 7.14]and [61]. In this caseAs and Ay are abelian
varieties that are de ned over Q. Furthermore A; is an optimal quotient of J, in the sense
that the kernelof the map J ! A¢ is connected. For a summary of the main results in this
situation, seeSection4.6.



35

Chapter 3

Applications of modular symbols

In the previous chapter we intro duced seweral spacesof modular symbols, and obser-
vations such as\Manin's trick" suggestedthat we could compute with them. The duality
betweenmodular symbols and modular forms hints that modular symbols might be useful
in computing information about modular forms. In the presen chapter, we gather together
the fruits of our investigation into this connection.

Sections3.1{3.5 of this chapter give a method to compute the irreducible componerts
of the spacesM ¢(N;") of modular symbols. In Section 3.6 we obsene that computing
intersections of certain abelian varieties can be reducedto linear algebraover Z by viewing
the abelian varieties as complex tori and considering the appropriate diagrams. In Sec-
tions 3.7, we contin ue this trend by pointing out that many invariants of the complextorus
attached to a modular form can be computed without computing any approximate period
lattices. In Section 3.8, we discusswell-known methods for computing both an upper and
lower bound on the order of the torsion subgroup of certain abelian varieties. Section 3.9
preseris an algorithm for computing the modular degreeof the complextorus assaiated to
a newform.

In Section 3.10 we aim squarely at the problem of gathering data related to the Birch
and Swinnerton-Dyer conjecture and its generalizations, where we give a formula for the
rational numbers jL(Af;j)= jj attached to a newform. In Section 3.11 we compare the
ratio computed in the previous sectionto the one consideredin the Birch and Swinnerton-
Dyer conjecture; the two numbers di®er by a Manin constart, which we bound. Finally, in
Section 3.12 we give algorithms for approximating the period lattice and related numerical
quantities assciated to a newform of arbitrary weight.

3.1 Computing the space of modular symbols

De nition 3.1. Let W be a subspaceof a nite-dimensional vector spaceV. To compute
the quotient V=W meansto give a matrix represerting the projection V ! V=W, with
respect to some basis for V and some basis B for V=W, along with a lift to V of eah
elemen of B.

In other words, to compute V=W meansto create a reduction function that assignsto
ead elemen of V its canonical represertativ e on the \free basis" B.
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Let N be a positive integer, x a mod N Dirichlet character ", let K := Q["] be the
smallest extension cortaining the valuesof ", and let O := Z["].

Algorithm  3.2. Given a positive integer N, a Dirichlet character ", and an integerk , 2
this algorithm computes M ((N;";K). We compute the quotient presenation given in
Theorem 2.22in three steps.

1. Let Vi be the “nite-dimensional K -vector space generated by the Manin symbols
[XTYki2it-(u;v)] fori = 0;:::;kj 2and 0 - u;v < N with ged(u;v;N) = 1.
Let W1 be the subspaceof V; generatedby all di®erences

XYKE 20 vl OIX YR 2 )]

Becauseall relations are two-term, it is easyto compute Vo := V3=W;j. In computing
this quotient, we do not have to explicitly compute the large matrix represerting
the linear map Vi ! V,, asit can be replaced by a suitable \reduction procedure”
involving arithmetic in Z=NZ.

2. Let ¥act on the set of Manin symbols asin Section 2.6; thus
XY %= (DY A (v u)):

Let Wy be the subspaceof V, generatedby the sumsx + x¥%for x 2 V,. Becauseall
relations are two-term relations, it is easyto compute V3 := Vo=W,.

3. Let ¢ act on Manin symbols asin Section 2.6; thus
XYRAT (uv)e =[G Y)' (X )R AL (viiug vl

Note that the symbol on the right can be written as a sum of generating Manin
symbols. Let W3 be the subspaceof V3 generatedby the sumsx + x¢, + x¢,2 where x
varies over the imagesof a basisof V, (not just a basisfor V3!). Using someform of
Gaussianelimination, we compute V3=Ws. Finally, M ((N;"; K) ¥ V3=Wj.

Proof. For , 2 (Z=NZ)", denoteby h i the right action of , on Manin symbols; thus
XY upv)in i = (XY AT (v

By Theorem 2.22 the space M ((N;";K) is isomorphic to the quotient of the vector
spacesV; of Step 1 modulo the relations x + x¥%= 0, x + X¢, + x¢2 = 0,and xh i = ,x asx
varies over all Manin symbols and , variesover (Z=NZ)".

As motivation, we note that a naive computation of Vi modulo the % ¢, and h; i
relations using Gaussian elimination is far too inexcient. This is why we compute the
guotient in three steps. The complexity of Steps1 and Steps2 are negligible. The ditcult y
occurs in Step 3; at least the relations of this step occur in a spaceof dimension much
smaller than that of V;.

To seethat the algorithm is correct, it is necessaryonly to obsene that ¥and ¢, both
commute with all diamond-bradket operators h i; this is an immediate consequencef the
above formulas. We remark that in Step 3it isin generalnecessaryto compute the quotient
by all relations x + x¢, + x¢,2 with x the image of a basisvector for V, instead of just x in V3
because¥zand ¢, do not commute. O
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Remark 3.3. In implemerting the above algorithm, one should take special carein Steps1
and 2 becausethe relations can together force certain of the Manin symbolsto equal 0. For
example, there might be relations of the form x; + X, = 0 and X3 | X2 = 0 which together
forcex; = xo = 0.

Remark 3.4. To compute the plus-one quotient M (N;";K)+, it is necessaryto 0,modify
Step 2 of Algorithm 3.2 by including in W5 the di®erences<j xlI wherel = i (1)(1’ , and

IXIY K2 ] = (5 1) XY K20 G v)):
Likewise,to compute the minus-onequotient we include the sumsx + xlI : Note, asin the

remarksin the proof of Algorithm 3.2, we cannot add in the | relations in Step 1 because
and ¥do not commute.

Algorithm  3.5. Given a positive integer N, a Dirichlet character ", and an integerk , 2,
this algorithm computes the O-modules M ¢ (N;") and Sk(N;"). (We assumeas given
algorithms for performing standard operations on O-modules.)

1. Using Algorithm 3.2 compute the K -vector spaceV := M ¢(N;";K).

2. Compute the O-lattice L in V generatedby the classesof the nitely many symbols
[XTyki2ii-(u;v)] fori=0;:::;kj 2and0- u;v < N with ged(u;v;N) = 1. It is
only necessaryto take one symbol in eat "-equivalenceclass,sothere are (kj 2+
1) ¢# P1(Z=N Z) generating symbols. This computesM (N;").

3. To compute the submodule Si(N;") of L, we usethe algorithm of Section 2.6.4 to
compute the boundary map £: M (N;";K) ! Byg(N;";K). Then S¢(N;") is the
kernel of + restricted to the lattice L.

As a ched, using the formulas of Section 3.4, we compute the dimension of the space
Sk(N;") of cuspforms and comparewith the dimensionof Sx(N;";K) computed in Algo-
rithm 3.5. The latter dimension must equal twice the former one.

3.2 Computing the Hecke algebra

In this section we give an upper bound on the number of Hedke operators neededto
generatethe Hedke algebraasa Z-module. The bound on Hede operators is an application
of [66], which was described to the author by Ribet and Agashewhenk = 2 and the level is
prime. There are much better boundson the number of Hedke operators neededto generate
the Hedke algebraasa ring, but we do not investigate them here.

Let | bea subgroup of SL>(Z) that contains j 1(N) for someN. Let S¢(j; C) be the
spaceof weight-k cuspformsfor j, andlet T %2 End(Sk(j; C)) be the corresponding Hede
algebra. We now give a bound r such that the Hede operators T, with n - r, generateT
asa Z-module.

For any ring R Y2 C, let Sk(j; R) denotesthe spaceof cuspformsfor j with Fourier
coetcients in R. SinceSi(j; C) = Sk(j; Z) - z C, it makessenseto de ne

Sk(i: R) == Sk(i; 2)- zR

for any ring R. The following proposition is well known.



38 CHAPTER 3. APPLICA TIONS OF MODULAR SYMBOLS

Prop osition 3.6. For any ring R, the pairing
TR- RSk(N;R)! R

that sends(T;f) to ay(Tf) is a perfect pairing, where Tg = T - z R. Furthermore, we have
(Tnh;f) = an(f), where T, is the nth Hecke operator.

Let
b= [SLa(2) il

and denote by dxe the smallestinteger, x.

Theorem 3.7 (Sturm). Let, bea prime ideal in the ring O of integersin somenumker

5

eld. If f 2 Sg(j; O) satisesay(f)” 0 (mod ,) for n - d%l e thenf = 0 (mod ,).

Proof. Theorem 1 of [66]. O
_ § -

Prop osition 3.8. If f 2 S¢(j) satisesa,(f)=0forn- r= %1 , thenf = 0.

Proof. We must show that the composite map Sk(i)) ! C[[af]! C[[af]=(q'*) is injective.
BecauseC is a °at Z-module and Sk(j; Z) - C = Sk(j), it suxcesto show that the map
F:Se(i; 2)! Z[[d)]=(q"*!) is injective. SupposeF (f) = 0, and let p be a prime number.
Then a,(f) = Ofor n - r, henceplainly a,(f) © 0 (mod p) for any such n. Theorem 3.7
implies that f ©~ 0 (mod p). Duplicating this argumert shows that the coexcients of f are
divisible by all primes p, sothey are 0. O

Theorem 3.9. As a Z-module, T is geneated by Tq;:::;T,, wherer = d%l e

Proof. Let Z be the submaodule of T generated by T1;To;:::;T,. Considerthe exact se-

quenceof additive abelian groups0! Z {' T! T=Z! 0O: Let p be a prime and tensor
this sequencewith F, to obtain the exact sequence

Z- Fpi T-Fp! (TZ)- Fp! O

Put R = Fp in Proposition 3.6, and supposethat f 2 S¢(N;Fp) pairs to 0 with ead of
T1;:::0;Tr. Then by Proposition 3.6, am(f) = ai(Tmf) = 0in Fp foreacim, 1- m - r.
Theorem 3.7 then assertsthat f = 0. Thus the pairing, when restricted to the image of
Z- FpinT- Fy,isalsoperfect. Thusdimg, i(Z- Fp) = dimg, Sc(N;Fp) = dimg, T - Fp;
so(T=Z)- Fp = 0; repeating this argumert for all p shavsthat T=Z = 0. O

3.3 Representing and enumerating Diric hlet characters

Recall that a Dirichlet character is a homomorphism" : (Z=NZz)®! C°.
The following lemma is well known.

Lemma 3.10. If pis an odd prime, then (Z=p"Z)" is a cyclic group. The group (Z=2"Z)"
is genemated by i 1 and 5.
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We use the following r%?resemation of Dirichlet characters. Factor N as a prod-

bct of prime powers: N = ~{_, p? with pi < pi+x1 and eadh g > 0O; then (Z=NZ)" 2

i_1 (Z=p"Z)". If p; is odd then the lemmaimplies that (Z=p®Z)" is cyclic. If p; = 2, then
(Z=p*2)" is a product hj 1i £ h6i of two cyclic groups, both possibly trivial. For ead i,
we let & 2 (Z=pf'Z)" be the smallest generator of the ith factor (Z=pZ)°. If py = 2, let
a; and a, correspond to the two factors hj 1i and hbi, respectively; then a3 corresponds to
p2, etc. Here g is smallestin the sensethat the minimal lift & 2 Z.g is smallest. Let n
be the exponert of (Z=NZ)?, and let 3 = e2/" 2 C". To give " is the sameas giving the
imagesof eat generator of a; asa power of 3. We thus represert " as a vector of elemerns
of C” with respect to a canonically chosen,but unnatural, basis.

Alternativ ely, the vector represeniing a character " can be equivalertly viewed as a
vector in (Z=nZ)", where again n is the exponert of (Z=NZ)". Sud a vector represerts
a character if and only if the ith componernt of the vector has additive order dividing
' (p?‘). If p1 = 2, then there are r + 1 entries instead of r entries, and the condition is
suitably modi ed. If a vector v = [di;:::;d;] represens a character ", then ead of the
Galois conjugate charactersis represerted by [mdy;::: ;md,] where m varies over elemens
of (Z=nz)".

When performing actual machine computations, we work in the smallest eld that
contains all of the valuesof ". Thusif d = gcd(dy;::: ;d;n), then we work in the sub eld
Q(39), which is cheaper than working in Q(3).

It is sometimesimportant to work in characteristic . Then the notation is as above,
except?3 is replacedby a primitiv e mth root of unity, where m is the prime-to-" part of n.
Note that the primitiv e nth roots of unity in characteristic © need not be conjugate; for
example, both 2 and 3 are squareroots of | 1in Fs, but they are not conjugate. Thus we
must specify 3 aspart of the notation when giving a mod ~ Diric hlet character.

Example 3.11. SupposeN = pis an odd prime. The group of mod p Dirichlet characters
(in characteristic 0) is isomorphic to Z=(pj 1)Z, and two characters a and b are Galois
conjugate if and only if there is an elemen x 2 (Z=(pj 1)Z)" such that xa = b. A character
is determined up to Galois conjugacy by its order, so the set of classesof mod p Diric hlet
characters are in bijection with the set of divisorsd of pj 1= #(Z=pz)".

Let p be an odd prime. The quadratic mod p character is denoted [(pi 1)=2]. The
guadratic mod 2p character is denoted by [0;0; (pi 1)=2]; the quadratic mod 4p character
is denoted[(pi 1)=2;0;(pi 1)=2]. If n, 3, then the exponert of (Z=2"Z)" is 2"i 2, sothe
nontrivial mod 2" character that factors through (Z=4Z)® is denoted [2"i 2; 0.

De nition  3.12. The conductor of acharacter" : (Z=N2Z)®! C" isthe smallestdivisor M
of N sud that " factors through the natural reduction map (Z=NZz)"! (Z=MZ)".

For simplicity, we assumethat N is odd. To compute the conductor of ", let v be the
vectorin (Z=nZ)" that represers ", asabove. Sinceboth (Z=pZ)* and (Z=(f'2)" are cyclic
and the reduction map is surjective, we nd that pf, with d - e, divides the conductor
of " if and only if the ith component of v has additive order dividing ' (pf’). We can thus
compute the power of p; dividing the conductor of " by computing the smallestd such that

pd id‘ ! modulo the order of the ith componert of v.
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3.4 The dimension of S(N;")

An explicit formula for the dimension of S (N ;") is given in [13], without proof. For
the reader's convenience,we reproduce it here.

Theorem 3.13 (Cohen-Oesterl ®). Letk, 2 beanintegerand"” : (Z=NZ)"! C" bea
Dirichlet character suchthat "(j 1) = (j 1)X. Then

. ., ki1 vy o 1Y
dim Sc(N;") = £+ —--C¢N ¢ 1+|5 i 5¢ L (pispip)

iN iN

X Pl pk
+ °k "(x) + 1k " (X):
fx2(Z=N2Z)":x2+1=0 ¢ fx2(Z=N2Z)":x2+x+1=0 g

Let f be the conductor of ", i.e., the smallest M suchthat " factors through (Z=M Z)". If
pj N, thenrp (resp. sp) denotesthe expnent of p in the prime factorization of N (resp.f).
Furthermore,
8 0 0. .
2p +pitoif 25y rp=2r°
(rpsspip) = 2p”° if 25, - rp= 2r%+ 1

T 2pteite if 255> 1y
go if k is odd
°k1=>i211 if kK~ 2 (mod 4)

"~ 2 ifk” 0 (mod 4)
go if k” 1 (mod 3)
1k1=>i% if kK~ 2 (mod 3)
(% ifk~ 0 (mod 3)

1 ifk=2and" is trivial
0 otherwise

3.5 Decomp osing the space of modular symbols

Consider the spaceSy(N;") of cuspidal modular symbols of level N and character "
over K = Q("). In this sectionwe describe how to decomposethe new part of Sx(N;") as
a direct sum of T -modules corresponding to the Galois conjugacy classesof newformswith
character". As an application, we can compute the g-expansionsof the normalized cuspidal
newforms of level N and character ". Using the theory of Atkin-Lehner [4] as extended by
Li [37],it is then possibleto construct a basisfor the spaceSy(N;";C) of cuspforms.

The algorithm is, for the most part, a straightforward generalization of the method
usedby Cremona[16] to enumerate the Q-rational weight-t wo newforms corresponding to
modular elliptic curves. Nevertheless,we presen se\eral tric ks learnedin the courseof doing
computations, which speedup the algorithm. One usefultrick that Cremonaalso made use
of is to work in the spacedual to modular symbols as described in the next section.
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3.5.1 Dualit y

Let K = Q["], and let Si(N;";K)? denote Homk (Sk(N;";K);K) equipped with its
natural right T-action: for' 2 Sy (N;";K)?,

(T )(x) =" (Tx):
The natural pairing
h:i:Sk(N;";K)? £ SE(N;";K)! K (3.1)

givenby H; xi ="' (x) satis eshT ;xi = H; Txi.
Viewing the elemernis T 2 T as sitting inside End(Sx(N;";K)), the transpose map
T 7! Tt allows us to view S (N;";K)? asa left T-module.

Prop osition 3.14. Let V % Si(N;";K)"" be an irr educible new T -submalule and set
| = Annt V. Then the characteristic polynomial of each Tp on S(N;";K)?[1] is the same
as the characteristic polynomial of T, on V.

Proof. We may assumefor the purposesof proving the proposition that K = Q. Thereis a
basisof simultaneous T -eigervectorsfor S, (N;"; K)""W. With respect to this basis,T acts
via diagonal matrices. The systemsof eigernvaluescoming from the old subspaceare distinct
from the systemsof eigervalueson the new space. Thus the dimension of S\ (N;":K)?[I]
is the sameas the dimension of V, instead of being too large. The proposition now follows
by noting that the characteristic polynomial of a matrix is the sameas the characteristic
polynomial of its transpose. O

The degeneracymaps ® and ~; of Section 2.5 give rise to maps®’ and ~; between
the dual spacesand having the dual properties to those of ® and ;. In particular, they
commute with the Hede operators Ty, for p prime to N. The new and old subspaceof
Sk(N;";K)? are de ned asin De nition 2.16.

Algorithm  3.15. This algorithm computesa decomposition of S (N;";K)? "W into irre-
ducible submodules V.

Using Algorithm 3.2 compute S¢(N;";K). Then compute the maps : using Algo-
rithm 2.20 and intersect the transposesof their kernelsin order to obtain S, (N;")? "ew,
Compute the boundary map £: Sk(N;";K) ! Bg(N;";K) using Algorithm 2.26. We cut
out the cuspidal submadule S (N;";K)? "W using the Hedke operators, Algorithm 3.17,
and Proposition 3.14. Setp = 2 and perform the following steps.

1. Using Algorithm 3.17, compute a matrix A represerting the Hedke operator T, on
Sk(N;";K)? new,

2. Compute and factor the characteristic polynomial F of A.

3. For ead irreducible factor f of F compute V; = ker(f (A)). Then, compute the +1
and j 1 eigen-subspace¥;” and V; for the star involution. Let W denoteoneof these
two eigen-subspacesand usethe following criteria to determine whether or not W is
irreducible:
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(@) If p is greater than the Sturm bound (see Theorem 3.9) then W must be irre-
ducible.

(b) If the characteristic polynomial of someelement T 2 T acting on W isirreducible,
then W is irreducible.

4. If W is irreducible, record W and considerthe next factor of the characteristic poly-
nomial in step 3. Otherwise, replace p by the next prime larger than p and replace
Sk(N;";K)? "W by W, then repeat the above sequencef steps,beginningwith step1.

3.5.2 Ezxcien t computation of Hecke operators on the dual space

In this section we give a method for computing the action of the Hedke operators
Tp 2 T on an invariant subspaceV 2 SK(N:";K)?. A naive way to compute the right
action of T, on V is to compute a matrix represening T, on Si(N;";K), transposeto
obtain T, on Si(N;"; K )?, and then restrict to V using Gaussianelimination. To compute
TponSk(N;";K), obsenethat Si(N;";K) hasabasises;::: ;e,, whereeadh g is a Manin
symbol [P; (c;d)], and that the action of T, on [P; (c;d)] canbe computed using Section2.6.2.

In practice, d = dim V will often be much lessthan n; we now describe how to compute
Tp onV in d=nof the time it takesusing the above naive method. This is a substartial sav-
ings when d is small. Transposingthe injection V | Sy (N;";K)?, we obtain a surjection

Sk(N;";K) ! V?. There exists a subsete;,;::: ; &, of the & whoseimage forms a basis
for V7. With somecare, it is then possibleto compute Tpon V? by computing Tp on eath
of e, 6&,.

In the rest of this section, we describe in terms of matrices a de nite way to carry
out this computation. Let V be an n £ m matrix whoserows generatean n-dimensional
subspaceof an m-dimensional spaceof row vectors. Let T be an m £ m-matrix and suppose
that V hasrank n and that VT is contained in the row spaceof V. Let E bean m£ n
matrix with the property that the n £ n matrix VE is invertible, with inverseD.

Prop osition 3.16. VT = VTEDV:

Proof. Obsene that
V(EDV) = (VED)V =1V = V:

Thus right multiplication by EDV
v7! vEDV

inducesthe identity map on the row spaceof V. SinceV T is cortained in the row spaceof
V, we have
(VT)EDV = VT,

as claimed. O

We have not computed T, but we can compute T on ead basiselemen e;;::: ;eq of
the ambient space{unfortunately, d is extremely large. Our problem: quickly compute the
action of T! on the invariant subspacespannedby the rows of V. Can this be done without
having to compute T on all ¢7? Yes,the following algorithm shows how using a subset of
only n = dimV of the g,.
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Algorithm  3.17. Let T be any linear transformation which leavesV invariant and for
which we can compute T(g) for i = 1;:::;d. This algorithm computesthe matrix repre-
serting the action of T on V while computing T (&) for only dimV of the i.

Chooseany m £ n matrix E whosecolumns are sparselinear combinations of the g
and such that VE is invertible. For this we nd a set of positions so that elemeris of the
spacespannedby the columns of V are determined by the ertries in these spots. This is
accomplishedby row reducing, and setting E equal to the pivot columns. Using Gaussian
elimination, compute the inverseD of the n £ n matrix VE. The matrix represering the
action of T with respectto V is then

V(TE)D = V(TE)(VE)i L

Proof. Let A be any matrix sothat VA is the n £ n identity matrix. By the proposition
we have

VTA= (VTEDV)A = VTED(VA)=VTED = V(TE)D:
To seethat VTA represens T, obsene that by the proposition,

VTAV = (VTEDV)AV = (VTEDVA)V
= (VTED)(VA)V = (VTED)V = VT
sothat VTA givesthe correct linear combination of the rows of V. O

3.5.3 Eigenvectors

Oncea T -simple subspaceof S® hasbeenidenti ed, the following algorithm, which was
suggestedto the author by H. Lenstra, producesan eigervector de ned over an extension
of the base eld.

Algorithm  3.18. Let A be an n £ n matrix over an arbitrary eld K and supposethat
the characteristic polynomial f (x) = x" + ¢¢¢+ a;x + ag of A is irreducible. Let ® be a
root of f (x) in an algebraic closureK of K. Factor f (x) over K (®) asf (x) = (x| ®)g(x).
Then for any elemen v 2 K" the vector g(A)v is either 0 or it is an eigervector of A with
eigervalue ®. The vector g(A)v can be computed by nding Av, A(Av), A(A(Av)), and
then using that

g(x) = x" L+ ¢y, ox" 2+ ¢6¢+ cix + Cp;

where the coezcients ¢; are determined by the recurrence
Co= i a=® G =(Ci1i a&)=®

We will prove below that g(A)v 6 0 for all vectorsv not in a proper subspaceof K ".
Thus with high probability, a \randomly chosen"v will have the property that g(A)v 6 0.
Alternativ ely, if vi;:::vy form a basisfor K", then g(A)v; must be nonzerofor somei.

Proof. By the Cayley-Hamilton theorem [36, XIV.3] we have that f (A) = 0. Consequeltily,
for any v2 K", we have (A i ®)g(A)v = 0sothat Ag(A)v = ®v. Sincef is irreducible it
is the polynomial of least degreesatis ed by A and sog(A) 6 0. Therefore g(A)v 6 0 for
all v not in the proper closedsubsetker(g(A)). O
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3.5.4 Eigenvalues

In this sectionwe give an algorithm for computing the g-expansionof one of the new-
forms corresponding to a factor of S (N;"; K )W, This is a generalization of the algorithm
described in [16, x2.9].

Algorithm ~ 3.19. GivenafactorV % Sy (N;";K)? "W ascomputed by Algorithm 3.15this
algorithm computesthe g-expansionof one of the corresponding Galois conjugate newforms.

1. Using Algorithm 3.17 compute the action of the s-involution (Section2.4) onV. Then
compute the +1 eigenspaceV™* % V.

2. Find anelement T 2 T sud that the characteristic polynomial of the matrix A of T
acting on V* is irreducible. Such a T must exist by the primitiv e elemer theorem
[36, V.4]. (Note: It is not always the casethat T can be taken to equal someHede
operator T,,. The ‘rst examplewith k = 2and " = 1 occursat level N = 512.)

3. Using Algorithm 3.5.3 compute an eigervector e for A over an extensionof K .

4. Becausee is an eigervector and the pairing given in Equation 3.1 respectsthe Hedcke
action, we have that for any Hede operator T, and elemen w 2 S(N;";K), that

anhe;wi = heT,;wi = he; Tawi:
Choosew sothat he;wi 6 0. Then

a = he; Thwi
" hewi

The a, cannow be computed by computing he;wi onceand for all, and then computing
he; Towi for ead n. It is bestto choosew in such a way that T,w can be computed
quickly.

The beauty of thisbalgorithm is that when w is a Manin symbol [P (X;Y); (c;d)] the
computation of Tpw = x2R, WX is very quick, requiring usto only sum over the Heilbronn
matrices of determinant p once.

In practice we compute only the eigervalues a, using the above algorithm, then use
the following recurrencesto obtain the an:

anam if (n;m) =1, and
ayi1api "(P)PN Zay 2

Anm

apl'

3.5.5 Sorting and labeling eigenforms

Systematically ordering the factors is essetial, sothat we can later refer to them. In
Section3.5.4we saw how to assiate to eat new factor a sequencea,, of Hedke eigervalues.
Thesecan be usedto sort the factors.
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Except in the caseof weight 2 and trivial character, we usethe following ordering. To
ead eigervector assaiate the following sequenceof integers

tr(ay);tr(az); tr(as); tr(aq); tr(as); tr(ag); :::

where the trace is from K; = Q(:::a,:::) down to Q. Sort the eigenformsby ordering

the sequencesn dictionary order with minus coming before plus. Sincewe included tr( a1),

this ordering gathers together factors of the samedimension. Furthegnore, the sequence
of traces determinesthe Galois conjugacy classof f , becausethe g= | ;tr(a,)q" is the

trace of f , henceg lies in the C-vector spacespannedby the Galois conjugatesof f .

When k = 2 and the character is trivial we usea di®erernt and somewhatcomplicated
ordering becauset extendsthe notation for elliptic curvesthat wasintroducedin the second
edition of [16] and has since becomestandard. Sort the factors of Si(N;")"®" as follows.
First by dimension, with smallest dimension rst. Within ead dimension, sort in binary
order, by the signsof the Atkin-Lehner involutions with j corresponding to 0 and + to 1.
For example, if there are three Atkin-Lehner involutions then the sign patterns are sorted
as follows:

S T T T e e T T T T B O T
Finally, let p bethe smallestprime not dividing N. Within ead of the Atkin-Lehner classes,
sort by the magnitudes of the K¢ =Q-trace of a, breaking ties by letting the positive trace
be rst. If there are still any ties, repeat the nal step with the next smallest prime not
dividing N, etc. (Note: It's not clear to the author that ties will always eventually be
broken, though in his computation they always have been.)

3.6 Intersections and congruences

Consider a complextorus J = V=n, and let A = Vo= 5 and B = Vg=rg be subtori
whoseintersection A\ B is nite.
Prop osition 3.20. There is a natural isomorphism of groups
H 1
o]

A\B2 ———
Op + Qpg

tor :

Proof. There is an exact sequence
o/ AA\B! AoB! J:

Consider the diagram

CA©QB —/D —/QZ(QA+ QB)

L

Va © Vg —IV ——IV=(Va + V)

L

A\B—/A©B /3 I3=(A + B):




46 CHAPTER 3. APPLICA TIONS OF MODULAR SYMBOLS

MobpurLariTy OF ELvipTic CURVES AND BEYOND

MSRI 1999

MODULARITY THEORE

images of 8LA: four-fold

images of 2TA (y° +y =z — 7): three-fold

The Jacobian of X,(243)

Figure 3.1: T-shirt design

The snhake lemma givesan exact sequence
0! A\ B! o=(mpa+uag)! V=(Va+ V):

SinceV=(Vp + V) is a C-vector space,the torsion part of a=(a o + ©g) must map to 0.
No non-torsion in a=(a o + ©g) could map to 0, becauseif it did then A\ B would not be
“nite. The lemma follows. O

The following formula for the intersection of n subtori is obtained in a similar way.

Prop osition 3.21. Fori = 1;:::;nlet A; = V,=0; be a subtorusof J = V=a, and assume
that each pairwise intersection Aj\ A; is nite. Then

M 1
o © ¢¢CO o
AL\ GGG\ A, 2 :
1\ 00 An f(a,©0¢0a,)

where f (X1;::7;Xn) = (X1§ X2;X20 X3;X3i X4;:::;Xn; 10 Xn)-

Remark 3.22. Using this proposition the author constructedthe T-shirt designin Figure 3.1.

Example 3.23. L. Kilford of London, England hasrecertly discoveredan exampleat prime
level 503 in which \m ultiplicit y one" fails. One veri cation of his example usesthe above
proposition. Let E;, E», and E3z be the three elliptic curves of conductor 503, and for
eath i = 1;2;3, let m; be the maximal ideal of T % End(Jo(503)) generatedby 2 and all
Toi ap(Ei), with p prime. Each of the Galois represetations E;[2] is irreducible, and one
can ched that m; = mp = mg. If multiplicit y one holds, then E;[2] = E[2] = E3[2] inside
of Jo(503). Howewer, this is not the case,asa modular symbols computation in the integral
homology H1(Xo(N); Z) revealsthat E;\ E, = f0g.
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3.6.1 A strategy for computing congruences

Let N be a positive integer, k , 2 an integer, and " a mod N Dirichlet character.
Supposef and g are newformsin Si(N;"; Q). The following proposition givesrise to an
algorithm for computing most congruencesbetweenin nite Fourier expansions.

The advantage of the algorithm is that it only involves nite exact computations and
does not rely on the computation of g-expansions. A disadvantage is that congruences
between g-expansionsneednot be re°ected by the corresponding modular symbols, so the
proposition neednot give all congruences.This is illustrated in Example 3.23.

The author rst learned about this strategy from the section entitled \First strategy:
Computing m-congruencesof period lattices" in [18].

Prop osition 3.24. Supmwsef and g are newformsin Si(N;";Q). Let It and I4 be the
correspnding annihilatogs in the Heckealgeba T. Leta = S (N;";O), andsetas = ofl¢]

andag= oflg]. If pj#
that f © g (mod }).

o
oy +a g

then there is a prime } of residuecharacteristic p such
or

Proof. Considerthe exact sequence
0! o ©ng! ol a:(of +cxg)! 0
wherethe rst mapis (a;b) 7! aj b. Upon tensoring this sequencewith F, we obtain:
Z! (8- Fp)©(ag- Fp)! a- Fpl (a=(@f+18g)- Fp! O

whereZ = Torl(a=(a; + ag); Fp). Denote by im(a¢) the imageof a¢ - Fyin o - Fjand
likewise for ag. Our assumption that p divides the torsion part of a=(x¢ + ©g) implies
that Z is nonzero, soim(a¢) and im(a 4) have nonzero intersection inside the Fy-vector
spacea - Fp. The Hede algebraT actsonim(a ¢ ) through its action on f , that is, through
the quotient T =lI¢; similarly, T acts on im(a 4) through T=I4. Thus T acts on the nonzero
T - Fp-module im(a¢)\ im(a g) through T=(It + 14+ p). This impliesthat It + g+ pis
not the unit ideal, which is equivalert to the assertion of the proposition. O

3.7 The rational period mapping

Consideratriple (N;k;"), andlet K = Q["]. Let | beanideal in the Hedke algebraT
assaiated to (N; k;"). The rational period mapping assaiated to | is a map from the space
M k(N;";K) of modular symbolsto a nite dimensionalK -vector space.lt is a computable
analogueof the classicalintegration pairing, and is of great value in extracting the rational
parts of analytic invariants; e.g., of special valuesof L -functions. In the next sectionwe use
it to compute the image of cuspidal points on J(N; k;").

De nition  3.25. Let D := Homk (M (N;";K);K)[I]; the rational period mappingis the
natural quotient map

. M k(N;"K)
£, :M (N;";K) ! Tfker('):‘ 5 Dg
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If f 2 Sk(N;") is a newform, set£¢ := £ wherel; is the annihilator of f in the Hedke
algebra.

Algorithm  3.26. This algorithm computes£ . Choosea basisfor W = M ¢(N;";K) and
useit to view W asa spaceof column vectors equipped with a left action of T. View W*® =
Homk (M ¢(N;";K);K) asthe spaceof row vectors of length equalto dimM ¢(N;";K);
thus W* is dual to W via the natural pairing betweenrow and column vectors. The Hedke

operators act on W*® on the right. Compute a basis' 1;::: ;'  for the K -vector space
W*[l]. Then the rational period mapping with respect to this basisis' 1 £ ¢¢¢£ ' ; it is
given by the matrix whoserows are' 1;::: ;" n.

Proof. The kernelsof' 1 £ ¢¢¢E ' , and £, are the same. O

Example 3.27. Let | be the annihilator of the newform f = qj 2%+ ¢¢¢2 M2(37;1;Q)
corresponding to the elliptic curve 37k2A . There is a basisfor W = M ,(37;1;Q) such

that 0 1
il 1 il O
1 1 1 0 O
T.=BO0 0 2 1 O
0O 0 O O
O 0 o0 1 3

The characteristic polynomial of T is x2(x+ 2)?(xij 3). ThusW[l] = ker(T,+ 2) is spanned
by the column vectors (1;i 1;0;1=2;0)! and (0;0;1;j 1=2;0)!, and W°[I] = ker(T} + 2) is
spannedby the row vectors (1;0; 1;0;0) and (0; 1;j 1;0;0). The rational period mapping
is £ ((a;b;c;d;@)") = (ai c;bj o).

Lemma 3.28.
dmM (N;";K)[1]= dimHomg (M (N;";K);K)[I]:

Proof. Let W = M (N;";K) and W* be its dual. Let a;;:::;a, be a set of generators
for | . Choosea basisfor W that is compatible with the following "Ttration:

0% (ker(ag) \ ¢¢e\ ker(an)) Y2 (ker(ar) \ ¢¢¢\ ker(an; 1)) ¥2 ¢¢¢¥2 ker(az) Y2 W:

The rank of a matrix equalsthe rank of its transpose, so the dimension of ker(az) is the
sameas the dimension of ker(a}), that is, dim W[(a;)] = dim W®[(a;)]. SinceT is commu-
tativ e, a, leavesker(a;) invariant; becauseof how we choseour basisfor W, the transpose
of @zjker(ay) IS a‘zjker(atl). Thus again, dim(ker(azjker(a,))) €quals dim(ker(atzjke,(axl))). Pro-
ceedinginductiv ely, we prove the lemma.

Corollary 3.29. Supmse M (N;";K)[lI] 2 Sk(N;";K), andlet P : M {(N;";K) !
Homc (Sk(N;"; C)[1];C) be the classial period map induced by the integration pairing.
Then ker(P) = ker(£ ).

Proof. SinceP(M (N;";0)) is known to be a nite-covolume O-lattice in the complexvec-
tor spaceHomc (Sk(N;"; C)[I ]; C), the K -dimensionof im(P) equals2@im¢c Sc(N;"; C)[I],
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which in turn equalsdimg M (N;";K)[lI]. Thus by Lemma 3.28 the imagesim(P) and
im(£ | ) have the samedimension, henceker(P) and ker(£ ) also have the samedimension.
It thus sutcesto prove the inclusion ker(£ |) Y2 ker(P). Suppose£ | (x) = O0;then' (x) =0
for all x 2 W7[I], whereW = M ((N;";K). Thus' (x) = O0forall' 2 (W - C)°[l]. Since
the integration pairing that de nes P respects the action of T, the composition of P with
any linear functional liesin (W - C)°[lI]. Thus P(x) = 0, asrequired. O

3.8 The images of cuspidal points

Considera triple (N;k;"), and let K = Q["]. Recall that integration de nes a period
mapping
P:M k(N;";K)! Homc(Sk(N;";C);C):
A cuspidal point of
Homc (Sk(N;";C); C)
P(Sk(N;";0))

is a point that is in the image under P of M (N;";O). It is of great interest to compute
the structure of the cuspidal subgroup of J and of the quotients of J. For example, when
k=2and" = 1, the torus J can beidenti ed with Jo(N)(C). In this case,Manin proved
(see[38]) that the cuspidal point f0;1g is a torsion point in Jo(N)(Q), soits order gives
a lower bound on Jo(N)(Q)tor -

J=J(N;k;") :=

Algorithm  3.30 (Cuspidal subgroup). Let | beanidealin the Hedke algebraT. This
algorithm computesthe cuspidal subgroup of the quotient A, of J. Using Algorithm 3.5
computeM ¢(N;";0) and Sk(N;"; O). Using Algorithm 3.26,compute the rational period
mapping £,. Then the cuspidal subgroupis the subgroupof £, (Sk(N;";O)) generatedby
the elemens £, (x) for x 2 M (N;";O). In particular, the point of A, (C) correspnding
to X 'Yki 2i if ® Tgisthe imageof £, (X'YKi 2 1f®,"g) in the quotient of £, (M ¢(N;";0))
by £1(Sk(N;";0)).

Example 3.31. This example continues Example 3.27. The basis chosenis also a basis for
M »(37;1;Z), soby computing the boundary map, or the integer kernel of T,(T, + 2), we
‘nd that S,(37;1;Z) is spannedby (1;0;0; 0; 0), (0; 1;0; 0; 0), (0; 0; 1; 0; 0), and (0; O; 0; 1; 0).
Thus £,(S2(37;1;2)) is generatedby (1;0) and (0;1). The modular symbols f0;1g is
represerted by (0;0;0;0; 1), sothe image of the cusp(0) j (1) 2 Jo(37) is 0in 37k2A .
The rational period mapping assaiated to 37k2B (with respect to somebasis) is

£,((a;bic;d;e)') = (aj cj 2d+ %e; b+ c+ 2d %e):

Thus £,(S2(37;1;2)) is generatedby (1;0) and (0;1). The imageof f0;1g isis %(l;i 1),
sothe imageof (0) i (1) in 37k2B hasorder 3.
3.8.1 Rational torsion

Let f be a newform of weight 2, and suppose" = 1. Manin proved that (0) i (1)
de nes an elemert of Jo(N)(Q)twr. Thus the order of the image of (0) i (1 ) provides a
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lower bounds on # Af (Q)wr. In general, many other points in the cuspidal subgroup can
be rational. Determining which would give a better lower bound on the rational subgroup;
the author has not yet carried out sudh computations (see,however, [65]).

3.8.2 Upper bound on torsion: Counting points mod p

Let f beanewform of weight 2, and suppose" = 1. The Hedke algebraT acts through
a quotient T on the subspaceof Sy(j o(N)) spannedby the Galois conjugatesof f. Let
Ap(X) be the characteristic polynomial of the image of T, in T. Supposep - N and let
Np = # At (Fp) be the number of points on the mod p reduction of the abelian variety Ay .

Prop osition 3.32. For each prime p not dividing N,
Np = Ag(p+ 1):

Proof. This is probably well-known, but we give a proof (which wassuggestedo the author
by Matt Baker). It follows from the Eichler-Shimura theorem that the following relation
holds in the endomorphismring of As =F .

Tp = Frob+ Ver = Frob+p=Frob:

Let * 6 p be a prime. If the characteristic polynomial of Frob on an "-adic Tate module
of A¢ =F is F(t), and the characteristic polynomial of T, on di®erertials H O(A =Fp;-) is
f (t), then we have f (t) = xi 9F (x), wheret = x + (p=x) and d = dim A¢. In other words,
the relation above givesan easycorversion betweenf and F. Sinceit's a generalfact that
# At (Fp) = F(1), wehave# A¢ (Fp) = f(p+ 1): O

The following theorem is proved using formal groups.

Theorem 3.33. Let A be an akelian variety over Q, with good reduction outside N. Sup-
posep - N. Then the kernel of the reduction map A(Q)wr ! A(Fp) is killed by p. If p> 2
then the kernel is trivial.

By taking gcd's we obtain an upper bound on # A(Q)wr. This upper bound is not in
generalsharp; in fact, it is unchangedif A is replacedby any isogenousabelian variety. For
example, Xo(11) and X 1(11) are isogenousbut have di®erert torsion subgroups.

3.9 The modular degree

Let f be a newform of level N, weight k , 2 and character " suc that "? = 1. In
this section we de ne and give an algorithm to compute the modular degreeof the torus
As attachedto f.

De nition  3.34. The modular map is the map i : Ay ! A¢ that is induced by the
bottom row of Diagram 2.1 on page 34. The modular degree m¢ of f (or of A;) is the
degreeof this map. If f hasweight two, then |k is a polarization so by [50, Thm. 13.3]its
degreeis a perfect square;in this casewe instead de ne the modular degreem; to be the
positive squareroot of the degreeof k.
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Remark 3.35. When E=Q be a modular elliptic curve of conductor N that is an optimal
quotient of Jo(N), then m; is the usual modular degree,which is the least degreeof a map
Xo(N)! E.

Remark 3.36. When k 6 2, the degreeof iy neednot be a perfect square. For example,
there is a one-dimensionalquotient A assaiated to the unique rational newform

f=q+29%i 8 + 49"+ 5q°; 160°; 4q’ + ¢¢¢2 S4(10)

sud that the kernel of s is isomorphicto Z=10Z.

Next, for anewformf let ufo bethe part of # ker(s ) that is coprimeto the level. There
is a newformin f 2 Su(j o(77)) sud that pfo is not a perfect squareat 2. For identi cation
purposeswe remark that the “eld generatedby the Fourier coexcients of f hasdiscriminant
23 ¢33 ¢2417.

Algorithm  3.37. Let Iy bethe annihilator of f in the Hedke algebra. The modular kernel
ker(lg ) is isomorphic to the cokernel of the natural map S[lf]! ©(S) of Diagram 2.1 on
page34. This cokernel can be computed by replacing ©; by the rational period map £, .

Proof. For concretenessyve give the proof only in the caseof weight-t wo and trivial charac-
ter. The proof in the generalcaseis similar. Let S = Sy(j o(N); C) be the complex vector
spaceof weight-t wo modular forms of level N, and setH = H1(Xo(N);Z). The integration
pairing SE H! C inducesa natural map

© :H! Hom(S[l;];C):

Using the classical Abel-Jacobi theorem, we deducethe following commutativ e diagram,
which has exact columns, but whoserows are not exact.

0 0 0
: L b
H[l¢] Iy lex (H)

: : ¢

Hom(S; C)[l1] —/Hom(S; C) —/Hom(SJ[I;]; C)

: ¢ :

Ar(C) ——3o(N)(C) —/A¢(C)

Nt
0 0 0

By the snake lemma, the kernel of A-(C) ! Af(C) is isomorphic to the cokernel of the
map H[lt]! ©f(H), which provesthe proposition. O

Remark 3.38. SupposeE is an optimal quotient of Jo(p), with p prime. The surjectivity
result in [48] implies that it is possibleto exciently compute the modular degreeusing only
the method of graphs. For more details, seeChapter 4.
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3.10 The rational part of L(Af;j)

Let k , 2 be aninteger, and let " : (Z=NZ)" ! C" be a Dirichlet character such
that "2 = 1. This assumption on " is made only for simplicity; there is no fundamertal
obstruction to consideringarbitrary characters. For the remainder of this sectionwe x a
newformf 2 Si(N;"). We will compute certain rational nhumbers assaiated to f .

The author was motivated to prove the results of this section after seeingAgashe's
results in the casek = 2 and " = 1, see[2, Ch. 4].

3.10.1 L-functions

De nition  3.39. The L-seriesassaiated to f is the complex-analytic function

L(f;s) = anni s
n=1
Hedke proved that L(f;s) has an analytic continuation to the whole complex plane.
In particular, it makes senseto considerthe valuesL(f;j) wherej 2 f1,2;:::;kj 1lgis

an integer in the \critical strip.” The general consesusis that these special values have
deeparithmetic signi cance, in the sensethat the quotients L (f;j)=!¢,; should be algebraic
numbers,where! ¢ ; is an appropriate period of f , and that thesealgebraic numbers should
encade deeparithmetic properties of the motive attached to f .

For simplicity, especially when doing explicit computations, it is desirable to work
exclusively with ratios that are rational numbers instead of algebraic numbers. For this
purpose,we considerinstead the complex torus A attached to f, and introduce

vd
L(Af;s) = L(fi;s);
i=1
wherefq;:::;f4 are the distinct Galois-conjugatesof f. As we will see,L(Af;j)=; 2 Q,
where - ; will be de ned below.

Though the notation L(Af;s) suggeststhat there might be a way to attach an L-
function to a generalcomplex torus, this is de nitely not what we have in mind. For our
present purposes,the notation L(As;s) is nothing more than a corveniert shorthand for
the product of the L-functions attached to the Galois conjugates of f. However, in the
casewhenk = 2and " = 1, the L-function L(As;s) is known to be the canonical L-series
assiated to the abelian variety A; =Q; see,e.g., the discussionin [20, Sec.7].

3.10.2 Winding elements

Generalizing Mazur and Merel's terminology when k = 2, we de ne winding elemerns
as follows.

De nition  3.40 (Winding element). For1l- i- kj 1,the ith winding elementis
g = X' tykizilibfo1g 2 M ((N;";2):

For example,when k = 2 there is onewinding elemen e = e; = f0;1g . See[44, x2.2]
for a topologically motivated discussionof the terminology \winding elemen."
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3.10.3 Real and minus volumes

We brie°y review the assaiation of a complex torus to a Galois-conjugacy class of
newforms. Consider the spaceSk(N;";Z) of cuspformsin Sg(N;") whoseg-expansionat
in nit y has Fourier coexcients which lie in Z. Let V be the C-vector spacespannedby
the Galois conjugatesfq;:::;fq of f, and choosea Z-basisgi;::: ;gq for the intersection
V\ Si(N;";Z). Then integration via the pairing of Theorem 2.7 againstgs;::: ;gq de nesa
map Sk(N:";Z) ! C9 whosecokernelis As (C). Viewing A (C) in this way, the standard
measureon CY de nes a measureon A; (C).

Because"? = 1, the complex torus A(C) is equipped with an action of complex con-
jugation. There are two distinguished additiv e subgroupsof A(C): the subgroup A(R) of
elemeris xed under complex conjugation, and the subgroup A(C)i of elemerns sert to
their additive inverse by complex conjugation. When j is odd, let - ; be the measureof
the subgroup xed under conjugation, and when j is ewven, let - ; be the measureof the
subgroup sert to its inverse under conjugation, times i%, where d is the dimension of A.
When j is odd, we call - ; the real volume otherwise, we call - j the minus volume (see
De nition 3.58).

3.10.4 The theorem

We are now preparedto state atheoremthat givesa computable expressionfor the ratio
JL(At;j)= j]. This theorem grew out of joint work with Agashe. It generalizesCremona's
method for computation L(E; 1)= ¢ when E is an elliptic curve (see[16, x2.8]).

As an immediate corollary of the formula, we seethat jL(A¢;j)= j]j is a rational num-
ber. This was already known when f 2 Sy(j o(N)) (see[28, x2]). The author remains
ignorant as to whether or not the general corollary was known before, or even if the real
numbers - j, exactly as de ned here, had been previously considered. Howeer, rational-
ity of certain related period ratios has beenknown for sometime, due to work of Manin,
Shimura, and Hatada. For a clear historical summary of these rationalit y results seelLi's
MathSciNet review of [29]. Seealso[42, 44].

We take the absolute value of L (At ;j)=; for simplicity only becauseat present we do
not wish to worry about powers of the 4th root of unity i.

Theorem 3.41. Letf 2 Sg(N;") be a newform, where k ;| 2 an_d "2 = 1 and letj 2
f1;2;:::;k i 1g be an integer in the critical strip. Let %= (j 1)'i 1, and let £ be the
rational periopd mapping asseiated to f (see De nition 3.25). Then
L (Ar;))-
T

= [E¢(Sk(N;";2)") - £4(Tej)I;

where S (N;";Z)” denotesthe submalule of Si(N;";Z) on which the s-involution acts
as % and - ; is the real or minus volume of A¢, as in Section 3.10.3. The right hand
expressionin the formula is a lattice index, whosede nition is given below.

Remark 3.42. In the context of the BSD conjecture,- o, = - 14c; , wherec; is the number
of connectedcomponerts of A¢ (R).

The theorem involveslattice indexes,which we de ne as follows.
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De nition 3.43. Let V be a nite-dimensional vector spaceover R. A latticeL 2V is a
free abelian group of rank equal to the dimensionof V such that RL = V. If L;M %V
are lattices, the lattice index [L : M] 2 R is the absolute value of the determinant of an
automorphism of V taking L isomorphically onto M. For corveniencewe set[L : M]= 0
for any lattice L and additiv e abelian group M cortained in V and of rank strictly smaller
than dimV.

The following fact allows us to compute the lattice the index without using complex
numbers.

Lemma 3.44. Supmse¢; : V! Wi, i = 1;2, are surjective linear mapssuchthat ker(¢;) =
ker(¢2). LetL and M be latticesin V suchthat ¢;(L) and ¢; (M) are both latticesfor i = 1; 2.
Then

[aa(L) s eaa(M)] = [ea(L) = 2(M)]:
Proof. Surjectivity and equality of kernelsinsuresthat there is a unique isomorphism 1 :
W1! Wy sudthat 4 = ¢2. Let ¥bean automorphism of W1 sudh that 3{¢1(L)) = ¢a(M).
Then
T4 *(ea(L)) = T%a(L) = Ta(M) = &(M):
Since conjugation doesnot changethe determinant,

[2(L) : 2(M)] = jdet(TA 1 = jdet(j = [ea(L) : ea(M)]:

Proof of Theorem 3.41. Let © = ©; be the period map M ((N;":Z) ! C9 dened by
‘Xing a basisfq;f,;:::;fq of the conjugatesof the newform f ; thus

©(x) = (hFy;xi;HFo;xi; i Hg;xi) 2 C9:

We view C9 as an algebrawith unit element 1 = (1;::: ;1) equipped with an action of the

Hede operators. The operator Tp acts as (a,gl); D ;aé,d’), where the componerts ag) are
the Galois conjugatesof a,. Let Z9 % R9 % CY be the standard submadules.

For brevity, set S = S\ (N;";Z). Let 1 (©(S™) be the measureof a fundamertal
domain for the lattice ©(S); equivalertly, * (©(S)) is the absolutevalue of the determinant
of abasisfor ©(S¥). Obsenethat * (©(S%) = [29: ©(S™)] andjL(As;j)j = [29: ©(e;)ZY]:

Let W ¥ CY be the Z-module spannedby the \columns" of a basisfor S (N;"; Z)[l].
More precisely if g1;::: ; gq is a basis,then the nth column s the vector (an(01);::: ; an(9q)),
where an(g) is the coexcient of " in the g-expansionof g at in nity. Because-; is
computed with respect to a basisfor Sk(N;"; Z)[l+],

L(©(S™) = [W :T1]¢-;:
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Obsene that S(N;";Z) is saturated, in the sensethat there are no nontrivial linear
nglations between the g; wt‘tgn reduced modulo any prime p. To seethis, note that if
aig =~ 0 (mod p), then % aig 2 Sk(N;";Z) which, if the a; are not all 0, is cortrary
to our assumptionthat g;;:::;gq are a Z-basis. Because\row rank = column rank", the
samemust be true for the \columns" dened in the previous paragraph, so[Z% : W] = 1.
It follows that [Z9:T1]=[W :T1]:
The following calculation combinestogether the above obsenations using properties of
the lattice index:

[©(S™) : O(Tej)] [©(S%) : 29 ¢[z9 : O(Te))]

1

- d. .
= e 120 o)

_ 1 d. \7d y7d - ,
= qu 1 ©(e))Z°] ¢[O(e)) 2% : ©(Tey)]
_ LA \7d . .
= Wd:[@(qﬂ 1 O(Tey)]
_ LA N7d . ofa
= Wct[@(e,)z : ©(g)T1]
_ JL(As))] d.
= j-jj¢[W—:Tl]¢[Z ' T1]
IES T

Theorem 3.41 now follows by using Lemma 3.44,to replace®© by £+ . O

3.10.5 Bounding the denominator of the ratio

In this section we bound the denominators of the ratios appearing in the previous
section. We begin with the following lemma, which follows easily from the alternative
description of the boundary map given in Proposition 2.25.

Lemma 3.45. For j = 2;:::;Kki 2the winding elemente; liesin Si(N;";Z).

Proof. Recall that e; = P(X;Y)f0;1g whereP(X;Y) = XJilyki2i (iD gince2- j -
ki 2,it followsthat P(1;0) = P(0;1) = 0, so Propositison 2.25implies that e; mapsto 0
under the boundary map. O

Prop osition 3.46. Forj = 2;:::;kj 2,
L(Af;])

J

27

Proof. This follows from Theorem 3.41becausef ¢ (Tej) ¥2£¢ (Sk(N;";Z)%), sothe lattice
index is an integer. O

For the rest of this section, we assumefor simplicity that " = 1.
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Lemma 3.47. Forj=1andj = kj 1, wehavefor eachp-N that
(Toi (1+ P 1)y 2 Sk(N;™;2):
Proof. This is a standard calculation; see,e.g.,[16, x2.8] for the casewhenk = 2. O

Prop osition 3.48. Letj 2 f1;:::;kj 1g, and let n be the order of the image in A (C)
of the modular symtol ej, son = 1if j 6X1,kj 1g. Then

L(At:))

2 EZ:
j n
Proof. Let x denote the imageof e 2 A¢(C), and setl = Ann(x) %2 T. Though we write
At (C) hereand below, we will always work within the subgroup of A; (C) generatedby the
imageof M ((N;";Z) under the period map.

First we ched that the Hedke operators all act asscalarson x. Sincef is a newform, the
Hedke operators Tp, for pj N, actasOor § p“=%i 1 onf , and hencein the sameway on A¢ (C)
(see,e.qg.,the end of section6 of [21]). If p- N, Lemma3.47shawsthat Tp(x) = (1+ pki Hx.

Let C = Zx denote the cyclic subgroup of A; (C) generatedby x, son is the order
of C. Sincethe Hede operators act as scalarson C, we are pleasedto nd that there is an
injection T=1 ! C which sendsT, to Tp(X).

Setting S = Sk(N;";Z) and applying Theorem 3.41we nd that

L(Af:))

J

8

[E(ST) 1 £4(Te)]

[E1(ST):E£s(1e)] ¢[Ef (1 €) : £ (Te)]
[E1(ST) 1£¢(e)] Cl1 £ () : TE¢ ()]
[E1(ST) :1£5(e)].
[TE:(e) s 1£5(e)]

To concludethat .
[E+(S7):1£5(e)] , 1

[TEr(e):1€£c(e)] " n
we make two obsenations. By the construction of A¢ (C), the ideal | consists of those

elemerts of T that send£ (e) into £¢(S™), so[E+(S*) :1£¢(e)] 2 Z. Second,there is a
surjective map

z

_, TEi(e)
T=I! £ (9)
sendingt to tE¢(e), so[TE¢(e) : 1 £¢(e)] dividesn=#C = #( T=I). O

Remark 3.49 (Historic al notes). In the special casewhen k = 2, the modular symbol e;
correspondsto (0)j (1) 2 Jo(N). In this situation, Manin provesat the bottom of page28
of [38]that (0); (1) 2 Jo(N)(Q), and assertsin the footnote to [38, Cor. 3.6]that (0)j (1)
has nite order. Basedon obsenations suc as a special caseof the above proposition, he
declares: \These explicit formulas have the structure predicted by the Birch-Swinnerton-
Dyer conjectures."
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The main result of this section was inspired by a wealker result of Agashe, which can
be found in Chapter 4 of [2]. Agasheconsidersonly the casek = 2 and replacesn by the
order of the subgroup of Jo(N)(Q) generatedby all cusps.

3.11 The Manin constant

In this sectionk = 2 and " = 1; we sometimesomit k and " from the notation. The
assumption that k = 2 will be essetial, becausewe do not know how to de ne a Manin
constart in other weights, let alone bound it.

Consider the optimal quotient A of Jo(N) corresponding to a newform f on j o(N) of
weight 2. Let |1 o be the kernel of the natural map from the Hede algebrato End(A). The
Manin constant ca of A is the lattice index

ca = [S2(i o(N); Z)[1a] s HO(A; - a=2)]

taken inside of Sy(j o(N); Q). Though, a priori, ca is a rational number, the work of [3]]
implies that ca 2 Z (see,e.qg., [3]).

Generalizing a theorem of Mazur, we prove that ca is a unit in Z[%], where m is the
largest squaredividing N. Essertially no new ideasbeyond what Mazur usedare involved.
We then conjecture that cy = 1, and give supporting numerical evidence.

For related results involving modular \building blocks" for J1(N), we refer the reader
to [26, x4].

3.11.1 The primes that might divide ca

In the special casedim A = 1, the Manin constart is the classicalManin constart of A,
and in [41] Mazur proved that ca is a unit in Z[%]. We generalizehis proof to obtain the
analogousresult in dimension greater than 1.

Theorem 3.50. LetA bethe newoptimal quotient of Jo(N) corresmpnding to a newformf .
Then the Manin constant ca is a unit in Z[%], where m is the largestsquare dividing N .

Proof. The readeris strongly recommendedto keepthe proof of Proposition 3.1in [41] at
hand while reading the following argumert.

Let Yadenotethe map Jo(N) ! A; let A denotethe N&ron model of A overR := Z[%],
and J the N®&ron model of Jo(N) over R. Let X be the minimal proper regular model for
Xo(N) over R. As in Mazur's proof in [41], considerthe diagram

HO(A;- a) if HOW ;- 5) 2 HOX;- "9 P Rq: (3.2)

(Note that \- ;(eg" is not de ned to be the usual sheafof di®ererials; see,e.g.,the discussion
in [40, pg. 67].) The map ¥4 must be an inclusion, by [41, Cor. 1.1]. To shaw that the
Manin constart is a unit in R, it suxcesto ched that the image of HO(A;- A) in R[[q]] is
saturated, in the sensethat the cokernelis torsion free; indeed, the image of Sy(j o(N); R)[I]
is saturated and S,(j o(N); R)[I]- Q = gexp¥F(H°(A;- 4)) - Q.
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For the image of HO(A;- A) in R[[g]] to be saturated meansthat the quotient D is
torsion free. Let * be a prime not dividing 2m; tensoring

0! Ho%A;- ) i7" ROt D! O
with F- we obtain
0! D[]! H%A;-A)- F-! F ]! D-F ! O

Here we have usedthat Tor'(D:F-) is the *-torsion in D, and that Tor(j ;F-) vanisheson

the torsion-free group R[[q]]. (Alternativ ely, we could have usedthe snake lemma.) To show

that D['] = 0, it suxcesto prove that the map2 :HO(A;- Ao)- F-! F:[[q] is injective.
Since” 6 2 and A is an optimal quotient, [41, Cor 1.1] givesan exact sequence

0! HY%A=Z - aoz)! HOQJ =Z;-;)! HOB=Z;-gz)! O

where B is the N§ron model of ker(J ! A). In particular, H%(B=Z-;- g7.) is torsion free,
SO

¥

HOA=Z-;- oz )- F-! HQ=Z;-57)- F- 2 HOX=Z;-3%, ) - F

0 .. _reg
HO(X=F-;- 29

(1

is injective. (The last isomorphismis by [40, Prop. 3.3, pg. 68].) We also remark that
HOo(As- a)- F 2 HYA=Z;- a7 ) - F;
becauseZ- is torsion free, hence®at over R. Thus the map

HO(A;- a)- F- 1 HOX=F- 39

is injective.

If * -N, then injectivit y of 2 now follows from the g-expansionprinciple, which asserts
that the grexpansionmap HO(X=F-;- 3. )1 F-[[q]] is injective.

Suppose” doesdivide N, and let ! 2 ker(®). Since” j N and ~ - 2m, we have that
" ji N; thus X =F- breaksup into a union of two irreducible componerts, and the g-expansion
principle implies only that ! vanisheson the irreducible componert containing the cuspl .
Howewer, since A is nhew and corresponds to a single eigenform,! is an eigervector for
the involution Wy (since f and all of its conjugatesare). Since Wy permutes the two
componerts, ! must be 0 on all X=F-. Therefore! = 0, and hence? is injective. O

3.11.2 Numerical evidence for the cy = 1 conjecture

In the paper [24], the authors show that ca = 1 for 28 two-dimensional optimal quo-
tients of Jo(N ) (seeSection 3.12.8). The non-square-freelevels treated are:

N = 32¢7: 32¢13 5% 3B¢5 3¢7%; 52¢7; 22¢47 3BT
In every case,ca = 1.

Conjecture 3.51 (Agashe). Let A be an optimal quotient of Jo(N), and let ca be the
correspnding Manin constant. Then ca = 1.
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3.12 Analytic invariants

Fix a newform X
f= anq" 2 S(N;");
n, 1

and assume that "2= 1.

Remark 3.52. Our assumptionthat "2 = 1 doesnot imply that f hastotally real Fourier
coexcients. There is an eigenformin Sy(24;") whose Fourier coexcients are not totally
real, where" is one of the characters of conductor 8.

Let K¢ = Q(:::an:::) and let fq;:::;fq be the Galois conjugatesof f, whered =
[Kt : Q]. Asin Section2.7, we considerthe complextorus A; attachedto f . In this section
we describe how to compute the torus A; and the special values at the critical integers
1,2;:::;kj 1of the L function L(A¢;s) assaiated to A;. (See3.39 for the de nition of
L(Af;s).)

Let X

f = and" 2My(N;")
n, 1

be a modular form (we do not assumethat f is an eigenform). We recall the integration
pairing of Theorem 2.7:

hii: M(N;") £ M ((N;") ! C
Z —

H,Pf® gi= 2% f(z)P(z;1)dz:
®

Let I+ 2T bethe kernelof the map T ! K; sending T, to a,. The integration pairing
givesrise to the period mapping

©f : M k(N;") ! Homc (Sk(N;")I¢];C);

and As = Homgc (Sk(N;™")[1+]; C)=©% (Sk(N; ™)) is the cokernel.

3.12.1 Extended modular symbols

For the purposesof computing periods, it is advantageousto extend the notion of
modular symbols to allows symbols of the form Pfz;wg where z and w are now arbitrary
elemeris of h® = h[ PY(Q). The free abelian group M | of extend@ modular symtols is
spannedby sudc symbols, and is of uncourtable rank over Z. Howewer, it is still equipped
with an action of j o(N) and we can form the largest torsion-free quotient M (N ;") of M
by the relations °x = "(°)x for ° 2 j o(N).

The integration pairing extendsto M ((N;"). There is a natural embedding T :
M (N;") I M ((N:;") which respects the pairing in the sensethat H;f(x)i = H;xi:
In many casesib is advantageousto replacex 2 M (N;") ‘rst by (x), and then by an
equivalent sum y; of syrpbols Vi 2 M (N;"). The period i ; xi is then replacedby the
equivalent sum of periods H;yji. The latter is frequertly much easierto approximate
numerically.
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3.12.2 Numerically computing period integrals

Consider a point ® in the upper half plane anqgany one of the (extended) modular
symbols X MY ki 2i Mf® 1g . Givena cuspform g = n, 1hd" 2 Sc(N;") and an integer
m2f0;1;:::;kj 29, we nd that

Z X Z y
hg; X MYKi 2 Mf@ 1gi = 2vi 9(z)z™dz= 2vi b, e?inz zMdz: (3.3)
® n=1 ®

The reversal of summation and integration is justi ed becausethe imaginary part of ® is
positive sothat the sum corvergesabsolutely. This is made explicit in the following lemma,
which can be proved using repeated integration by parts.

Lemma 3.53.

0 1
Zi

1/ 1/ X ( l)S@T’Ii S A .
® s=0 j=(m+1)is

The following proposition is the higher weight analogueof [16, Prop. 2.1.1(5)].

Prop osition 3.54. For any ° 2 jo(N), P 2 V; 2 and ® 2 h® the following holds:

Pl ;°(1)g = PI®°(®g+ (Pi "(°)°' 'P)il ;@y (3.5)
") P @1g | Pf(®):1g: (36)

Proof. By de nition, if x 2 M (N;") isamodular symboland® 2 j o(N) then °x = "(°)x;
in particular, "(°)°1 x = x, so

Pf1 ;°(1)g

Pfl ;®g+ Pf®;°(®g+ Pf°(®);°(1)g

= Pfl ;@g+ PI®°(®)g+ "(°)°  {(Pf°(®);°(1 )9
= Pfl ;@g+ Pf®°(®g+ "(°)(°' 'P)f® 1g

= Pf®°(®)g+ Pfl ;@i "(°)(°' 'P)fl ;@qg

= Pf®°(®g+ (P "(°)°"'P)fLl ;@qg:

The secondequality in the statement of the proposition now follows easily. O

In the classicalcaseof weight two and trivial character, the error term (P "(°)°i 1P)f1 ;®gy
vanishes. In general this term does not vanish, instead perturbing the analoguesof the
formulas found in [16, 2.10].

Algorithm  3.55. Givenatriple °© 2 jo(N), P 2 V; 2 and g 2 S¢(N;") (as a g-expansion
to someerecision) this algorithm computesthe period integral hg; Pf1 ;°(1 )gi: Express®
as 420 2jo(N)andtake®= L& in Proposition 3.54. Replacing® by j ° if necessary
we nd that the imaginary parts of ® and °(®) = % are both equal to 1=(cN) which is
positive. Equation 3.3 and Lemma 3.53 can now be usedto compute the period integrals
of Proposition 3.54.
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With the goal of computing period lattices in mind, it is reassuringto know that
every elemen of S(N;") can be written as a linear combination of symbols of the form
Pfl ;°(1 )g. The author asked Helena Verrill if this is the caseand she was eventually
able to prove that it is; the proof is given below. In the special caseof weight two and
trivial character, this is the assertion, which was proved by Manin [38], that the group
homomorphism j o(N) ! H1(Xo(N);Z) sending® to f0;°(0)g is surjective. When the
weight is greater than two, we have not found any similar group-theoretic statemert.

Prop osition 3.56. Any elementof Sy (N;") can be written in the form

Pifl ;°i(1)g
i=1

P
With I:i 2 Vi; 2 and °; 2 jo(N): Moreover, P; and °; can be chosensothat "(°)P; =
°oi 1p.
i I

Proof.! First recall the de nition of the spacesM , M | = Vij2- M and M (N;") =
M k=l (seeSection2.1). Let | = Iy~ bethe ideal in the group ring of j o(N) generatedby
all elemens of the form "(°)j ° for ° 2 j o(N).

Supposev 2 Sg(N;"). Usethe relation f® g=f1 ; gj f1 ;®g2 M to seethat
any v is the image of an element w2 M  of the form

X J—
v = P--fl ; g2 M

-20

with only nitely many P- nonzero. The boundary map #lifts in a natural way to V; 2- M ,
asillustrated.

| (Vi 2- M) —1 (Vg 2- B)

: |

Vki2- M —F NV ,- B

|

SK(NT™) B M (NG 2 TR (N

Our assumptionthat +(v) = 0 implies that ) 2 | (Vi; 2- B). Sothere are Q-— 2 V; 2,
for ° 2 jo(N) and ~ 2 P1(Q), only Tnitely many nonzero,sud that

X —_
vy = ()i °NQ-~- f )

1The author thanks Helena Verrill for permission to reproduce her proof here.
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We now use a summation tric k.

X _ X _ _
Hv)=P-- fgi P--flg = "()Qr-fgi ((Qp)- g
o .
= ()Q - 17gi (Quei)- g
NE .

QT Qe - Ty

0.

Equating terms we deducethat for 6 1,

X
P-= "(°)Qei i "Qepein:

Using this expressionfor P- and that "(°)°i ! acts trivially on M ((N;") we nd that

X B X 3 B
V= P-f1 ; g = "(°)Qemi °Qeei1m f1 ;g
B )"(;’ 3 ,
= "(°)Q i "(°)Tt Qe fL Ty
X; - il i 1—
= "(°)Q-f1 5 gi "(°)Qeeiamf LT g
X _ L
= "(P)Qe 1 5 gi "()Q L g
X;

"(°)Q M ;o1 Mg :

This is of the desiredform. O

Unlike the caseof weight two and trivial character, Proposition 3.56 does not give
generatorsfor S (N;"). This is becausenot every elemern of the form Pfl ;°(1 )g must
lie in Sk(N;"). Howewer, if °P = P then Pfl ;°(1 )g doeslie in Sx(N;"). It would be
interesting to know under what circumstancesSg(N ;") is generatedby symbols of the form
Pfl ;°(1 )gwith °P = P. This sometimesfails for k odd; for example, when k = 3 the
condition °P = P implies that ° 2 j o(N) has an eigervector with eigervalue 1, henceis
of "nite order. When k is even the author can seeno obstruction to generating Sx(N;")
using sudch symbols.

3.12.3 The Wy -tric k

In this section we assume that k is even. Considerthe involution Wy de ned in
Section2.4.3. This is an involution that acts on both modular symbols and modular forms.
The follow proposition showvs how to compute hg; Pf1 ;°(1 )gi under certain restrictive
assumptions. It generalizesthe main result of [17] to higher weight. (Compare also[25].)
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Prop osition 3.57. Let g2 Sk(N;") be a cusp form which is an eigenform for the Atkin-
Lehner involution W having eigenvaluew 2 8 1g. Then for any °© 2 j o(N) and any
P 2 V, 2, with the property that °P = "(°)P, we havefor any ® 2 h the following formula:

hg; Pf1 ;°(1 )gi =
P(Y;i NX P(Y;i NX),,. P— R ,
m;WWfW@);lg + (P WW)]‘IZ N;1lg i Pf°(®);1gi :

Here W(®) = | 1=(N ®).

Proof. By Proposition 3.54 our condition on P implies that Pfl ;°(1 )g = Pf®;°(®)g.
The stepsof the following computation are described below.

hg; Pf®;° (®)gi
= hyPf® i:pﬁg+ Pfizp N; W (®)g+ PfW(®);°(®)gi
W (P) P P .
= rg;wme@);l: Ng+ Pfi= N;W(®)g+ PfW(®);°(®)qi
= hg;(w%i P)fW(®);i:pr+ PfW(®);1g i Pf°(®);1qi
= hg;w%fW(@);lg + (P w%)fizpﬁ;lg i Pf°(®);1gi :

For the rst step, we break the path into three paths. In the secondstep, we apply the
W -involution to the rst term, and usethat the action of W is compatible with the pairing
h; i._The third step involves corrbiBirEJ the rst two terms and Br%king up the third. In
the nal step, we replacefW(®);i= Ngby fW(®);1g + f1 ;i= Ng and regroup. O
3

A good choicefor ®is ®= °i 1 2+ $— , sothat W(®) = §+ = This maximizes
the minimum_ of t@e imaginary parts of ® and W (®).

Leto = i‘g 2 i o(N). A polynomial P for which °(P) = P is given by

P(X:Y)= (cX2+ (d; a)XVY | by?):

This formula was obtained by viewing Vi, 2 as the (k i 2)th symmetric product of the
two-dimensional spaceon which j o(N) acts naturally. For example, obsene that since
det(®) = 1 the symmetric product of two eigervectors for ° is an eigervector in V, having
eigervalue 1. For the samereason,if "(°) 6 1, there is often no polynomial P(X;Y) such
that °(P) = "(°)P. When this is the case, rst_choose® sothat "(°) = 1.

Since the imaginary parts of the terms i=~ N, ® and W (®) in the proposition are all
relatively large, the sumsappearing in Equation 3.3 converge quickly if d is small. Let us
emphasize,that it is extremely important to choose ° in Proposition 3.57 with d small,
otherwise the serieswill converge very slowly.



64 CHAPTER 3. APPLICA TIONS OF MODULAR SYMBOLS

3.12.4 Computing the period mapping

Let | %2 T bethe kernelof the map T ! K; sendingT, to a,. As in Section 3.7, let
£: = £, bethe rational period mapping assaiated to f . We have a commutativ e diagram

M (N ) o THome (Se(N; ") C)
%/o M
M k(N;")
ker(©x)

Using Algorithm 3.26, we can compute £+ soto compute ©; we needto compute is. Let
O1;:::;0q be a basisfor the Q-vector spaceSy(N;";Q)[I]. We will compute the period
mapping with respect to the basis of Homg (Sk(N;"; Q)[I]; C) dual to this basis. Choose
elemerns X1;:::;Xg 2 M ¢(N;") with the following properties:

1. Using Proposition 3.54 or Proposition 3.57it is possibleto compute the period inte-

grals hgi; xji, i;j 2 f1;:::dg exciently.
2. The 2d elemens v+ ov and v ov for v = £¢(X1);:::;E¢(Xq) Span a space of
dimension 2d.

Given this data, we can compute
it (v+ av) = 2Re(hgy; Xii; i 5 hgg; Xii)

and
it (vi ov) = 2ilm(hgy; xii; i hgg; xii):

We break the integrals into real and imaginary parts becausethis increasesthe precision of
our answers. Sincethe vectorsv, + av, and vy i avy, n = 1;:::;d span % we have
computed i .

It is advantageouswhen possibleto nd symbolsx; satisfying the conditions of Proposi-
tion 3.57. This is usually possiblewhend is very small, but in practice we have had problems
doing this when d is large, for examplewith 131k2B , in which casethe dimensionis 10.

3.12.5 Computing special values

Fors= 1;:::;kj 1wehave
. i 23] 1iSi ! v Si Iv ki 1i s¢n- .
L(f;s) Wm,x Y fO;1gi ; 8.7)
L(A;;s) = L(fi;s): (3.8)

i=1

Let |
e = X'l 1f0;1g
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denote the ith winding element In section 3.12.4 we computed the period map ©; with
respect to a basisgs;::: ;gq for Sg(N;"; Q)[l]. Upon writing f asa K -linear combination
®01 + ¢¢C+ ®ygy we nd that

;i ®101 + ¢CC+ ®ydg; €
®ihgy; e + ¢EC+ ®yhgy; €

®1©x (€)1 + CCC+ ®4Cx (€i)qg

Here ©x (ej); denotesthe jth coordinate of ©x (ej). Finally using Equation 3.7 we compute
the special value.

3.12.6 The real and minus volume associated to A

Fix a choice of basis gi;::: ;gq for the free Z-module S¢(N;";Z)[I], where | is the
annihilator in the Hedke algebra of our xed newform f .
For any x 2 Si(N;") we have, by Proposition 2.11,

(hoa; xi; oo hgg; xi)
(hog; x5 00 s hgg; xBi)
(hog; x%is oo 5 hgg; x7i) 2 ©5 (Sk(N;™));

so complex conjugation leavesinvariant the period lattice

©x (x)

gy = O (Sk(N;")) Y2Home (Sk(N;™)[1]; C):

Fix a Z-basisfor S(N;";Z)[I], thus making an identi cation Homc (Sk(N;")[1];C) 2 CY.
The above obsenation implies that A; (C) 2 CY=n; is equipped with an action of complex
conjugation. Our choice of basis de nes a real-valued measure! on A; (C), coming from
the standard measureon CY. The measuredoesnot depend on the choice of Z-basis.

Denition  3.58 (Real and min us volume). The real measure- { isthe measure! (A¢ (R)).

The minus measure - | is the measure® (A¢ (C)') times i9, where A; (C)i is the set of
points in Af (C) on which complex conjugation actsasi 1.

Thus, in connectionwith Section 3.10.3,j- ;’j = j-dandj-lj=j- 2.

Algorithm  3.59. To compute - : and - | , proceed as follows. Using Algorithm 3.26,
compute S (N;")=Ker(©¢). Next, compute a basisfor the kernel (Sx(N;")=Ker(©s))* of
the map induced by the z-involution. Using Section 3.12.4compute the image of this basis
under is ; this is a basisfor n;’. The determinant of this latter basisthen givesthe measure
(- 1)° of the identity componert Af(R)° of A¢(R). Finally - [ = ci ¢(- ;) where the
number ¢ of real componerts can be computed using the algorithm in Section 3.12.7

Remark 3.60 (Alternative methad). Supposes is an integerin the setf1;:::;kj 1g, and let
¥,= + or ¥%= j , depending on whether s is odd or even, respectively. Section3.10 cortains
a formula for the ratio L(Af;s)= 7. When this ratio is nonzero, - {* can be determined by
computing L(A¢;s)= ]f/“ and L(As;s), using Section 3.12.5.
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Remark 3.61. When k = 2 and " is trivial, A; hasthe structure of abelian variety over Q.
The quartity - ]T aboveis related to the quartity - o appearingin the Birch and Swinnerton-
Dyer conjecture [67] for A;. The latter quartity is the measureof A; (R) with respectto a
basisof integral di®erenials on the N§ron model of A; over Spec(Z). The two quartities are
related by the Manin constart, which the author conjecturesis always 1 (seeSection 3.11).

3.12.7 The component groups c¢; and c}

Assumein this sectionthat f hastotally real Fourier coexcients and contin ueto assume
that "2 = 1.

De nition  3.62. Let c; bethe number of componerts of the topological spaceA; (R). Let
¢, bethe number of componerts of A; (C)i , where A; (C)i is the setof points z 2 A; (C)
such that z= j z.

Prop osition 3.63. Let C be the map induced by complex conjugation on & =2o; = oy -
F-. Then

¢ =¢

= pdim(k er(Cj 1))i d;
whetre d is the dimension of As.
Proof. We must compute the order of the componert group
. _ At(R) _ (CY=mp)*
Af(R)®  RO=af

whereRd:o;' is the identit y componert becauseét is the cortin uousimage of the connected
set R4, For v 2 CY denote by Vv its complex conjugate and by [v] its image in C9%=a; .
Suppose[v] 2 (CY=r¢)*; this meansthat [v] = [v], sosincev + v 2 RY we have

2v] = V] + [v] 2 R%=a} ;

so? is annihilated by 2. Thusthereis , 2 o¢ sothat 2v+ , 2 RY andsov+ 1 2 R9,
i.e., v can be written as an elemen of %of plus an elemert of RY. This meansthat 2 is

generatedby the image of (%Qf =o¢)*. Thus

2w (3Er) (er=2mp)"
(%Df \ Rd):n;' o:zzo:

Consequetly
dimg, 2 = dim(a¢=28¢)" j dimef=20f = dim(ker(Ci 1))i d:
Here o =20 has dimension d becauser; is a lattice in RY hencea free Z-module of

rank d.
The argumert for ¢} proceedsin the sameway, and results in the sameanswer because

dim(ker(C j 1)) = dim(ker(C + 1)):
O
To compute C on =, useAlgorithm 3.26to compute the action of & on
Sk(N;")=Ker(©r) = n¢:
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3.12.8 Examples
Jacobians of genus-two curv es

The author is amongthe the six authors of [24], who gather empirical evidencefor the
BSD conjecture for Jacobian of gerus two curves. Of the 32 Jacobiansconsidered,all but
four are optimal quotients of Jo(N) for someN . The methods of this sectioncan be usedto
compute - { for the Jacobiansof these 28 curves. Using explicit models for the gerus two
curves,the authors of [24] computed the measureof A with respect to a basisfor the N&ron
di®erertials of A. In all 28 casesour answers agreedto the precision computed. Thus in
these caseswe have numerically veri ed that the Manin constart equals1.

The rst example consideredin [24] is the Jacobian A = Jo(23) of the modular curve
X0(23). This curve has asa model

y2+ (C+x+ y=j2x°; 3%+ 2xj 2

from which one can compute the BSD - 5 = 2:7328::. The following is an integral basis of
cusp forms for S,(23).

o = qi i i 20°+ 29"+ ¢ee

@ = i 200 o' +20+ ¢+ 2q" + ¢ee
The spaceM ;(23;Q) of modular symbols hasdimension v e and is spannedby fj 1=19; Og,
fi 1=17,0g, fi 1=15;0qg, fi 1=11,0g and f1 ;0g. The submodule S,(23;Z) has rank four
and hasasbasisthe st four of the above v e symbols. Choose®; = (£3) and°2= (& 1)
and let x; = f1 ;°;(1 )g. Using the Wy -trick (see Section 3.12.3) we compute the period
integrals hg;; ;i using 97 terms of the g-expansionsof g; and g», and obtain

ho; X120 » § 1:3543+ 1:0838; hg; X2 » | 0:5915+ 1:6875
hgy; x1i » j 0:5915; 0:4801; hgy; X2i » | 0:7628+ 0:6037

Using 97 terms we already obtain about 14 decimal digits of accuracy but we do not
reproduce them all here. We next nd that

hgp; x1 + X3 » 2Re(j 1:3543+ 1:0838) = 2:7086

and soon. Upon writing ead generatorof S»(23) in terms of x3 + X7, X1i Xj, X2+ x5 and
X2 i X5 we discover that the period mapping with respect to the basisdual to g; and g, is
(approximately)

fi 1=19,0g 7! ( 0:5915; 1.6875; 0:7628j 0:60371)
fi 1=17,0g 7! (j 0:5915; 1:6875; i 0:7628j 0:60371)
fi 1=150g 7! (i 1.3543j 1.0838; | 0:5915+ 0:4801)
fi 1=13;,09 7! (j 1:5256 0:3425)

Working in S»(23) we nd S,(23)* is spannedby fi 1=19;0g; fi 1=17,0g and fj 1=11;Og.
Using the algorithm of Section3.12.6,we nd that there is only one real componert so

. — 1:1831 1:5256—_ i
| ” T 15256 0:3425 C 2732E
To greater precisionwe nd that - ]T » 2:7327505324965This agreeswith the valuein [24];

sincethe Manin constart is an integer, it must equal 1.
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Table 3.1: Volumesassaiated to level one cusp forms.
k -t -

12 0:002281474899 0:000971088287
16 0:003927981492 0:000566379403
18 0:000286607497 0:023020042428
20 0:008297636952 0:000560932501i5

22 0:002589288079 0:002024574381i6
24 0:000000002968 0:0000000054322
26 0:003377464512 0:39107261326'41
28 0:000000015627 0:0000000029272

Level one cusp forms

In the following two sectionswe consider seweral speci ¢ examplesof tori attached to
modular forms of weight greater than two.

Let k , 12beaneveninteger. Asscciated to eat Galois conjugacy classof normalized
eigenformsf , there is atorus A; over R. The real and minus volume of the rst few of these
tori are displayed in Table 3.1. For weights 24 and 28 we give - | =i so that the columns
will line up nicely. In ead case,97 terms of the g-expansionwere used.

The volumes appear to be much smaller than the volumes of weight two abelian va-
rieties. The dimension of eadh A; is 1, except for weights 24 and 28 when the dimension
is 2.

CM elliptic curv es of weight greater than two

Let f be a rational newform with \complex multiplication”, in the sensethat \half "
of the Fourier coetcients of f are zero. For our purposes,it is not necessaryto de ne
complex multiplication any more precisely Experimentally, it appearsthat the assaiated
elliptic As hasrational j -invariant. As evidencefor this we presen Table 3.2, which includes
the analytic data about ewvery rational CM form of weight four and level - 197. The
computations of Table 3.2 were done using at least 97 terms of the g-expansionof f. The
rationalit y of j could probably be proved by observingthat the CM forcesA; to have extra
automorphisms.

In theseexamples,the invariants ¢, and ¢cg are unrecognizableto the author; in cortrast,
in weight 2 theseinvariants are (expectedto be) integers(see[16, 2.14]).

Some abelian varieties of large dimension

In Table 3.3, we give the volumesof v e abelian varieties of dimension greater than 1.
In eadh case,at least 200terms of the g-expansionswere used.
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E

9k4A
32k4A
64k4D
108k4A
108k4C
121k4A
144k4E
27K6A
32k6A

1728
1728

1728

Table 3.2: CM elliptic curvesof weight > 2.

oot

0 0:2095 0:1210
0:2283 0:2283
0:1614 0:1614
0 0:0440 0:0762
0 0:0554 0:0960
0:0116 0:0385
0 0:0454 0:0262
0 0:0110 0:0191
0:0199 0:0199

Table 3.3: Volumesof higher dimensional abelian varieties.

A dim
79k2B 5
83k2B 6

131k2B 10
11k4A 2

17k4B

Ca Ce
0:0000 i 5662642168&2951
i 33398148874 0:0000
534370381988 0:0000
i 146992655 24463608892439456
16087743 6115643810953724
8565951981841 257230733069895217216
81:1130 | 549788016394046396
0:0000 97856189971744208795
i 5809564313658 8:0094

3

+

10
22
51
0:0815
0:0047

-1
209
41
615
0:0212
0:0007

69
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Chapter 4

Comp onent groups of optimal
guotien ts

Let A be an abelian variety over the rational numbers Q. The Birch and Swinnerton-
Dyer conjecture suppliesa formula for the order of the Shafarevih-Tate group of A. A key
step in computing this orderisto nd ead of the Tamagava numbers c, of A. The Tama-
gawa numbers are de ned as follows, where the de nition of N&ron model and componert
group is given below.

De nition 4.1 (Tamagawa number). Let p be a prime, let A be a N&§ron model of A
over the p-adic integers Z,, and let ©a;, be the componert group of A at p. Then the
Tamagawanumker ¢, of A is the order of the group ©ap(Fp) of Fy-rational points of

©np (Fp).

Remark 4.2. We warn the readerthat the Tamagava number is de ned in a di®erert way
in someother papers. The de nitions are equivalert.

In this chapter we present a method for computing the Tamagava numbers c,, up to
a power of 2, under the hypothesisthat A has purely toric reduction at p. Such A are
plentiful amongthe modular abelian varieties; for example, if A is a new optimal quotient
of Jo(N) and p exactly divides N, then A is purely toric at p.

In Sections4.1{4.5 we state and prove an explicit formula involving componert groups
of fairly general abelian varieties. Then in Section 4.6 we turn to quotients of modular
JacobiansJo(N). We give seeral tables and issuea conjecture and a question.

The results of this chapter were inspired by a letter that Ribet wrote to Mestre, in
which he treats the casewhen A is an elliptic curve.

4.1 Main results

4.1.1 N#®ron models and comp onent groups

Let A be an abelian variety over a nite extensionK of the p-adic numbersQ,. Let O
be the ring of integersof K, let m be its maximal ideal, and let k = O=m be the residue
class eld.
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De nition 4.3 (N §ron model). A N®ron model of A is a smooth commutativ e group
schemeA over O such that A isits generic b er and A satis esthe N&ron mapping property:
the restriction map

Homo(S;A) ! Homg (Sk;A)

is bijective for all smath schemesS over O.

The N&ron mapping property implies that A is unique up to a unique isomorphism, so
we will refer without hesitation to \the" N®ron model of A.

The closed b er Ay of A is a group schemeover k, which neednot be connected;denote
by A the connectedcomponert containing the identity. There is an exact sequence

0j! A%l Axi! ©ai! O

where ©5 a nite $tale group scheme over K. Equivalertly, ©a may be viewed as a “nite
abelian group equipped with an action of Gal(k=k).

De nition 4.4 (Comp onent group). The component group of an abelian variety A over
alocal "eld K is the group scheme®©a = Ay=A{ de ned above.

4.1.2 Motiv ating problem

This chapter is motivated by the problem of computing the groups ©a, attached to
quotients A of Jacobians of modular curves Xo(N). When A has semistable reduction,
Grothendiedk and Mumford described the componert group in terms of a monodromy pair-
ing on certain free abelian groups. When A = J = Jo(N) is the Jacobian of Xg(N), this
pairing can be explicitly computed, hencethe componert group ©; can also be computed;
this hasbeendonein many casesin [40] and [23].

Suppose now that A = A; is an optimal quotient of Jo(N) that is attached to a
newform f , sothat the kernel of the map ¥: J ! A is connected. There is a natural map
Y :0©3 ! ©a. Wewish to compute the image and the order of the cokernel of Y.

4.1.3 The main result

We now state our main result more precisely necessarilysupressingsomeof the de -
nitions of the terms useduntil later. Suppose¥:J ! A is an optimal quotient, with J a
Jacobian with semistablereduction and A having purely toric reduction. We expressthe
componert grourbof A in terms of the monodromy pairing assaiated to J.

Let ma =  degua), where pa : A- ! A is induced by the canonical principal
polarization of J arising from the p-divisor. Let X ; be the character group of the toric part
of the closed b er of the N§ron model of J. Let L be the saturation of the image of X 5 in
X 3. The monodromy pairing inducesamap ®: X; ! Hom(L;Z). Let ©x be the cokernel
of ®and myx = [®X ;) : ®&L)] be the order of the nite group & X ;)=@®L). We obtain the
equality

#HO A _ #O

ma mx
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Using the snake lemma, one seethat ©x is isomorphic to the image of the natural map
©; ! ©p, and the above formula implies that the cokernel of the map ©; ! ©a hasorder
Ma=My .

If the optimal quotient J ! A arisesfrom a modular form onj o(N), then the quartities
ma, mx and ©x can be explicitly computed, hencewe can compute #O a .

4.2 Optimal quotien ts of Jacobians

Let J be a Jacobian,and let py bethe canonicalprincipal polarization arising from the
p-divisor. Recall that an optimal quotient of J is an abelian variety A and a surjective map
¥:J ! A whosekernelis an abelian subvariety B of J. Denote by J- and A- the abelian
varieties dual to J and A, respectively. Upon composing the dual of Yawith py = [y, we
obtain a map

A-iT 3-% o
Prop osition 4.5. The map A-! J is injective.

Proof. Sinceyy is an isomorphismit sutcesto prove that ¥ is injective. Sincethe dual of
Ya is (Y«)- = Yaand Yais surjective, the map ¥+ must have nite kernel. ThusA-! C =
im(Y¥+) is an isogery. Let G denote the kernel of this isogery, and dualize. By [50, x11] we
have the following two commutativ e diagrams:

dualize
G—Ia- C 917 11 AR — Co®— G-
| |
J;

J-

where G- is the Cartier dual of G. Since G- is nite, ker(' ) is of nite index in ker(%).
Since ker(¥j is an abelian variety, as a group it is divisible. But a divisible group has
no nontrivial “nite-index subgroups (divisibilit y is a property inherited by quotients, and
nonzero nite groups are not divisible). Thus ker(' ) = ker(¥), so G- = 0. It follows that

G=0. O
Henceforth we will abusenotation and denote the injection A-! J by %. The kernel of
Ma equalsthe intersection of A- and B = ker(¥), as depicted in the following diagram:
A-\ B —/BL
A—ﬁ Ya J
Ll/zt
Ha
A:

Since Ya is a polarization, the degree# ker(ua) of pa is a perfect square (see [50,
Thm. 13.3]). Recall that the modular degree is the integer

Ma = P # ker(pa):

For an algorithm to compute ma, seeSection 3.9 and Corollary 4.23.
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4.3 The closed b er of the N®ron model

Let K be a nite extensionof Q, with ring of integers O and residue class eld k.
Let A be an abelian variety over K and denoteits N§ron model by A. Let ©5 bethe group
of connectedcomponerts of the closed b er Ax. This group is a nite ®tale group scheme
over k; equivalertly, it is a nite abelian group equipped with an action of Gal(k=k). There
is an exact sequenceof group sdhemes

0! Al Ag! ©p! O

The group scheme A? is an extension of an abelian variety B of somedimension a by a
group scheme C, we have a diagram

et e)

o
L
OvCw~ 0O~

_Ip0 g g

with T a torus of dimensiont and U a unipotent group of dimension u. The abelian
variety A is said to have purely toric reduction if t = dim A, and have semistablereduction
if u= 0.

De nition 4.6 (Character group of torus). The character group
Xa = Homp(T; Gm )
is a free abelian group of rank t cortravariantly assaiated to A.

As discussedn, e.g.,[53],if A is semistablethere is a monodromy pairing X po£ Xa_ ! Z
and an exact sequence

0! Xa_! Hom(Xa;Z)! ©p! O

4.4 Rigid uniformization

In this section we review the rigid analytic uniformization of a semistable abelian
variety over a nite extensionK of the maximal unrami ed extension Q;r of Qp. We use
this uniformization to prove that if A has purely toric reduction, and A: A-! Alsa
symmetric isogery (as de ned below), then

degA) = (# coker(Xa ! Xa_ )%

We also prove somelemmasabout character groups.
It is possibleto prove the assertionswe will needwithout recourseto rigid uniformiza-
tion, as Ahmed Abbeshas pointed out to the author.
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4.4.1 Raynaud's uniformization

Theorem 4.7 (Raynaud). If A is a semistablealelian variety, its universal covering (as
de ned in [14]) is isomorphic to an extensionG of an akelian variety B with gaod reduction
by atorus T. The covering map from G to A is a homomorphism,and its kernelis a twisted
free akelian group j of nite rank.

This may be summarizedby the diagram

which we call the uniformization crossof A.

Remark 4.8. The group j can be identi ed with the character group X o_ of the previous
and latter sections.

The uniformization crossof the dual abelian variety A- is

L

T- /G- /-
A-;
where j - = Hom(T;Gp,), where T- = Hom(j ;Gm), and the morphisms j- ! G- and
T- ! G- arethe one-motif duals of the morphismsT ! G andj ! G, respectively. For

more details see,e.g., [14].

To avoid confusionwhen consideringthe uniformization of more than one abelian va-
riety, we will often denote the objects T, G, j, and B connectedwith A by Ta, Ga, i A,
and Bp, respectively.

Example 4.9 (Tate curve). If E=Q, is an elliptic curve with split multiplicativ e reduction,
then the uniformization is E = sz_qZ whereq= q(j) is obtained by inverting the expres-
sion for j asa function of q(z) = e?”Z.

4.4.2 Some lemmas

Let ¥a: J ! A be an optimal quotient, assumethat J has semistablereduction, and
that A has purely toric reduction.

Lemma 4.10. Themapij! ja induced by %is surjective.
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Proof. Since G; is simply connected,inducesamap G; ! Tpo andamapijjs! ja.
Becausevais surjective and Tp is a torus, the map G; ! Ta is surjective. Upon applying
the snake lemma to the following diagram, we obtain a surjective map from B = ker(¥J to
M = coker(j 3! ia):

i g /i A M lo

S

Gy —ITpn —10

.

Since%: J ! A is an optimal quotient, the kernel B is connected. Thus M must also be
connected. SinceM is discreteit followsthat M = 0. O

Ab elian varieties with purely toric reduction

Assumethat A has purely toric reduction. Then B = 0, and the uniformization cross
is simply

i
T
A:
De nition 4.11 (Symmetric isogeny). A symmetric isogeny' : A-! A is an isogery

such that themap' - : A-! (A-)- = Alisequalto ' .

Let' : A-! A beasymmetric isogery. Denoteby ' ; : T-! Tand's:j-"! | the
mapsinduced by ' .

Prop osition 4.12. There is an exact sequen@
0! ker("¢)! ker(")! coker(" 3)! O
and ker(’' {) is the Cartier dual of coker(’ j).

Proof. Since' is an isogery we obtain the following diagram:

0 /i _ a /; Icoker(" 2)
ker(' 1) —IT- — /1L %
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The snhake lemma then givesthe claimed exact sequence.
For the secondassertion, obsene that if we take one-motif duals of every object in the
diagram
i - ——/i —colker(’ a)

]

ker(' ¢) — ‘#T

we obtain the following diagram:

To® coker(" 4)-

ker(' {)- &—j @—-:

Since' is symmetric, ' 5 = ', SO

ker(* ) = coker(' 3)-:

Lemma 4.13. # ker(' ) = # coker(' a)?

Proof. Usethe exact sequenceof Proposition 4.12 together with the obsenation that the
order of a nite group schemeequalsthe order of its Cartier dual. O

45 The main theorem

Let ¥4:J ! A bean optimal quotient, with J a Jacobian having semistablereduction
and A an abelian variety having purely toric reduction. Let X, Xa_, and X; denote the
character groups of the toric parts of the closed b ersof the abelian varieties A, A-, and J,
respectively.

45.1 Description of the component group in terms of the monodromy
pairing

Recall that there is a pairing Xa £ Xa_ ! Z called the monodromy pairing. We have
an exact sequence

0! Xa ! Hom(Xa;Z)! ©a! O

If J is a Jacobianthen J is canonically self-dual via the p-polarization, sothe monodromy
pairing on J can be viewed asa pairing X3 £ X; ! Z, and there is an exact sequence

0! X3! Hom(Xj;Z)! ©;! O
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Example 4.14 (Tate curve). SupposeE = Gny,=¢¢ is a Tate curve over Qp'- The mon-
odromy pairing on Xg = of is

ho, gi = ordp(a) = § ordp(j):

Thus © is cyclic of order j ordp(j ).

Pro of of the main theorem

We now prove the main theorem. Let ¥%:J ! A be an optimal quotient, and let
p: A-! A denote the induced polarization. Let Y%, ¥#, 1., and u° be the maps induced
on character groups by the various functorialities, as indicated in the following two key
diagrams: . .
ARy Xom Iy,

o
Ya Ya
2 ~

A He XA_ .
The surjectivity of ¥ was proved in Lemma 4.10. The injectivit y of ¥Z' follows because
ho¥eYs = pol" = deg(l) 6 O;

and multiplication by a nonzerointeger on a free abelian group is injective.
Let
®: X3! Hom(l/fXA;Z)

be the map de ned by the monodromy pairing restricted to X ; £ ¥4X 4.
Lemma 4.15. ker(%) = ker(®)
Proof. Supposex 2 ker(%), and let y = ¥4z with z2 X a. Then
hw; yi = Ix; Ya'zi = Wex; zi = 0;

sox 2 ker(®). Next let x 2 ker(®). Then for all z2 Xa,

0= hx; ¥Yazi = WaX; zi;
S0 Y&X is in the kernel of the monodromy map

Xa_ ! Hom(Xa;2):

SinceX o and Hom(X a; Z) are free of the same nite rank and the cokernelis torsion, the
monodromy map is injective. Thus ¥ex = 0 and x 2 ker(%a). O

Lemma 4.16. There is an exact sgquen@

X3! Hom(¥iXa;Z)! ©p! O:



78 CHAPTER 4. COMPONENT GROUPS OF OPTIMAL QUOTIENTS

Proof. Lemma 4.15 givesthe following commutativ e diagram with exact rows

0—IX; =ker(®) gHom(%"XA 1 Z) 4COkEI’(@) —Jo

e

0 IX 5 IHom(X a; Z) I©n lo:

By Lemma 4.15, the rst vertical map is an isomorphism. The secondis an isomorphism
becauseit is induced by the isomorphism % : X5 ! ¥ZX . It follows that coker(®) 2 ©p,
as claimed. O

Let L be the saturation of X 5 in Xj; thus ¥ZX 5 is a nite-index subgroupof L and
the quotient X ;=L is torsion free. For L of nite index in L, de ne the modular degree of L
to be

m = [&(Xy) : &(L)];
and the component group of L to be
©_ = coker(X3 ! Hom(L; 2)):
When L = L and A is xed, we often slightly abuse notation and write my = m_ and

©x = ©_L. Wethink of mx and ©x asthe character group \mo dular degreeand component
group" of A.

- , , #O
Lemma 4.17. Choose a sulgroup L of nite index in L. The rational number -
L

independent of the choice of L.

Proof. SupposelL %is another Tnite index subgroupof L, andletn = [L : LY. Heren is a
rational number, the lattice index of L%in L. Since® is injective when restricted to L, it
follows that

mio= [&X;) : &LY] = [&(Xy) : &L)] ¢[&L) : ®LY] = my ¢n:
Similarly, #© o= #© | ¢n. O
Recall that ma = P deg(p) and
©p 2 coker(Xa_ ! Hom(Xa;2Z));
where mp is the modular degreeof A and ©, is the componert group of A.

Theorem 4.18. For any sulgroup L of nite index in L, the following relation holds:

HO A _ #O|

Ma my
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Proof. By Lemma4.17we may assumethat L = ¥7X . With this choiceof L, Lemma4.16
assertsthat ©_ 2 ©,. By Lemma 4.15, properties of the index, and Lemma 4.13 we have

me = [®&Xy) 1 ®(L)]
= [Ya(X5) 1 Ya(L)]
= [Xa :Ye(¥EXA)]
= [Xa- 1 WXa]
= # coker(i°)
= m = ma:

Prop osition 4.19.
image(© ! ©a) 2 ©:

Proof. Since%sXa Y2 L ¥ X, an application of Lemma 4.16 givesthe following commuta-
tive diagram with exact rows:

X3 ——IHom(X ;;Z2) lo; Io
X3 ——IHom(L:Z2) lo, /o

\ | |

X3 —IHom¥EX a;Z) — o8 —0:

The mapHom(L;Z)! Hom(¥#Xa;Z) isanisomorphism,sothe map©, ! ©, isinjective.
Thus
image(©; ! ©a) 2 imagg©; ! ©,):

The cokernel of Hom(X ;;Z) ! Hom(L;Z) surjects onto the cokernelof ©; ! ©_. Using
the exact sequence
o! L! Xy! Xy=L! G

we nd that
coker(Hom(X3:;Z) ! Hom(L;Z)) % Ext}(X;=L:2):

Becausel is saturated, the quotient X ;=L is torsion free, so the indicated Ext® group
vanishes. Thusthe map ©; ! © is surjective, from which the proposition follows. O

The following corollary follows from Theorem 4.18 and Proposition 4.19.
Corollary  4.20.
Mma
# coker(X; ! Xa)= —:
me
Remark 4.21. A non-obvious consequencef this corollary is that

My j ma:
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4.6 Optimal quotien ts of Jo(N)

We now summarize somefacts about Jo(N) that will be usedin our numerical compu-
tations. Someof thesefacts were discussedn greater generality in the previous chapters of
this thesis.

4.6.1 Mo dular curvesand semistabilit y

Let Xo(N) bethe modular curve assaiated to the subgroupi o(N) of SL>(Z) that con-
sistsof those matrices which are upper triangular modulo N . Initially , X o(N) is constructed
as a Riemann surfaceas the quotient

io(N)n(fz:z2 C;Im(z) > 0g[ PY(Q)):

With somework, we nd that Xo(N) has a canonical structure of algebraic curve over Q.

Supposethat p is a prime divisor of N such that N=p is coprime to p. We write
pijj N. In this situation, it is well-known that the JacobianJo(N) of Xo(N) hassemistable
reduction at p.

4.6.2 Newforms and optimal quotien ts

The Hede algebra
T=2Z[::Th:::]%End(Jo(N))

is a commutativ e ring of endomorphismsof Jo(N) of Z-rank equalto the dimension Jg(N).
The character group X ;,(ny of Jo(N) at p is equipped with a functorial action of T. The
Hede algebraT also acts on the complex vector spaceS = S,(j o(N); C) of cuspforms.

A newform f is an eigenform normalized so that the coezxcient of g in the Fourier
expansionof f at the cusp 1l is 1, and suc that f is not a modular form of any level
NOj N, with NCa proper divisor of N .

Let f beanewform, and assaiate to f the ideal |+ of the Hedke algebraT of elemeris
which annihilate f. Then O = T=l¢ is an order in the ring of integers of the totally real
number eld K; obtained by adjoining the Fourier coetcients of f to Q. The quotient

At = Jo(N)=lt Jo(N)
is an optimal quotient of Jo(N) of dimensionequalto [K: : Q]. It is purely toric at p, since
PiiN.
4.6.3 Homology and the modular degree

Let H = H1(Xo(N); Z) bethe integral homology of the complexalgebraiccurve X (N ).
Integration de nesa T -equivariant nondegeneratepairing SE H ! C. This pairing induces
amap®:H ! Homc(S;C).



4.6. OPTIMAL QUOTIENTS OF Jo(N) 81

Theorem 4.22. We havethe following commutative diagram of T -modules:
e o ()

S |

Homc (S; C)[lf]’L/Homc(s; C) —'Homc (S[I£];C)

L L L

AT(C)A“"—/J (C) —1'5% (C)

\”/

Ha

Proof. This can be deducedfrom [61]. Seealso Section 2.7. O
Corollary 4.23. mz = [®&H) : ®&H[If])].

Proof. Recallthat ma is by de nition equalto P deg(ua). The kernelof an isogery between
complextori is isomorphicto the cokernel of the induced map on lattices. The corollary now
follows from the diagram of Theorem 4.22, which indicates that the index [®(H) : ®H [I ¢ ])]
is the cokernel of the map H[l+]! ®&(H):

For more details, seeSection 3.9. O

4.6.4 Rational points of the component group (T amagawa numbers)

Let Frobp : X3 ! X, denote the map induced by the Frobenius automorphism. We
have Frob, = | Wy, where W, is the map induced by the Atkin-Lehner involution on Jo(p).
Let f be a newform, A = A¢ the corresponding optimal quotient, and wp the sign of the
eigervalue of W, on f .

Prop osition 4.24.
©a(Fp) ifwp=il

OnlFe) = o, (o2l i wp= 1

Proof. If wp = i 1, then Frobp = 1 and the Gal(Fp=Fp)-action of ©a(F) is trivial. In this
case©(Fp) = ©(fp). Next supposew, = 1. Recall that we have an exact sequence

0! Xa_! Hom(Xa;Z)! ©p! O

SinceWp, actsas+1 onf, it alsoactsas+1 onead of the four modulesA, X o, Hom(X a;Z),
and ©p. Thus Frobp, = | W, actsasj 1 on ©a. Sincethe subgroup of 2-torsion elemens
of a nite abelian group equalsthe subgroup of elemers xed under j 1, it follows that
©A(Fp) = ©A(Fp)[2]- U

WARNING: When we extend this result to the whole of Jg(N), it is necessaryto be
exceedinglycareful! The action of Frob, = T, neednot be by § 1, even though it must be
by an involution of order 2. For example, the componert group of Jo(65) at 5 is cyclic of
order 42. The action of Frobs is by multiplication by j 13. Note that (j 13)? = 1 (mod 42).
The xed points of multiplication by j 13is the order 14 subgroup of Z=42Z.
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4.7 Computations

Using the algorithms of Chapter 3, we can enumerate the optimal quotients A; of
Jo(N) and compute the modular degreemp. The method of graphs (see[47]) and quater-
nion algebras (see[32]) can be usedto compute X = X, () With its T-action and the
monodromy pairiﬁlg. We can then compute the following three modules: the saturated
submodule L = ,, ker(t) of X, the character group modular degreemx = m_, and
©x = ©_. By Theorem 4.18 we obtain

ma
#HO 5 = #O —_—
A N ¢mx

Using this method, we have computed #©  in a number of cases.We give tables that
report on some of these computations in Secton4.7.2. In the next section we discussa
conjecture and a question, which were both suggestedby our numerical computations.

4.7.1 Conjectures and questions

Supposethat N = pM with (p;M) = 1. Let

3

Hnew = ker Hi(Xo(N);Z) i! Hi(Xo(M);Z) ©H1(Xo(M);Z) ;

where the map is induced by the two natural degeneracymaps Xo(N) ! Xo(M).

The Hedke algebra T acts on Hpew, and also on the submadule Hpew[ls] of those
elemeris that are annihilated by I¢. Integration de nesamap ®: Hne,w ! Hom(S[l¢]; C).
De ne the p-new homology modular degreemy by

mﬁ = [®&(Hnew) : ®(Hnewl[lt D]
We expect that there is a very closerelationship betweenmy and my .
Question 4.25. Is my equalto my?

The following conjecture o®ersa re nement of someof the results of [40].

Conjecture 4.26 (Re ned Eisenstein conjecture). Letpbeaprimeandletfq;:::;f,
be a set of representativesfor the Galois-conjugacy classesof newformsin Sy(j o(p)). Let
Az1;:::; Ap be the optimal quotients assaiated to f1;::: ;fn, resgectively. Then for eachi,
i =1;:::;n, we have

#Ai(Q)tor = #O p, (fp) = #O A, (Fp):

Furthermore,
_ .y _
#0O o (Fp) = #O 4 (Fp):
i=1
We have veri ed Conjecture 4.26 for all p - 757, and, up to a power of 2, for all
p < 2000.
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Remark 4.27. It is tempting to guessthat, e.g.,the natural map

_ Y _
©;,(113)(Fp) ! ©n; (Fp)
i=1
is an isomorphism. Two of the ©ax, (Ep) have order 2, sothe product Q ©n, (Ep) cannot be
a cyclic group. However, the groups ©Jo(p)(fp) are known to be cyclic for all primes p.

47.2 Tables

We have computed componert groups of many optimal quotients A of Jo(N). In
this section we provide tables, which hint at the data we have gathered. Our notation for
optimal quotients is described in Section 1.3.1. Seealso Table 1.6.

Table 4.1: Comp onent groups at low level

Table 4.1 givesthe component groups of the quotients As of Jo(N) for N - 106. The
column labeledd contains the dimensionsof the A¢ , and the column labeled#© 5, contains
a list of the orders of the component groups of A¢, onefor ead divisor p of N, ordered by
increasingp. An ertry of \?" indicates that p? j N, so our algorithm does not apply. A
componert group order is starred if the Gal(F ,=F )-action is nontrivial.

Table 4.2{4.3: Big comp onent groups

Using the algorithms described in Section 3.10, we computed the rational numbers
L(A; 1)= A for every optimal quotient A that is attached to a newform of level - 1500.
There are exactly 5 optimal quotients A such that the numerator of L(A; 1)= A iS nonzero
and divisible by a prime > 10°. The Birch and Swinnerton-Dyer conjecture predicts that
theselarge prime divisors must divide either #© 5 or the Shafarevid-Tate group of A. This
is the case,as Table 4.3 shows.

Table 4.4: Quotien ts of Jo(N)

Table 4.4 contains all of the invariants involvedin the computation of componert groups
for eat of the newform optimal quotients of levels 65, 66, 68, and 69.

Table 4.5: Quotien ts of Jo(p)

We computed the quantities ma, my and ©x for ead abelian variety A = A; assai-
ated to a newform of prime level p with p- 757. The results are as follows:

1. In all casesmp = my, sothe map ©; | ©, is surjective.

2. ©p = 1 whene\er the sign of the Atkin-Lehner involution w, on A is 1.
Q _ _
Table 4.5 lists those A of level - 631 for which wp, = j 1, along with the order of the
corresponding componert group.



84

11A
14A
15A
17A

19A
20A
21A
23A

24A
26A
26B
27A

29A
30A
31A
32A

33A
34A
35A
35B

36A
37A
37B
38A

38B
39A
39B
40A

41A
42A
43A
43B

44A
45A
46A
47A

48A
49A
50A
50B
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5

8;:2%: 17

17
?1°
1091
23
?.2

1% 72
5,7

Table 4.1: Componert groupsat low level

A

51A
51B
52A
53A

53A
53B
54A
54B

55A
55B
56A
56B

S7TA
57B
57C
58A

58B
59A
61A
61B

62A
62B
63A
63B

64A
65A
65B
65C

66A
66B
66C
67A

67B
67C
68A
69A

69B
70A
71A
71B

d

WWEREN RPNNN RPREPR NNRPR NREPENRE WRUR RPRPRRPRRE PRPNR PRPOR RPRNR

3;1°
164
227
1{]

1[1

13
3%?
3.?
2:2°
14%:2
71
?1°
2°:1°
2;2°
10; 1°
2°:1°
10; 1°
29

11:1

5

4 1°
66%; 3
?1°
?.3

1°;1°
373
7;1°
2%:3;1°
417 1°
10;5;1

1!]

11

227
2;1°
22°:2
4;2%:1°

A

T2A
73A
73B
73C

T4A
74B
75A
75B

75C
76A
T7A
77B

77C
77D
78A
79A

79B
80A
80B
81A

82A
82B
83A
83B

84A
84B
85A
85B

85C
86A
86B
87A

87B
88A
88B
89A

89B
89C
90A
90B

d

PR OR RPNRPWNNNN NRPRPRER ORNRE NRPRPUO RPRNRE RPRPREPRER RPRERNN NNPR R

#O ap
??

2

10

3

9%; 3
95; 17
1% ?
1;?
5.7
?1°
2% 1°
372
6; 3"
2;2°
16%;5% 1
lﬂ

13

?.2
?,2°

2% 1°
28 1°
1ﬂ

41
?1%2°
?.3,2
21
2% 1°
6;1°
21°%: 3
55, 1°
5;1"
92%: 4
?1°
?,2°
1!!

11
2973
6;?;1°

A

90C
91A
91B
91C

91D
92A
92B
93A

93B
94A
94B
95A

95B
96A
96B
97A

97B
98A
98B
99A

99B
99C
99D
100A

101A
101B
102A
102B

102C
103A
103B
104A

104B
105A
105B
106A

106B
106C
106D

RPRRPR PNRPN PONRPRP RPRNR RPRREPRER RPNRPD WORRPD WONRPW®W NRPPRPW NRRRE O

#O ap
4:?21
1% 17
11
7:1°
478
?1°
?1
47 1°
64; 2°
2:1°
94°: 1
10; 2°
54°: 6
?.2
?.2°
1U

8

2°:?
14?2
?1°
?1
?1°
?1°
??

1G

25
2927 1°
6°;6; 1°
84,1
1(1

17
?1°
?.2
1;1;1
107;29; 2
47 1°
5%:1
24, 1°
3 1°
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A
1154E

1238G

1322E

1382D

14783

1154E
1238G
1322E
1382D
14783

P w

577 +

N

619 +

N

661 +

691 +

N

739

+

dim
20
19
21
20
20

#O
172

5¢31

331

173

5¢37
1

Table 4.2: Big L(A; 1)= A

N L(A; 1)= a ¢Manin constart
26577 2? ¢85495047374172
2¢619 27 ¢75533290185 ¢31
26661 2? ¢57851840099331
2¢691 27 ¢37¢1864449649173
2¢739 27 ¢7 ¢29¢11830454635 ¢37

Table 4.3: Big componert

mx
224
226 ¢85495047371
226
228 ¢7553329019
228
232 ¢57851840099
229
231 ¢37¢1864449649
231
233 ¢7 ¢29¢1183045463

groups

#0O a(Fp)

27 ¢172 ¢85495047371
2’?

27 ¢5 ¢31 ¢7553329019
2?

27 ¢331¢57851840099
2'?

27 ¢37¢173¢1864449649
2'?

27 ¢5 ¢7 ¢29¢37 ¢1183045463
2?

85
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Table 4.4: Componert groups of quotients of Jo(N)

A dim p wp H#HO x 005% ma #O A

65A 1 5 + 1 2 2 1
13 + 1 2 1
65B 2 5 + 3 22 22 3
13 3 22 3
65C 2 5 7 22 22 7
13 + 1 2? 1
66A 1 2 + 1 2 22 2
3 3 22 3
11 + 1 22 1
66B 1 2 2 2 22 22
3 + 1 22 1
11 + 1 22 1
66C 1 2 1 2 22¢5 2¢5
3 1 22 5
11 1 22¢5 1
68A 2 17 + 2  2¢3 2¢3 2
69A 1 3 2 2 2 2
23 + 1 2 1
69B 2 3 + 2 2 2¢11 2¢11
23 2 2¢11 2



4.7. COMPUTATIONS

11A
17A
19A
23A

29A
31A
37B
41A

43B
47A
53B
59A

61B
67A
67C
71A

71B
73A
73C
79B

83B
89B
89C
97B

101B
103B
107B
109A

109C
113A
113B
113D

1278
131B
137B
139A

139C
149B
151B
151C
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Table 4.5: Componert groups of quotients of Jo(p)!

H#O p

5
22
3
11

7
5
3

2¢5

A

157B
163C
167B
173B

179A
179C
181B
191B

193C
197C
199A
199C

211A
211D
223C
227B

227C
227E
229C
233A

233C
239B
241B
251B

257B
263B
269C
271B

277B
277D
281B
283B

293B
307A
307B
307C

307D
307E
307F
311B

d

7
7

12
10

1
11
9
14

10

10

H#O p

13
33
83
43

113
19

29
7¢17
22 ¢5

A

313A
313C
317B
331D

337B
347D
349B
353A

353B
353D
359D
367B

373C
379B
383C
389A

389E
397B
397C
397D

401B
409B
419B
421B

431B
431D
431F
433A

433B
433D
439C
443C

443E
449B
457C
461D

463B
467C
479B
487A

d

2
12
15
16

15
19
17

26

22

26

32
2

H#O a

1
2¢13
79
5¢11
22 ¢7
173
29
2

2
2¢11
179
61

31
32¢7
191

A

487B
487C
487D
491C

499C
503B
503C
503D

503F
5098
521B
523C

541B
547C
557B
557D

563A
563E
569B
571A

571B
571C
571D
571F

571l

577A
577B
577C

577D
587C
593B
593C

593E
599C
601B
607D

613C
617B
619B
631B

d

2
3
16
29

23

26
28
29
26

24
25

26

31
31

[EEN
0 A DNDNPE

W NN

18
31
1
2

27
37
29
31

27
28
30
32

H#O a

3
1
33
5¢72
83
1
1
1

251
127
2¢5¢13
3¢29
32¢5
7¢13
1
139

1
281
2¢71

ol
NkPrrwg rPRrRrPE P
©

293
2
1

2¢37
13¢23
2 ¢5?
101

3¢17
2¢7¢11
103
3¢5¢7

87
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Analytic invariants, 59
Antiholomorphic cusp forms, 21
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and ordering eigenforms,45
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Boundary modular symbols, 21
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geometric, 7
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and Manin symbols, 30
Cuspidal points, 49
Cusps
and boundary map, 30
criterion for vanishing, 31
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conductor of, 39
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Monodromy pairing, 71,76, 77, 82
Motifs, 4, 33
Mumford, 71

N®ron model, 57, 70, 71, 73
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componert groups of, 70
dual map is injective, 72
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Ordering of eigenforms,44

Period integrals
algorithm for computing, 60
Period lattice, 61
Period mapping, 33, 54, 65
computation of, 64
is injective, 33
Peterssonpairing, 32
Plus-one quotient, 23, 32
Polarization, 72
Projective line modulo N, 26
Purely toric reduction, 8, 73{75, 80
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