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2 RIBET AND STEIN, SERRE'S CONJECTURES

Preface

We shall begin by discussingsomeexamplesof mod ` representations of Gal(Q=Q).
We'll try to motivate Serre'sconjecturesby referring ¯rst to the caseof represen-
tations that are unrami¯ed outside `; these should come from cusp forms on the
full modular group SL(2; Z). In another direction, one might think about repre-
sentations coming from `-division points on elliptic curves,or more generally from
`-division points on abelian varieties of \GL 2-type." Amazingly, Serre'sconjectures
imply that all odd irreducible two-dimensionalmod ` representations of Gal(Q=Q)
may be realized in spacesof `-division points on such abelian varieties. The weak
Serreconjecture states that all such representations comefrom modular forms, and
then it takesonly a bit of technique to show that one can take the modular forms
to have weight two (if one allows powers of ` in the level).

Sincelittle work hasbeendonetoward proving the weakSerreconjecture, these
notes will focus on the bridge between the weak and the strong conjectures. The
latter states that each ½as above comesfrom the spaceof cusp forms of a speci¯c
weight and level, with theseinvariants betweendeterminedby the local behavior of ½
at ` and at primes other than ` (respectively). To motivate the strong conjecture,
and to begin constructing the bridge, we discussthe local behavior of those ½that
do comefrom modular forms. For the most part, we look only at forms of weight
k ¸ 2 whose levels N are prime to `. For these forms, the behavior of ½at ` is
described in detail in [32], where theoremsof P. Deligne and Fontaine are recalled.
(In [32, x6], B. Edixhoven presents a proof of Fontaine's theorem.) Further, the
behavior of ½at primes p 6= ` may be deducedfrom H. Carayol's theorems[11, 12],
which relate the behavior at p of the `-adic representations attached to f with the
p-adic component of the automorphic representation of GL(2) that one associates
with f . (The behavior of ½at ` in the casewhere ` divides N is analyzed in [89].)

In [102], Serre associates to each ½a level N (½) and a weight k(½). These
invariants arede¯ned sothat N (½) is prime to ` and sothat k(½) is an integergreater
than 1. As Serreanticipated, if ½arisesfrom a modular form of weight k and level N ,
and if k is at least 2 and N is prime to `, then one has k(½) · k and N (½) j N . To
¯nd an f for which N = N (½) and k = k(½) is to \optimize" the level and weight of a
form giving ½. As Edixhoven explains in his article [32], weight optimization follows
in a somewhatstraightforward manner from the theoremsof Deligne and Fontaine
alluded to above, Tate's theory of µ-cycles, and Gross's theorem on companion
forms [46] (see also [17]). Moreover, it is largely the casethat weight and level
optimization can be performed independently .

In [12], Carayol analyzesthe level optimization problem. He shows, in par-
ticular, that the problem breaks down into a seriesof sub-problems, all but one
of which he treats by appealing to a single lemma, the lemma of [12, x3]. The
remaining sub-problem is the one that intervenesin establishing the implication
\Shimura-Taniyama =) Fermat." This problem has been discussedrepeatedly
[83, 84, 86, 87]. In Section 3.10, we will explain the principle of [86].

The case` = 2 is the only remaining case for which the level optimization
problem has not been resolved. The proof in [26, 87] of level optimization for
` ¸ 3 does not fully exploit multiplicit y one results, but appears to completely
break down when ` = 2. In the recent paper [9], Kevin Buzzard observed that



PREF A CE 3

many new casesof multiplicit y one are known and that this can be usedto obtain
new level optimization results when ` = 2.

In view of theseremarks it might be appropriate for us to summarize in a few
sentence what is known about the implication \w eak Serre conjecture =) strong
Serre conjecture." As explained in [26], for ` ¸ 5 the weak conjecture of Serre
implies the strong conjecture about the optimal weight, level, and character. For
` = 3, the weak conjecture implies the strong conjecture, except in a few well-
understood situations, wherethe order of the character must be divisible by ` when
the level is optimal. The di±cult y disappears if one works instead with Katz's
de¯nition of a mod ` modular form, where the character is naturally de¯ned only
mod `. The situation is lesscompletewhen ` = 2, but quite favorable. When ` = 2
the situation concerning the weight is explained by Edixhoven in [32]: the results
of [17] do not apply and those of [46] rely on unchecked compatibilities.

A certain amount of work has beendone on the Hilb ert modular case,i.e., the
casewhereQ is replacedby a totally real number ¯eld F . For this work, the reader
may consult articles of Frazer Jarvis [52, 53, 54], Kazuhiro Fujiwara [45], and Ali
Rajaei [79]. The authors are especially grateful to Fujiwara for sending them a
preliminary versionof his manuscript, \Lev el optimization in the totally real case."
However, thesenotes will treat only the classicalcaseF = Q.

This paper emergedout of a seriesof lectures that were delivered by the ¯rst
author at the 1999IAS/P ark Cit y Mathematics Institute. The secondauthor cre-
ated the text based on the lectures and added examples, diagrams, an exercise
section, and the index. Brian Conrad contributed the appendix, which describesa
construction of Shimura.

For other expository accounts of Serre's conjectures, the reader may consult
the articles of Edixhoven [33, 34, 35], H. Darmon [22], and R. Coleman [15].

The authors would like to thank K. Buzzard and Serre for many useful com-
ments on various drafts of this paper, B. Conrad for providing the appendix,
M. Emerton for his enlightening lecture on Katz's de¯nition of modular forms,
N. Jochnowitz for suggestionsthat improved the exposition in Section 2.2, and
L. Kilford for help in ¯nding examplesof mod 2 representations in Section 3.7.

Kenneth A. Ribet
William A. Stein
University of California, Berkeley





CHAPTER 1

In tro duction to Serre's conjecture

1.1. In tro duction

Let's start with an elliptic curve E=Q. Nowadays, it's a familiar activit y to consider
the Galois representations de¯ned by groups of division points of E . Namely, let n
be a positive integer, and let E [n] be the kernel of multiplication by n on E(Q).
The group E[n] is free of rank two over Z=nZ. After a choice of basis, the action
of Gal(Q=Q) on E[n] is given by a homomorphism

½n : Gal(Q=Q) ! Aut (E [n]) ¼ GL(2; Z=nZ):

This homomorphismis unrami¯ed at each prime p that is prime to the product of n
with the conductor of E (seeExercise15). For each such p, the element ½n (Frobp)
is a 2£ 2 matrix that is well de¯ned up to conjugation. Its determinant is p mod n;
its trace is ap mod n, where ap is the usual \trace of Frobenius" attached to E
and p, i.e., the quantit y 1 + p ¡ # E(F p). In his 1966 article [107], G. Shimura
studied theserepresentations and the number ¯elds that they cut out for the curve
E = J0(11). (This curve was also studied by Serre [91, pg. 254].) He noticed
that for prime values n = `, the representations ½n tended to have large images.
In [93], J-P. Serre proved that for any ¯xed elliptic curve E, not having complex
multiplication, the indices

[GL(2; Z=nZ) : ½n (Gal(Q=Q))]

are bounded independently of n. In Shimura's example,Serreproved that

[GL(2; Z=`Z) : ½̀(Gal(Q=Q))] = 1

for all ` 6= 5 (see[93, x5.5.1]).
In this article, we will be concernedmainly with two-dimensional representa-

tions over ¯nite ¯elds. To that end, we restrict attention to the casewheren = ` is
prime. The representation ½̀ is \mo dular" in the familiar sensethat it's a repre-
sentation of a group over a ¯eld in positive characteristic. The theme of this course
is that it's modular in a di®erent and deeper sense:it comesfrom a modular form!
Indeed, according to a recent preprint of Breuil, Conrad, Diamond and Taylor (see
[7, 19, 114, 117]), the Shimura-Taniyama conjecture is now a theorem|all elliptic
curvesover Q are modular!! Thus if N is the conductor of E , there is a weight-t wo
newform f =

P 1
n =1 cn qn (q = e2¼iz ) on ¡ 0(N ) with the property that ap = cp

for all p prime to N . Accordingly, ½̀ is connectedup with modular forms via the
relation tr( ½̀(Frobp)) ´ cp (mod `), valid for all but ¯nitely many primes p.

The Shimura-Taniyamaconjectureassertsthat for each positive integerN there
is a bijection between isogeny classesof elliptic curves A over Q of conductor N
and rational newformsf on ¡ 0(N ) of weight two. Given A, the Shimura-Taniyama

5



6 RIBET AND STEIN, SERRE'S CONJECTURES

conjecture producesa modular form f =
P 1

n =1 cn qn whoseDirichlet seriesis equal
to the L-seriesof A:

1X

n =1

cn

ns = L(f ; s) L (A; s) =
1X

n =1

an

ns :

The integersan encode information about the number of points on A over various
¯nite ¯elds F p. If p is a prime not dividing N , then ap = p+ 1¡ # A(F p); if p j N ,

ap =

8
><

>:

¡ 1 if A has non-split multiplicativ e reduction at p
1 if A has split multiplicativ e reduction at p
0 if A has additiv e reduction at p.

The integersan are obtained recursively from the ap as follows:

² apr =

(
apr ¡ 1 ap ¡ papr ¡ 2 if p - N
ar

p if p j N
² anm = an am , if (n; m) = 1.

The conjecturesmade by Serre in [102], which are the subject of this paper,
concern representations ½: Gal(Q=Q) ! GL(2; F ` ). We always require (usually
tacitly) that our representations are continuous. The continuit y condition just
meansthat the kernel of ½is open, so that it corresponds to a ¯nite Galois exten-
sion K of Q. The representation ½then embedsGal(K =Q) into GL(2; F ` ). SinceK
is a ¯nite extension of Q, the image of ½is contained in GL(2; F) for some¯nite
sub¯eld F of F ` .

Q

GQK

Q

GQ

²²²²

½

&&MMMMMMMMMMMM

Gal(K =Q) ÂÄ //GL(2; F ` )

For various technical reasons,the original conjecturesof Serreinsist that ½be irre-
ducible. It is neverthelessfruitful to considerthe reducible caseas well (see[111]).

The conjectures state (in particular) that each continuous irreducible ½that
satis¯es a necessaryparit y condition \arises from" (or is associated with) a suitable
modular form mod `. To explain what's going on, let's start with

¢ :=
1X

n =1

¿(n)qn = q
1Y

i =1

(1 ¡ qi )24;

the unique (normalized) cusp form of weight 12 on SL(2; Z). In [92], Serre con-
jectured the existenceof a \strictly compatible" family of `-adic representations
of Gal(Q=Q) whoseL-function is the L-function of ¢, namely

L(¢ ; s) =
1X

n =1

¿(n)n¡ s =
Y

p

(1 ¡ ¿(p)p¡ s + p11¡ 2s)¡ 1;

where the product is taken over all prime numbers p. The conjectured `-adic
representations were constructed soon after by Deligne [24]. Speci¯cally, Deligne
constructed, for each prime `, a representation

½̀1 : Gal(Q=Q) ! GL(2; Z ` );
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unrami¯ed outside `, such that for all primes p 6= `,

tr( ½̀1 (Frobp)) = ¿(p); det(½̀1 (Frobp)) = p11:

On reducing ½̀1 mod `, we obtain a representation

½̀ : Gal(Q=Q) ! GL(2; F ` )

with analogousproperties. (Equalities are replaced by congruencesmod `.) In
other words, the ½̀ for ¢ are just like the ½̀ for an elliptic curve E, except that the
integersap are replacedby the corresponding valuesof the ¿-function. The determi-
nant of ½̀ is the 11th power of the mod ` cyclotomic character Â : Gal(Q=Q) ! F ¤

` ,
i.e., the character giving the action of Gal(Q=Q) on the group of `th roots of unit y
in Q (seeSection 1.5).

More generally, take a weight k ¸ 12 and suppose that f =
P

n cn qn is a
nonzeroweight-k cusp form for SL(2; Z) that satis¯es f jTn = cn f for all n ¸ 1, Tn

being the nth Hecke operator on the spaceof cusp forms of weight k for SL(2; Z)
(see Section 1.5). Then the complex numbers cn (n ¸ 1) are algebraic integers.
Moreover, the ¯eld E := Q(: : : cn : : :) generatedby the cn is a totally real number
¯eld (of ¯nite degreeover Q). Thus the cn all lie in the integer ring OE of E . For
each ring homomorphism ' : OE ! F ` , one ¯nds a representation

½= ½' : Gal(Q=Q) ! GL(2; F ` );

unrami¯ed outside `, such that

tr( ½(Frobp)) = ' (cp); det(½(Frobp)) = pk ¡ 1

for all p 6= `. We have det ½= Âk ¡ 1. Of course, there is no guarantee that ½is
irreducible. We can (and do) supposethat ½is semisimpleby replacing it by its
semisimpli¯cation. Then ½is determined up to isomorphismby the displayed trace
and determinant conditions; this follows from the Cebotarev density theorem and
the Brauer-Nesbitt theorem [21], which states that semisimplerepresentations are
determined by their characteristic polynomials.

It is important to note that k is necessarilyan even integer; otherwisethe space
Sk (SL(2; Z)) of weight-k cusp forms on SL(2; Z) is easily seento be 0. Thus the
determinant Âk ¡ 1 of ½is an odd power of Â. In particular, det ½: Gal(Q=Q) ! F ¤

`
is unrami¯ed outside ` and takes the value ¡ 1 on complex conjugations c 2
Gal(Q=Q). It's a nice exercise to check that, conversely, all continuous homo-
morphisms with theseproperties are odd powers of Â (seeExercise1).

In the early 1970s,Serreconjectured that all homomorphismsthat are \lik e ½"
comefrom cusp forms of someweight on SL(2; Z). Namely, let

½: Gal(Q=Q) ! GL(2; F ` )

be a continuous, irreducible representation that is (1) unrami¯ed outside ` and (2)
of odd determinant, in the sensethat det ½(c) = ¡ 1 2 F ` for complex conjugations
c 2 Gal(Q=Q). In a May, 1973 letter to Tate, Serre conjectured that ½is of the
form ½' . This meansthat there is a weight k ¸ 12, an eigenformf 2 Sk (SL(2; Z)),
and a homomorphism ' : OE ! F ` (where OE is the ring of integers of the ¯eld
generatedby the coe±cients of f ) so that ½' and ½are isomorphic.

To investigateSerre'sconjecture, it is fruitful to considerthe operation ½7! ½­
Â on representations. This \t wisting" operation preservesthe set of representations
that come from modular forms. Indeed, let µ = q d

dq be the classical di®erential
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operator
P

an qn 7!
P

nan qn . According to Serre and Swinnerton-Dyer [61, 94,
112], if f is a mod ` form of weight k, then µf is a mod ` form of weight k + ` + 1.
Then if ½is associated to f , ½­ Â is associated with µf . According to a result
of Atkin, Serre and Tate (see [97, Th. 3] and Section 2.1), if ½ comesfrom an
eigenformin somespaceSk (SL(2; Z)), then a suitable twist ½­ Âi of f comesfrom
a form of weight · ` + 1.

Serre's conjecture thus has the following consequence:each two-dimensional
irreducible odd representation of Gal(Q=Q) over F ` that is unrami¯ed outside `
has a twist (by a power of Â) coming from an eigenform on SL(2; Z) of weight at
most ` + 1. In particular, supposethat ` < 11. Then the spacesSk (SL(2; Z)) with
k · ` + 1 are all 0; as a result, they contain no nonzeroeigenforms!The conjecture
that all ½are modular (of level 1) thus predicts that there are no representations
of the type contemplated if ` is 2, 3, 5 or 7. In support of the conjecture, the
non-existencestatement was proved for ` = 2 by J. Tate in a July, 1973 letter
to Serre [113]. Soon after, Serre treated the case` = 3 by methods similar to
thoseof Tate. (See[113, p. 155] for a discussionand a referenceto a note in Serre's
Áuvres.) Quite recently , SharonBrueggemanconsideredthe case` = 5; sheproved
that the conjectured result follows from the GeneralizedRiemann Hypothesis (see
[8]). In another direction, Hyunsuk Moon generalizedTate's result and proved
that there are only ¯nitely many isomorphism classesof continuous semisimple
Galois representations ½ : GQ ! GL4(F2) unrami¯ed outside 2 such that ¯eld
K =Q corresponding to the kernel of ½is totally real (see[76]). Similar work in this
direction has beencarried out by Joshi [58], under additional local hypothesis.

Serrediscussedhis conjecture with Deligne, who pointed out a number of sur-
prising consequences.In particular, suppose that one takes a ½coming from an
eigenform f 0 of someweight and of level N > 1. On general grounds, ½has the
right to be rami¯ed at primes p dividing N aswell asat the prime `. Supposethat,
by accident as it were, ½turned out to be unrami¯ed at all primes p j N . Then
the conjecture would predict the existenceof a level-1 form f 0 (presumably of the
sameweight as f ) whosemod ` representation was isomorphic to ½. For example,
if N = `® is a power of `, then the conjecture predicts that ½arisesfrom a form f 0

of level 1. How could one manufacture the f 0?
The passagef Ã f 0 comesunder the rubric of \lev el optimization". When you

take a representation ½that comesfrom high level N , and it seemsas though that
representation comesfrom a lower level N 0, then to \optimize the level" is to cough
up a form of level N 0 that gives½.

Deligne pointed out also that Serre'sconjecture implies that representations ½
over F ` are required to \lift" to ¸ -adic representations of Gal(Q=Q). In the recent
articles [80] and [81], R. Ramakrishna usedpurely Galois cohomologicaltechniques
to prove results in this direction.

1.2. The weak conjecture of Serre

In the mid 1980s,Gerhard Frey began lecturing on a link between Fermat's Last
Theorem and elliptic curves(see[42, 43]). (Earlier, Hellegouarch had also consid-
ered links betweenFermat's Last Theorem and elliptic curves;seethe MathSciNet
review and Appendix of [48].) As is now well known, Frey proposedthat if a` + b̀
was a perfect `th power, then the elliptic curve y2 = x(x ¡ a` )(x + b̀ ) could be
proved to be non-modular. Soon after, Serrepointed out that the non-modularit y
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contemplated by Frey would follow from suitable level-optimization results concern-
ing modular forms [101]. To formulate such optimization results, Serrewent back
to the tentativ e conjecture that he had made 15 yearsearlier and decidedto study
representations ½: Gal(Q=Q) ! GL(2; F ` ) that are not necessarilyunrami¯ed at `.
The results, of course,were the conjecturesof [102].

An important consequenceof theseconjecturesis the so-called\w eakconjecture
of Serre." As background, we recall that Heckeeigenformson congruencesubgroups
of SL(2; Z) give rise to two-dimensional representations of Gal(Q=Q). If we set
things up correctly, we get representations over F ` . More speci¯cally, take integers
k ¸ 2 and N ¸ 1; theseare the weight and level, respectively. Let f =

P
an qn be a

normalizedHeckeeigenformin the spaceSk (¡ 1(N )) of complexweight-k cuspforms
on the subgroup ¡ 1(N ) of SL(2; Z). Thus f is nonzeroand it satis¯es f jTn = an f
for all n ¸ 1. Further, there is a character " : (Z=N Z)¤ ! C¤ so that f jhdi =
"(d)f for all d 2 (Z=N Z)¤, where hdi is the diamond-bracket operator. Again,
let O be the ring of integers of the ¯eld Q(: : : an : : :) generated by the an ; this
¯eld is a number ¯eld that is either totally real or a CM ¯eld. Consider a ring
homomorphism ' : O ! F ` as before. Associated to this set-up is a representation
½: Gal(Q=Q) ! GL(2; F ` ) with properties that connectit up with f (and ' ). First,
the representation is unrami¯ed at all p not dividing `N . Next, for all such p, we
have

tr( ½(Frobp)) = ap; det(½(Frobp)) = pk ¡ 1" (p);

the numbers ap and pk ¡ 1" (p), literally in O, are mapped tacitly into F ` by ' . The
representation ½is determined up to isomorphism by the trace and determinant
identities that are displayed, plus the supplemental requirement that it be semisim-
ple. We are interestedmainly in the (generic) casein which ½is irreducible; in that
case,it is of coursesemisimple.

The construction of ½from f , k and ' was described in [24]. In this article,
Deligne sketches a method that manufactures for each non-archimedean prime ¸
of E a representation ~½̧ : Gal(Q=Q) ! GL(2; E ¸ ), where E ¸ denotesthe comple-
tion of E at ¸ . Given ' , we let ¸ = ker ' and ¯nd a model of ~½̧ over the ring
of integersO¸ of E ¸ . Reducing ~½̧ modulo ¸ , we obtain a representation over the
¯nite ¯eld O¸ =¸ O¸ , and ' embedsthis ¯eld into F ` .

In fact, as Shimura has pointed out, the machinery of [24] can be avoided
if one seeksonly the mod ¸ representation attached to f (as opposed to the full
¸ -adic representation ~½̧ ). As the ¯rst author pointed out in [87], one can use
congruencesamong modular forms to ¯nd a form of weight two and level N `2 that
givesrise to ½. Accordingly, one can ¯nd ½concretely by looking within the group
of `-division points of a suitable abelian variety over Q: the variety J1(`2N ), which
is de¯ned in Section 2.3 and in Conrad's Appendix.

Which representations of Gal(Q=Q) arise in this way (as k, N , f and ' all
vary)? As in the caseN = 1 (i.e., that where ¡ 1(N ) = SL(2; Z)), any ½ that
comesfrom modular forms is an odd representation: we have det(½(c)) = ¡ 1 when
c 2 Gal(Q=Q) is a complex conjugation. To seethis, we begin with the fact that
" (¡ 1) = (¡ 1)k , which generalizes(1.4); this follows from the functional equation
that relatesf ( az + b

cz+ d ) to f (z) when
¡

a b
c d

¢
is an element of ¡ 0(N ) (seeExercise7). On

the other hand, using the Cebotarev density theorem, we ¯nd that det ½= Âk ¡ 1" ,
where Â is again the mod ` cyclotomic character and where " is regardednow as a
map Gal(Q=Q) ! F

¤
` in the obvious way, namely by composing" : (Z=N Z)¤ ! F

¤
`
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with the mod N cyclotomic character. The value on c of the latter incarnation of "
is the number "(¡ 1) = (¡ 1)k . Since Â(c) = ¡ 1, we deducethat (det ½)(c) = ¡ 1,
as was claimed.

Serre'sweak conjecture states that, conversely, every irreducible odd represen-
tation ½: Gal(Q=Q) ! GL(2; F ` ) is modular in the sensethat it arisesfrom somef
and ' .

A concreteconsequenceof the conjectureis that all odd irreducible 2-dimensional
Galois representations ½come from abelian varieties over Q. Given ½, one should
be able to ¯nd a totally real or CM number ¯eld E , an abelian variety A over Q
of dimension [E : Q] that comesequipped with an action of the ring of integersO
of E , and a ring homomorphism ' : O ! F ` with the following property: Let
¸ = ker ' . Then the representation A[¸ ] ­ O =¸ F ` is isomorphic to ½. (In compar-
ing A[¸ ] and ½, we use ' : O=¸ ,! F ` to promote the 2-dimensional A[¸ ] into a
representation over F ` .)

Much of the evidencefor the weak conjecture concernsrepresentations taking
values in GL(2; F q) where the ¯nite ¯eld F q has small cardinalit y. In his original
article [102, x5], Serre'sdiscussesa large number of examplesof such representa-
tions. Serre usestheorems of Langlands [68] and Tunnell [115] to establish his
weak conjecture for odd irreducible representations with values in GL(2; F 2) and
GL(2; F3). Further, he reports on numerical computations of J.-F. Mestre that
pertain to representations over F 4 (and trivial determinant). Additionally , Serre
remarks [102, p. 219] that the weak conjecture is true for those representations
with valuesin GL(2; F p) that are dihedral in the sensethat their projective images
(in PGL(2; F p)) are dihedral groups. (See also [29, x5] for a related argument.)
This section of Serre'spaper concludeswith examplesover F 9 and F7.

More recently , representations over the ¯elds F 4 and F5 were treated, under
somewhat mild hypotheses,by Shepherd-Barron and Taylor [105]. For example,
Shepherd-Barron and Taylor show that ½: Gal(Q=Q) ! GL(2; F 5) is isomorphic
to the 5-torsion representaton of an elliptic curve over Q provided that det ½is the
mod 5 cyclotomic character. Becauseelliptic curvesover Q are modular, it follows
that ½is modular.

1.3. The strong conjecture

Fix an odd irreducible Galois representation

½: GQ ! GL(2; F ` ):

As discussedabove, the weakconjectureassertsthat ½is modular, in the sensethat
there exists integers N and k such that ½comesfrom somef 2 Sk (¡ 1(N )). The
strong conjecture goes further and gives a recipe for integers N (½) and k(½), then
assertsthat ½comesfrom Sk (½) (¡ 1(N (½))). In any particular instance, the strong
conjecture is, a priori, easierto verify or disprove than the weak conjecture because
Sk (½) (¡ 1(N (½))) is a ¯nite-dimensional vector spacethat can be computed (using,
e.g., the algorithm in [73]). The relation betweenthe weak and strong conjectures
is analogousto the relation betweenthe assertionthat an elliptic curve is modular
of somelevel and the assertionthat an elliptic curve A is modular of a speci¯c level,
the conductor of A.
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For each prime p, let I p ½ GQ denote an inertia group at p. The optimal level
is a product

N (½) =
Y

p6= `

pn (p) ;

where n(p) depends only on ½j I p . The optimal weight k(½) depends only on ½j I ` .
The integer n(p) is a conductor in additiv e notation. In particular, n(p) = 0 if and
only if ½is unrami¯ed at p.

View ½ as a homomorphism GQ ! Aut (V ), where V is a two-dimensional
vector spaceover F ` . It is natural to consider the subspaceof inertia invariants:

V I p := f v 2 V : ½(¾)v = v; all ¾2 I pg:

For example,V I p = V if and only if ½is unrami¯ed at p. De¯ne

n(p) := dim(V=V I p ) + Swan(V );

where the wild term Swan(V ) is the Swan conductor

Swan(V ) :=
1X

i =1

1
[G0 : Gi ]

dim(V=VG i ) ¸ 0:

Here G0 = I p and the Gi ½ G0 are the higher rami¯cation groups.
Supposethat ½arisesfrom a newform f 2 Sk (¡ 1(N )). A theorem of Carayol

[12], which was proved independently by Livn¶e [70, Prop. 0.1], implies that N (½) j
N . It is productive to study the quotient N=N (½). Let O be the ring of integersof
the ¯eld generatedby the Fourier coe±cients of f and let ' : O ! F ` be the map
such that ' (ap) = tr( ½(Frobp)) : Let ¸ be a prime of O lying over ` and E ¸ be the
completion of Frac(O) at ¸ . Deligne [24] attached to the pair f ; ¸ a representation

½̧ : GQ ! GL(2; E ¸ ) = Aut( ~V )

where ~V is a two-dimensionalvector spaceover E ¸ . The representation ½̧ can be
conjugated so that its imageslies inside GL(2; O¸ ); the reduction of ½̧ modulo ¸
is then ½. The following diagram summarizesthe set up:

GL(2; E ¸ ) = Aut( ~V )

GQ

½̧ //

½

//

//GL(2; O¸ )
'

((RRRRRRRRRRRRR

(©

66lllllllllllll

GL(2; F ` ) = Aut (V )

Let m(p) be the power of p dividing the conductor of ½̧ . In [12], Carayol
provesthat m(p) = ordp N . As above, m(p) = dim( ~V=~V I p ) + (wild term), and the
wild term is the sameas for ½. The power of p dividing N=N (½) is dim( ~V=~V I p ) ¡
dim(V=VI p ) = dim V I p ¡ dim ~V I p . Though ~V and V are vector spacesover di®erent
¯elds, we can compare the dimensions of their inertia invariant subspaces. The
formula

(1.1) ordp(N ) = n(p) + (dim V I p ¡ dim ~V I p )

indicates how this di®erenceis the deviation of N from the optimal level locally
at p. This is the description of n(p) that is used in proving that if ½is modular at
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all, then it is possibleto re¯ne N and k to eventually discover that ½arisesfrom a
newform in Sk (½) (¡ 1(N (½))). After much work (see[26, 87]) it hasbeenshown that
for ` > 2 the weak and strong conjectures are equivalent. See[9] for equivalencein
many caseswhen ` = 2.

Rearranging (1.1) into

n(p) = ordp(N ) ¡ (dim V I p ¡ dim ~V I p )

provides us with a way to read o® N (½) from ordp(N ), dim V I p , and dim ~V I p . If
f 2 Sk (¡ 1(N )) gives rise to ½and ` - N , then k(½) · k. In contrast, if we allow
powers of ` in the level then the weight k can always be made equal to 2.

1.4. Represen tations arising from an elliptic curv e

Equations for elliptic curvescan be found in the Antwerp tables [4] and the tables
of Cremona [20]. For example,consider the elliptic curve B given by the equation
y2 + y = x3 + x2 ¡ 12x + 2: This is the curve labeled141A1 in [20]; it hasconductor
N = 3 ¢47 and discriminant ¢ = 37 ¢47. There is a newform f 2 S2(¡ 0(141))
attached to B . BecauseN is squarefree, the elliptic curve B is semistable, in the
sensethat B has multiplicativ e reduction at each prime.

The curve B is isolated in its isogeny class;equivalently , for every ` the repre-
sentation

½̀ : GQ ! Aut (B [`]) ¼ GL(2; F ` )

is irreducible (see Exercise 4 and Exercise 5). We will frequently consider the
representations ½̀ attached to B . The following proposition shows that becauseB
is semistable,each ½̀ is surjective [93].

Prop osition 1.1. If A is a semistableelliptic curve over Q and ` is a prime such
that ½̀ is irr educible, then ½̀ is surjective.

Pro of. Serreproved this when ` is odd; see[93, Prop. 21], [103, x3.1]. If ½2 isn't
surjective, then by [93, Prop. 21(b)] and Theorem 2.10 it's unrami¯ed outside 2.
This contradicts [113]. ¤

To give a °avor of Serre's invariants, we describe N (½̀) and k(½̀) for the
representations ½̀ attached to B . (Note that we still have not de¯ned k(½).) At
primes p of bad reduction, after a possibleunrami¯ed quadratic extension of Q p,
the elliptic curve B is a Tate curve. This implies that for p 6= `, the representation
½̀ is unrami¯ed at p if and only if ordp(¢) ´ 0 (mod `); for more details, see
Section 2.4.

The optimal level N (½̀) is a divisor of 3 ¢47; it is divisible only by primes for
which ½̀ is rami¯ed, and is not divisible by `. The representation ½̀ is unrami¯ed
at 3 if and only if ` j ord3(¢) = 7, i.e., when ` = 7. Furthermore, ½̀ is always
rami¯ed at 47. First suppose` 62f 3; 47g. If in addition ` 6= 7 then N (½̀) = 3 ¢47,
and k(½̀) = 2 since ` - 3 ¢47. If ` = 7 then N (½̀) = 47, and again k(½̀) = 2. The
remaining casesare ` = 3 and ` = 47. If ` = 47 then N (½̀) = 3, and becausè ¡ 1
is the order of the cyclotomic character, k(½̀) ´ 2 (mod 47¡ 1); Serre'srecipe then
gives k(½̀) = 2 + (47 ¡ 1) = 48. Similarly, when ` = 3, we have N (½̀) = 47 and
k(½̀) = 2 + (3 ¡ 1) = 4. The following table summarizesthe Serre invariants:
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Table 1.4. The Serre invariants of ½̀

` N (½̀) k(½̀)
3 47 4
7 47 2
47 3 48

all other ` 141 2

To verify the strong conjecture of Serre for ` = 3; 47, we usea standard trade-
o® of level and weight, which relates eigenformsin S2(¡ 0(141);F ` ) to eigenforms
in S2+ ` ¡ 1(¡ 0(141=`); F ` ) (seeSection 3.1). The only exceptional prime is ` = 7,
for which the minimal weight k(½) is 2. The strong conjecture of Serrepredicts the
existenceof an eigenformg 2 S2(¡ 0(47)) that givesrise to ½̀. Our initial instinct is
to look for an elliptic curveA of conductor 47such that A[`] »= B [`], asGQ -modules.
In fact, there are no elliptic curvesof conductor 47. This is becauseS2(¡ 0(47)) is
four dimensional, having basis the Galois conjugates of a single eigenform g =P

cn qn . The Fourier coe±cients cn of g generate the full ring of integers in the
¯eld K obtained from Q by adjoining a root of h = x4 ¡ x3 ¡ 5x2 + 5x ¡ 1: The
discriminant 1957 = 19 ¢103 of K equals the discriminant of h, so a root of h
generatesthe full ring of integers. The eigenvalue c2 satis¯es h(c2) = 0. Since
h ´ (x + 2)(x3 + 4x2 + x + 3) (mod 7), there is a prime ¸ lying over 7 such that
O=¸ »= F7; the isomorphism is given by c2 7! ¡ 2 mod 7. As a check, note that
# B (F2) = 5 so a2 = 3 ¡ 5 = ¡ 2 = ' (c2). More generally, for p - 7 ¢141, we have
' (cp) ´ ap mod 7. This equality of traces implies that the representation ½g;¸ is
isomorphic to ½= ½A; 7, so A is modular of level 47.

1.5. Background material

In this section, we review the cyclotomic character, Frobenius elements, modular
forms, and Tate curves. We frequently write GQ for Gal(Q=Q). Many of these
basicsfacts are also summarized in [23].

1.5.1. The cyclotomic character

The mod ` cyclotomic character is de¯ned by consideringthe group ¹ ` of `th roots
of unit y in Q; the action of the Galois group GQ on the cyclic group ¹ ` gives rise
to a continuous homomorphism

(1.2) Â` : GQ ! Aut( ¹ ` ):

Since¹ ` is a cyclic group of order `, its group of automorphisms is canonically the
group (Z=`Z)¤ = F¤

` . We emergewith a map GQ ! F¤
` , which is the character in

question.
Let A be an elliptic curve and ` be a prime number. The Weil pairing e` (see

[109, I I I.8]) setsup an isomorphism of GQ -modules

(1.3) è :
2̂

A[`]
»=¡¡ ¡ ¡ ¡! ¹ ` :

The determinant of the representation ½A;` is the mod ` cyclotomic character Â` .
Supposenow that c 2 GQ is the automorphism \complex conjugation." Then

the determinant of ½A;` (c) is Â` (c). Now c operates on roots of unit y by the map
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³ 7! ³ ¡ 1, sinceroots of unit y have absolute value 1. Accordingly,

(1.4) det ½A;` (c) = ¡ 1;

one says that ½A;` is odd. If ` 6= 2, then ½A;` (c) is conjugate over F ` to
¡

1 0
0 ¡ 1

¢

(Exercise 7). If ` = 2 then the characteristic polynomial of ½A;` (c) is (x + 1)2 so
½A;` (c) is conjugate over F ` to either the identit y matrix or ( 1 1

0 1 ).

1.5.2. Frob enius elemen ts

Let K be a number ¯eld. The Galois group Gal(K =Q) leaves the ring OK of
integersof K invariant, so that one obtains an induced action on the ideals of OK .
The set of prime ideals p of OK lying over p (i.e., that contain p) is permuted
under this action. For each p, the subgroup D p of Gal(K =Q) ¯xing p is called the
decomposition group of p. Meanwhile, F p := OK =p is a ¯nite extensionof F p. The
extension F p=Fp is necessarilyGalois; its Galois group is cyclic, generatedby the
Frobenius automorphism ' p : x 7! xp of Fp. There is a natural surjective map
Dp ! Gal(Fp=Fp); its injectivit y is equivalent to the assertionthat p is unrami¯ed
in K =Q. Therefore,whenever this assertionis true, there is a unique ¾p 2 Dp whose
image in Gal(F p=Fp) is ' p. The automorphism ¾p is then a well-de¯ned element
of Gal(K =Q), the Frobenius automorphism for p. The various p are all conjugate
under Gal(K =Q) and that the Frobeniusautomorphism for the conjugate of p by g
is g¾pg¡ 1. In particular, the various¾p areall conjugate; this justi¯es the practice of
writing ¾p for any oneof them and stating that ¾p is well de¯ned up to conjugation.

We next intro duce the concept of Frobenius elements in GQ = Gal(Q=Q).
Let p again be a prime and let p now be a prime of the ring of integersof Q lying
over p. To p we associate: (1) its residue ¯eld F p, which is an algebraic closure
of Fp, and (2) a decomposition subgroup D p of GQ . There is again a surjective
map Dp ! Gal(Fp=Fp). The Frobenius automorphism ' p topologically generates
the target group. We shall use the symbol Frobp to denote any preimageof ' p in
any Dp corresponding to a prime lying over p, and refer to Frobp as a Frobenius
element for p in GQ . This element is doubly ill de¯ned. The ambiguit y in Frobp

results from the circumstance that p needsto be chosen and from the fact that
Dp ! Gal(Fp=Fp) hasa large kernel, the inertia subgroupI p of Dp. The usefulness
of Frobp stems from the fact that the various p are all conjugate, so that likewise
the subgroupsDp and I p are conjugate. Thus if ½is a homomorphismmapping GQ

to someother group, the kernel of ½contains one I p if and only if it contains all
I p. In this case,one says that ½is unrami¯ed at p; the image of Frobp is then an
element of the target that is well de¯ned up to conjugation.

Consider an elliptic curve A over Q and let ` be a prime number. The ¯xed
¯eld of ½A;` is a ¯nite Galois extensionK ` =Q whoseGalois group G` is a subgroup
of GL(2; F ` ). A key piece of information about the extension K ` =Q is that its
discriminant is divisible at most by ` and primes dividing the conductor of A. In
other words, if p 6= ` is a prime number at which A has good reduction, then
K ` =Q is unrami¯ed at ` (seeExercise15); one says that the representation ½A;` is
unrami¯ed at p. Whenever this occurs, the construction described above produces
a Frobenius element ¾p in G` that is well de¯ned up to conjugation.

Fix again an elliptic curve A and a prime number `, and let ½A;` : GQ !
GL(2; F ` ) be the associated representation. For each prime p not dividing ` at
which A hasgood reduction the Frobenius¾p = ½A;` (Frobp) is well de¯ned only up
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to conjugation. Nevertheless,the trace and determinant of ¾p are well de¯ned. The
determinant of ½A;` is the mod ` cyclotomic character Â, so¾p = Â(Frobp) = p 2 F ` .
On the other hand, one has the striking congruence

tr( ½A;` (Frobp)) = p + 1 ¡ # ~A(Fp) (mod `):

1.5.3. Mo dular forms

We now summarize somebackground material concerningmodular forms. Serre's
book [96] is an excellent intro duction (it treats only N = 1). One might also read
the survey article [27] or consult any of the standard references[65, 66, 75, 108].

The modular group SL(2; Z) is the group of 2 £ 2 invertible integer matrices.
For each positive integer N , consider the subgroup

¡ 1(N ) :=
½µ

a b
c d

¶
2 SL(2; Z) : N j c and a ´ d ´ 1 (mod N )

¾
:

Let h be the complex upper half plane. A cusp form of integer weight k ¸ 1 and
level N is a holomorphic function f (z) on h such that

(1.5) f
µ

az + b
cz + d

¶
= (cz + d)k f (z) for all

µ
a b
c d

¶
2 ¡ 1(N );

we also require that f (z) vanishesat the cusps (see [108, x2.1]). We denote by
Sk (¡ 1(N )) the spaceof weight-k cusp forms of level N . It is a ¯nite dimensional
complex vector space. When k ¸ 2 a formula for the dimension can be found in
[108, x2.6].

Modular forms are usually presented as convergent Fourier series

f (z) =
1X

n =1

an qn

where q := e2¼iz . This is possiblebecausethe matrices ( 1 b
0 1 ) lie in ¡ 1(N ) so that

f (z + b) = f (z) for all integersb. For the forms that most interest us, the complex
numbers an are algebraic integers.

The spaceSk (¡ 1(N )) is equipped with an action of (Z=N Z)¤; this action is
given by

f (z) 7! f jhdi (z) := (cz + d)¡ k f
µ

az + b
cz + d

¶

where
¡

a b
c d

¢
2 SL(2; Z) is any matrix such that d ´ d (mod N ). The operator

hdi = hdi is referred to as a \diamond-bracket" operator.
For each integer n ¸ 1, the nth Hecke operator on Sk (¡ 1(N )) is an endomor-

phism Tn of Sk (¡ 1(N )). The action is generally written on the right: f 7! f jTn .
The various Tn commute with each other and are interrelated by identities that
expressa given Tn in terms of the Hecke operators indexed by the prime factors
of n. If p - N is a prime de¯ne the operator Tp on Sk (¡ 1(N )) by

f jTp(z) =
1X

n =1

anp qn + pk ¡ 1
1X

n =1

an (f jhpi )qnp :
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For p j N prime, de¯ne Tp by

f jTp(z) =
1X

n =1

anp qn :

The Hecke algebra associated to cusp forms of weight k on ¡ 1(N ) is the subring

T := Z[: : : Tn : : : hdi : : :] ½ End(Sk (¡ 1(N )))

generatedby all of the Tn and hdi . It is ¯nite asa module over Z (seeExercise20).
The diamond-bracket operators are really Hecke operators, in the sensethat they
lie in the ring generatedby the Tn ; thus T = Z[: : : Tn : : :]:

An eigenform is a nonzero element f 2 Sk (¡ 1(N )) that is a simultaneous
eigenvector for every element of the Hecke algebra T . Writing f =

P
an qn we ¯nd

that an = a1cn where cn is the eigenvalue of Tn on f . Sincef is nonzero,a1 is also
nonzero,so it is possibleto multiply f by a¡ 1

1 . The resulting normalized eigenform
wears its eigenvalues on its sleeve: f =

P
cn qn . Becausef is an eigenform, the

action of the diamond bracket operators de¯nes a character " : (Z=N Z)¤ ! C¤; we
call " the character of f .

Associated to an eigenformf 2 Sk (¡ 1(N )) we have a system(: : : ap : : :), p - N ,
of eigenvalues. We say that f is a newform if this system of eigenvalues is not
the systemof eigenvaluesassociated to an eigenformg 2 Sk (¡ 1(M )) for somelevel
M j N with M 6= N . Newforms have been extensively studied (see [2, 13, 69,
75]); the idea is to understand where systemsof eigenvalues ¯rst arise, and then
reconstruct the full spaceSk (¡ 1(N )) from newforms of various levels.

1.5.4. Tate curv es

The Tate curve is a p-adic analogue of the exponentiation of the representation
C=¤ of the group of an elliptic curve over C. In this section we recall a few facts
about Tate curves; for further details, see[110, V.3].

Let K be a ¯nite extension of Qp; consider an elliptic curve E=K with split
multiplicative reduction, and let j denotethe j -invariant of E . By formally inverting
the well-known relation

j (q(z)) =
1

q(z)
+ 744+ 196884q(z) + ¢¢¢

between the complex functions q(z) = e2¼iz and j (z), we ¯nd an element q 2
K ¤ with j = j (q) and jqj < 1. There is a Gal(Qp=K )-equivariant isomorphism

E(Qp) »= Q
¤
p=qZ . The Tate curve, which we suggestively denote by G m =qZ , is a

schemewhoseQp points equal Q
¤
p=qZ .

As a consequence,the group of n-torsion points on the Tate curve is identi¯ed
with the Gal(Qp=K )-module f ³ a

n (q1=n )b : 0 · a;b · n ¡ 1g; here ³n is a primitiv e
nth root of unit y and q1=n is a ¯xed nth root of q in Qp. In particular, the subgroup
generatedby ³n is invariant under Gal(Qp=K ), so the local Galois representation
on E[n] is reducible. It is alsoknown that the group of connectedcomponent of the
reduction of the N¶eron model of E over F p is a cyclic group whoseorder is ordp(q).
The situation is summarizedby the following table (taken from [88]):
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Complex case p-adic case

C=¤

exp onential map e2¼iz no exponential available
²²

no p-adic analogue

C¤=qZ K ¤=qZ .

Remark 1.2. When E has non-split multiplicativ e reduction over K , there is an
unrami¯ed extensionL over which E aquires split multiplicativ e reduction.

1.5.5. Mo d ` mo dular forms

There are several excellent papers to consult when learning about mod ` modular
forms. The papers of Serre [95] and Swinnerton-Dyer [112] approach the subject
from the point of view of Galois representations. Katz's paper [59] is very geometric.
Edixhoven's paper [32] contains a clear description of the basic facts. Seealso
Jochnowitz's paper [56].





CHAPTER 2

Optimizing the weight

In [102, x2] Serreassociated to an odd irreducible Galois representation

½: GQ ! GL(2; F ` )

two integers N (½) and k(½), which are meant to be the minimal level and weight
of a form giving rise to ½.

Conjecture 2.1 (Strong conjecture of Serre). Let ½: GQ ! GL(2; F ` ) be an odd
irreducible Galois representation arising from a modular form. Then ½arisesfrom
a modular form of level N (½) and weight k(½).

In this chapter, we are concernedwith k(½). We consider a mod ` represen-
tation ½that arisesfrom an eigenform of level N not divisible by `. Using results
of Fontaine and Deligne, we motivate Serre's recipe for k(½). In [32], Edixhoven
also de¯nes an \optimal" weight, which sometimesdi®ers from Serre's k(½). Our
de¯nition is an \average" of the two; for example,we intro ducea tiny modi¯cation
of k(½) when ` = 2. We appologizefor any confusion this may causethe reader.

Using various arguments involving the Eichler-Shimura correspondence and
Tate's µ-cycles, Edixhoven showed in [31] that there must exist another form of
weight at most k(½), also of level N , which gives rise to ½. Someof Edixhoven's
result rely on unchecked compatibilities that are assumedin [46]; however, when
` 6= 2 theseresults were obtained unconditionally by Coleman and Voloch in [17].
We sketch someof Edixhoven's arguments to convey the °avor of the subject.

Remark 2.2 (Notation) . We pauseto describe a notational shorthand which we
will employ extensively in this chapter. If ½: G ! Aut( V ) is a two-dimensional
representation over a ¯eld F, we will frequently write

½»
µ

® ¯
° ±

¶

to mean that there is a basis for V with respect to which

½(x) =
µ

®(x) ¯ (x)
° (x) ±(x)

¶
2 GL2(F)

for all x 2 G. If we do not wish to specify oneof the entries we will simply write ¤.
Thus \ ½» ( ¤ ¤

0 1 )" means that ½possessesa one-dimensional invariant subspace,
and the action on the quotient is trivial.

2.1. Represen tations arising from forms of low weigh t

We ¯rst consider irreducible Galois representations associated to newforms of low
weight. Fix a prime ` and suppose f =

P
an qn is a newform of weight k and

19
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level N , such that ` - N and 2 · k · ` + 1. Let " : (Z=N Z)¤ ! C¤ denote the
character of f . Fix a homomorphism ' from the ring of integersO of Q(: : : an : : :)
to F ` . To abbreviate, we often write an for ' (an ); thereby thinking of an as an
element F ` . Let ½= ½f ;' : GQ ! GL(2; F ` ) be the two-dimensional semisimple
odd Galois representation attached to f and ' , and assumethat ½is irreducible.

The recipe for N (½) depends on the local behavior of ½ at primes p other
than `; the recipe for k(½) dependson the restriction ½j I ` of ½to the inertia group
at `. Motiv ated by questionsof Serre,Fontaine and Deligne described ½j I ` in many
situations. We distinguish two cases:the ordinary caseand the non-ordinary case,
which we call the \supersingular case."

2.1.1. The ordinary case

Deligne (see[46, Prop. 12.1]) consideredthe ordinary case, in which ½arisesfrom a
weight-k newform f with a` (f ) 6= 0 2 F ` . He showed that ½has a one-dimensional

unrami¯ed quotient ¯ , so ½jD ` »
µ

® ¤
0 ¯

¶
with ¯ (I ` ) = 1 and ®¯ = Âk ¡ 1" . The

mod N character " is alsounrami¯ed at ` becausè - N . Sincethe mod ` cyclotomic

character Â has order ` ¡ 1 and ½j I ` »
µ

Âk ¡ 1 ¤
0 1

¶
; the value of k modulo ` ¡ 1 is

determined by ½j I ` . In the casewhen k is not congruent to 2 modulo ` ¡ 1, the
restriction ½j I ` determinesthe minimal weight k(½). We will discussthe remaining
casein Section 2.2.

2.1.2. The sup ersingular case and fundamen tal characters

Fontaine (see[32, x6]) investigated the supersingular case,in which ½arisesfrom
a newform f with a` (f ) = 0 2 F ` . We call such a newform f supersingular.
To describe the restriction ½j I ` of ½to the inertia group at `, we intro duce the
fundamental characters of the tame inertia group. Fix an algebraic closure Q `
of the ¯eld Q ` of `-adic numbers; let Qnr

` ½ Q ` denote the maximal unrami¯ed
extension of Q ` , and Q tm

` ½ Q ` the maximal tamely rami¯ed extension of Qnr
` .

The extensionQ tm
` is the compositum of all ¯nite extensionsof Qnr

` in Q ` of degree
prime to `. Letting D ` denote the decomposition group, I ` the inertia group, I t the
tame inertia group, and I w the wild inertia group, we have the following diagram:

Q `

I w

D `

I `Q tm
`

I t

Qnr
`

bZ

Q `
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It is a standard fact (see,e.g., [44, x8]) that the extensionsQnr
` ( n

p
`), for all n

not divisible by `, generateQ tm
` . For n not divisible by `, the nth roots of unit y

¹ n are contained in Qnr
` . Kummer theory (see[3]) gives, for each n, a canonical

isomorphism

Gal(Qnr
` ( n

p
`)=Qnr

` ) »¡¡! ¹ n ; ¾7!
¾( n

p
`)

n
p

`
:

Each isomorphism lifts to a map I ` ! ¹ n that factors through the tame quotient
I t of I ` . The groups ¹ n = ¹ n (Q ` ) lie in the ring of integersZ ` of Q ` . Composing
any of the maps I t ! ¹ n with reduction modulo the maximal ideal of Z ` gives a
mod ` character I t ! F

¤
` , as illustrated:

I t
//

!!C
CCC

CCC
F

¤
`

¹ n (Q ` )
»= // ¹ n (F ` ):

-°
;;wwwwww

Let n = ` º ¡ 1 with º > 0. The map I t ! ¹ n de¯nes a character " : I ` ! F¤
` º .

Composing with each of the º ¯eld embeddingsF ` º ! F ` givesthe º fundamental
characters of level º :

I t

##GG
GGG

GGG
GG

F ` :

F¤
` º ½ F ` º

;;wwwwwwwwww

;;wwwwwwwwww º maps

;;wwwwwwwwww

For example, the unique fundamental character of level 1 is the mod ` cyclotomic
character (seeExercise 16). When º = 2, there are two fundamental characters,
denoted ª and ª 0; thesesatisfy ª ` = ª 0 and (ª 0)` = ª.

Let A be an elliptic curve over Q ` with good supersingular reduction. In [93],
Serreproved that the representation

I t ! Aut( A[`]) ½ GL(2; F ` )

is the direct sum of the two fundamental charactersª and ª 0. Oneof the characters
is

I t ! F¤
` 2 ½ GL(2; F ` )

where F¤
` 2 is contained in GL(2; F ` ) as a non-split Cartan subgroup of GL(2; F ` ).

More precisely, F ¤
` 2 is embedded in GL(2; F ` ) via the action of the multiplicativ e

group of a ¯eld on itself after a choiceof basis. More generally, in unpublished joint
work, Fontaine and Serre proved in 1979 that if f is a supersingular eigenform of
weight k · `, then ½j I ` : I ` ! GL(2; F ` ) factors through I t and is a direct sumof the
two character ª k ¡ 1 and (ª 0)k ¡ 1. Note that k is determined by this representation,
becauseit is determined modulo `2 ¡ 1.

2.2. Represen tations of high weigh t

Let D ` be a decomposition group at ` and consider a representation ½ : D ` !
GL(2; F ` ) that arisesfrom a newform f of possibly large weight k. Let ½ss denote
the semisimpli¯cation of ½; so ½ss = ½if ½is irreducible, otherwise ½ss is a direct
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sum of two characters ® and ¯ . The following lemma of Serre (see[93, Prop. 4])
assertsthat ½ss is tamely rami¯ed.

Lemma 2.3. Any semisimplerepresentation½is tame, in the sensethat ½(I w ) = 0.

Pro of. Sincethe direct sum of tame representations is tame, we may assumethat ½
is simple.

The wild inertia group I w is the pro¯nite Sylow `-subgroup of I ` : it is a Sylow
`-subgroupbecauseeach ¯nite Galois extensionof Q tm

` hasdegreea power of `, and
the order of I t is prime to `; it is unique, becauseit is the kernel of Gal(Q ` =Q ` ) !
Gal(Q ` =Q tm

` ), hencenormal.
Because½is continuous, the image of D ` is ¯nite and we view ½as a represen-

tation on a vector spaceW over a ¯nite extensionof F ` . The subspace

W I w = f w 2 W : ¾(¿)w = w for all ¿ 2 I w g

is invariant under D ` . It is nonzero,as can be seenby writing the ¯nite set W as
a disjoint union of its orbits under I w : since I w is a pro-`-group, each orbit has
sizeeither 1 or a positive power of `. The orbit f 0g has size1, and # W is a power
of `, so there must be at least ` ¡ 1 other singleton orbits f wg; for each of these,
w 2 W I w .

Since½is simpleand W I w is a nonzeroD ` -submodule, it follows that W I w = W ,
as claimed. ¤

The restriction ½ssjI ` is abelian and semisimple, so it is given by a pair of
characters ®; ¯ : I ` ! F

¤
` : Let n be an integer not divisible by `, and consider the

tower of ¯elds
Qnr

` ( n
p

`)

¹ n

G Qnr
`

bZ = hFrob ` i

Q `

in which G = Gal(Qnr
` ( n

p
`)=Q ` ), ¹ n

»= Gal(Qnr
` ( n

p
`)=Qnr

` ), and Gal(Qnr
` =Q ` )

is topologically generated by a Frobenius element at `. Choose a lift g 2 G
of Frob` , and consider an element h 2 ¹ n corresponding to an element ¾ 2
Gal(Qnr

` ( n
p

`)=Qnr
` ). Then sinceg acts as the `th powering map on roots of unit y,

g¾g¡ 1( n
p

`)
n
p

`
=

g¾(³g¡ 1
n
p

`)
n
p

`
=

g(³g¡ 1 h n
p

`)
n
p

`
=

g(h) n
p

`
n
p

`
= h` :

Applying the conjugation formula ghg¡ 1 = h` to ½ss gives½ss(ghg¡ 1) = ½ss(h` ) =
½ss(h)` . The two representations h 7! ½ss(h)` and h 7! ½ss(h) of I t are thus equiva-
lent via conjugation by ½ss(g); we have ½ss(g)½ss(h)½ss(g¡ 1) = ½ss(ghg¡ 1) = ½ss(h)` :
Consequently , the pair of characters f ®; ¯ g is stable under the `th power map, so
as a set f ®; ¯ g = f ®` ; ¯ ` g: There are two possibilities:

| The ordinary case: ®` = ® and ¯ ` = ¯ .
| The supersingular case: ®` = ¯ 6= ® and ¯ ` = ® 6= ¯ .
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In the ¯rst case® and ¯ take valuesin F ¤
` and in the secondcasethey take values

in F¤
` 2 but not in F¤

` . By the results discussedin Section 2.1, this terminology is
consistent with the terminology intro duced above.

We ¯rst considerthe supersingular case.Let ª denote one of the fundamental
characters of level 2, and write ® = ª n , ¯ = ª n` , with n an integer modulo `2 ¡ 1.
Next write the smallest non-negative representativ e for n in base `: n = a + `b
with 0 · a;b · ` ¡ 1. Then `n ´ b + `a (mod `2 ¡ 1). Switching ® and ¯
permutes a and b so, relabeling if necessary, we may assumethat a · b. If a = b,
then ® = ª a(ª 0)a = Âa , so ® takes values in F ¤

` , which is not the supersingular
case;thus we may assumethat 0 · a < b · ` ¡ 1: We now factor out by a power
of the cyclotomic character:

® = ª n = ª a(ª 0)b = ª a(ª 0)a(ª 0)b¡ a = Âa(ª 0)b¡ a

¯ = Âaª b¡ a :

Put another way,

½ss » Âa ­
µ

ª b¡ a 0
0 (ª 0)b¡ a

¶
:

The untwisted representation is
³

ª k ¡ 1 0
0 (ª 0) k ¡ 1

´
, where k = 1 + b ¡ a. Since 2 ·

1+ b¡ a · ` ¡ 1, the weight of the untwisted representation is in the rangeconsidered
above. Thus we are in good shape to de¯ne k(½).

Before giving k(½) it is necessaryto understand how the weight changesupon
twisting by a power of the cyclotomic character Â. This problem is addressedby the
theory of mod ` modular forms, ¯rst developed by Serre[95] and Swinnerton-Dyer
[112], then generalizedby Katz [59]. A brief review of the geometric theory, which
givesan excellent de¯nition of mod ` modular forms, can be found in [32, x2], [35,
x1], or [46, x2].

In [61], Katz de¯ned spacesof mod ` modular forms, and a q-expansionmap

® :
M

k ¸ 0

M k (¡ 1(N ); F ` ) ! F ` [[q]]:

This map is not injective, becauseboth the Hasseinvariant of weight ` ¡ 1 and the
constant 1 have the sameq-expansion.

De¯nition 2.4. The minimal weight ¯ltr ation w(f ) 2 Z of an element f of the
ring of mod ` modular forms is the smallest integer k such that the q-expansion
of f comesfrom a modular form of weight k; if no such k exists, do not de¯ne w(f ).

De¯nition 2.5. De¯ne the operator µ = q d
dq on q-expansionsby µ(

P
an qn ) =

P
nan qn .

For example, if f is an eigenformof weight k, then there is a mod ` eigenform
µf of weight k + ` + 1, still of level N , whoseq-expansionis µ(

P
an qn ).

Theorem 2.6. Let f be a mod ` modular form. Then w(µf ) = w(f ) + ` + 1 if and
only if ` - w(f ). In addition, if ` j w(f ) then w(µf ) < w(f ) + ` + 1.

2.2.1. The sup ersingular case

We now give Serre'srecipe for k(½) in the supersingular case.The minimal weight
beforetwisting is 1+ b¡ a, which is a positive integer that is not divisible by `. Each
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twist by Â adds ` + 1 to the weight, so in the supersingular casewe are motivated
to de¯ne

k(½) := (1 + b¡ a) + a(` + 1) = 1 + `a + b:
We have to check that at each step the weight is prime to `, so the minimal weight
doesnot drop during any of the a twists by Â. Since1 < 1 + b¡ a < ` and

(1 + b¡ a) + a(` + 1) · (` ¡ 1) + (` ¡ 2)(` + 1) < `2;

the weight can only drop if there exists c with 1 · c < a such that

(1 + b¡ a) + c(` + 1) ´ 0 (mod `):

If this occurred, then c ´ a ¡ b ¡ 1 (mod `). But 1 · c < a · ` ¡ 2, so either
c = a¡ b¡ 1, which implies c · 0 sincea < b, or c = ` + a¡ b¡ 1 = a+ ` ¡ 1¡ b ¸ a,
which would be a contradiction.

Assumethat ½: GQ ! GL(2; F ` ) arisesfrom an eigenformf such that a` (f ) =
0 2 F ` . Now we sketch Edixhoven's proof that ½arisesfrom a mod ` eigenform of
weight k(½).

Let ½ss denote the semisimpli¯cation of the restriction of ½to a decomposition
group at `. The restriction of ½ss to the inertia group at ` is

½ssjI ` »
µ

ª n 0
0 (ª 0)n

¶
;

where ª and ª 0 = ª ` are the two fundamental characters of level 2. If necessary,
reorder ª and ª 0 so that n = a + b` with 0 · a < b · ` ¡ 1. Then

ª n = ª a+ b` = ª a(ª 0)b = ª a(ª 0)a(ª 0)b¡ a = Âa(ª 0)b¡ a ;

and

½ssjI ` » Âa ­
µ

(ª 0)b¡ a 0
0 ª b¡ a

¶
:

Recall that, motivated by Fontaine's theoremon Galois representations arising from
supersingular eigenforms,we de¯ned

k(½) = a(` + 1) + (b¡ a + 1) = 1 + `a + b:

The ¯rst step in showing that ½arisesfrom a form of weight k(½), is to recall
the well known result that, up to twist, all systemsof mod ` eigenvalues occur in
weight at most ` + 1. This is the subject of the next section.

2.2.2. Systems of mo d ` eigenvalues

Theorem 2.7. Suppose½is modular of levelN and someweight k, and that ` - N .
Then sometwist ½­ Â¡ ® is modular of weight · ` + 1 and level N .

This is a general theorem, applying to both the ordinary and supersingular
cases.SeeSerre [97, Th. 3] when N = 1; signi¯cant further work was carried out
by Jochnowitz [55] and Ash-Stevens [1, Thm. 3.5] when ` ¸ 5. Two proofs are
given in [32, Thm. 3.4 and x7]. The original method of Serre,Tate, and Koike for
treating questions like this is to use the Eichler-Selberg trace formula. As Serre
has pointed out to us, the weight appears in that formula simply as an exponent;
this makesmore or lessclear that a congruencemodulo `2 ¡ 1 givesinformation on
modular forms mod `.
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As a digression,we pauseto single out someof the tools involved in one pos-
sible proof of Theorem 2.7. Note that by twisting we may assumewithout loss
of generality that k ¸ 2. The group ¡ 1(N ) acts by matrix multiplication on the
real vector spaceR 2. The Eichler-Shimura correspondence(see[108, x8.2]) is an
isomorphism of real vector spaces

Sk (¡ 1(N ))
»=¡¡ ¡ ¡ ¡! H 1

P (¡ 1(N ); Symk ¡ 2(R 2)) :

The parabolic (or cuspidal) cohomologygroup H 1
P is the intersection, over all cusps

® 2 P 1(Q), of the kernelsof the restriction maps

res® : H 1(¡ 1(N ); Symk ¡ 2(R 2)) ! H 1(¡ ®; Symk ¡ 2(R 2)) ;

where ¡ ® denotes the stabilizer of ®. For ¯xed z0 in the upper half plane, the
Eichler-Shimura isomorphism sendsa cusp form f to the class of the cocycle c :
¡ 1(N ) ! Symk ¡ 2(R 2) induced by

° 7!
Z ° (z0 )

z0

Re

Ã

f (z)
µ

z
1

¶ k ¡ 2

dz

!

;

where
µ

z
1

¶ k ¡ 2

denotesthe imageof
µ

z
1

¶
­ ¢¢¢­

µ
z
1

¶
2 Symk ¡ 2(C2), and integration

is coordinate wise. There is an action of the Hecke algebra T on

H 1
P (¡ 1(N ); Symk ¡ 2(R 2)) ;

such that the Eichler-Shimura correspondenceis an isomorphism of T -modules.
The forms whoseperiods are integral form a lattice H 1

P (¡ 1(N ); Symk ¡ 2(Z2))
inside H 1

P (¡ 1(N ); Symk ¡ 2(R 2)) : Reducing this lattice modulo ` suggeststhat there
is a relationship betweenmod ` modular forms and the cohomologygroup

H 1
P (~¡ 1(N ); Symk ¡ 2(F2

` )) ;

where ~¡ 1(N ) is the image of ¡ 1(N ) in SL(2; F ` ). Serre and Hida observed that
for k ¡ 2 ¸ ` the ~¡ 1(N ) representations Symk ¡ 2(F2

` ) are sums of representations
arising in Symk 0¡ 2(F2

` ) for k0 < k. This essential idea is used in proving that all
systemsof eigenvaluesoccur in weight at most ` + 1.

2.2.3. The sup ersingular case revisited

Let ½be a supersingular mod ` representation that arisesfrom somemodular form.
By Theorem 2.7 there is a form f of weight k · ` + 1 such that Â¡ ® ­ ½» ½f . In
fact, we may assumethat 2 · k · `; when k = ` + 1 a theorem of Mazur (see[32,
Thm. 2.8]) implies that there is a form of weight 2 giving rise to ½f , and when k = 1
we multiply f by the weight ` ¡ 1 Hasseinvariant. To show that w(µ®f ) = k(½)
we investigate how application of the µ-operator changesthe minimal weight. We
have (½f ­ Â®)jI ` »

³
ª n 0
0 (ª 0)n

´
with n = a + b` and a < b. Fontaine's theory (see

Section 2.1) identi¯es the characters corresponding to ½f jI ` as powers ª k ¡ 1 and
(ª 0)k ¡ 1 of the fundamental characters. This givesan equality of unordered sets

f ª k ¡ 1Â®; (ª 0)k ¡ 1Â®g = f ª n ; (ª 0)n g:

It is now possible to compute w(µ®f ) by considering two cases,corresponding to
the ways in which equality of unordered pairs can occur.
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Case 1. Supposethat ª k ¡ 1Â® = (ª 0)n . SinceÂ = ª ` +1 , we have

ª k ¡ 1+ ®(` +1) = ª k ¡ 1Â® = (ª 0)n = (ª 0)a+ b` = ª b+ a` :

Comparing exponents of ª gives

(2.1) k ¡ 1 + ®(` + 1) ´ b+ a` (mod `2 ¡ 1);

which reducesmodulo ` + 1 to k ¡ 1 ´ b ¡ a (mod ` + 1); because2 · k · `,
this implies that k = 1 + b ¡ a. Reducing (2.1) modulo ` ¡ 1 and substituting
k = 1 + b¡ a givesb¡ a + 2® ´ b+ a (mod ` ¡ 1); we ¯nd the possiblesolutions
® = a+ m(` ¡ 1)=2 with m an integer. No solution ® = a+ m(` ¡ 1)=2, with m odd,
satis¯es (2.1), so ® = a as an integer mod ` ¡ 1. Finally, we apply Theorem 2.6
and argue as in the end of Section 2.2, to show that

w(µa f ) = w(f ) + a(` + 1) = 1 + b¡ a + a` + a = 1 + b+ a` = k(½):

Case 2. Supposethat ª k ¡ 1Â® = ª n . Then

ª k ¡ 1+ ®(` +1) = ª k ¡ 1Â® = ª n = ª a+ b` :

Comparing powers of ª, we obtain

(2.2) k ¡ 1 + ®(` + 1) ´ a + b` (mod `2 ¡ 1);

which reducesmodulo ` + 1 to k ¡ 1 ´ a ¡ b (mod ` + 1); thus k = ` + 2 ¡ (b¡ a):
The di®erenceb¡ a must be greater than 1; otherwise k = ` + 1, contrary to our
assumption that 2 · k · `. Reducing (2.2) modulo ` ¡ 1 gives

k ¡ 1 + 2® ´ a + b (mod ` ¡ 1);

substituting k = ` + 2 ¡ (b ¡ a) we ¯nd that ® = b¡ 1 + m(` ¡ 1)=2 with m an
integer. If m is odd, then ® does not satisfy (2.2), so ® = b ¡ 1 as an integer
modulo ` ¡ 1. It remains to verify the equality w(µb¡ 1f ) = w(½). Unfortunately,
k = ` + 2¡ (b¡ a) is not especially telling. The argument of Case1 doesnot apply
to compute w(µ®f ); instead we useµ-cycles.

Becausef is supersingular, Fermat's Little Theorem implies that µ` ¡ 1f = f .
We useTate's theory of µ-cycles(see[32, x7] and [55]) to compute w(µb¡ 1f ). The
µ-cycle associated to f is the sequenceof integers

w(f ); w(µf ); w(µ2f ); : : : ; w(µ` ¡ 2f ); w(f ):

The µ-cycle for any supersingular eigenform must behave as follows (see Theo-
rem 2.6):

²

drop

ÂÂ?
??

??
??

??
? ²

drop

ºº/
//

//
//

//
//

//
//

//
/

²

go up . . .

55jjjjjjjjjjjjjjjjjjjjjjjj

²

go up . . .

::vvvvvvvvvvvvvvvvvvvvvvvvvvvv
²

go up . . . , drop once,go up . . . , drop to original weight



2.3. Distinguishing b et ween weigh ts 2 and ` + 1 27

Knowing this, we can deducethe exact µ-cycle. List ` numbersstarting and ending
with k:

k; k + (` + 1); k + 2(` + 1); : : : ; k + (` ¡ k)( ` + 1);
` + 3 ¡ k; (` + 3 ¡ k) + (` + 1); : : : ; (` + 3 ¡ k) + (k ¡ 3)(` + 1);
k

The ¯rst and secondlines contain ` + 1 ¡ k and k ¡ 2 numbers, respectively. All
told, ` numbers are listed; this must be the µ-cycle.

It is now possibleto compute w(µb¡ 1f ). If

b¡ 1 · ` ¡ k = ` ¡ (` + 2 ¡ b+ a) = ¡ 2 + b¡ a;

then a · ¡ 1, a contradiction; thus b¡ 1 > ` ¡ k. It follows that

w(µb¡ 1f ) = ` + 3 ¡ k + (` + 1)(b¡ 2 ¡ (` ¡ k)) = 1 + b+ a` = k(½);

verifying Serre'sconjecture in this case.

2.2.4. The ordinary case

We next turn to the ordinary case,in which

½jI ` »
µ

® ¤
0 ¯

¶

with ®; ¯ : I ` ! F¤
` powers of the cyclotomic character. View ½j I ` as the twist of a

representation in which the lower right entry is 1:
µ

® ¤
0 ¯

¶
» ¯ ­

µ
®¯ ¡ 1 ¤

0 1

¶
:

To determine the minimal weight of a form giving rise to ½j I ` , it is necessaryto
develop an ordinary version of µ-cycles. In general this is complicated, so we make

the simplifying assumption that ¯ = 1; then ½j I ` »
µ

Âi ¤
0 1

¶
with 1 · i · ` ¡ 1.

Deligneshowed that if f is of weight k and ¯ = 1, then the associated representation
is

³
Âk ¡ 1 ¤
0 1

´
with 2 · k · ` + 1. Motiv ated by this, our ¯rst reaction is to de¯ne

k(½) to be i + 1. This de¯nition doesnot distinguish betweenthe extreme weights 2
and ` + 1 becausethey are congruent modulo ` ¡ 1. Given a representation ½arising
from a form of weight either 2 or ` + 1, we cannot, in general, set k(½) = 2. For
example,supposef = ¢ is the level 1 cuspform of weight 12 and ½is the associated
mod 11 representation. It would be wrong to set k(½) = 2, becausethere is no cusp
form of weight 2 and level 1.

W arning: When ` = 2 and our k(½) is 3, Serre replaced k(½) by 4 because
there are no weight-3 modular forms whosecharacter is of degreecoprime to ` = 2.

2.3. Distinguishing between weigh ts 2 and ` + 1

We continue to motivate the de¯nition of k(½). Considera representation ½: GQ !
GL(2; F ` ) that arisesfrom a newform f of the optimal level N = N (½) and weight k
satisfying 2 · k · `+ 1. Assumethat f is ordinary in the sensethat a` (f ) 6= 0 2 F ` .
Then, as discussedin Section 2.1,

½jI ` »
³

Âk ¡ 1 ¤
0 1

´
;
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so ½jI ` determines k modulo ` ¡ 1. This suggestsa way to de¯ne k(½) purely in
terms of the Galois representation ½, at least when k 62f 2; ` + 1g.

The key to de¯ning k(½) when k = 2 or k = ` + 1 is good reduction. To
understand why this is so, we brie°y summarizeShimura's geometric construction
of Galois representations associated to newforms of weight 2.

2.3.1. Geometric construction of Galois represen tations

Shimura attached mod ` representations to a weight-2 newform f =
P

an qn of
level N . Let E be the totally real or CM ¯eld Q(: : : an : : :). In [108, Thm. 7.14],
Shimura described how to associate to f an abelian variety A = A f over Q of
dimension [E : Q] furnished with an embedding E ,! EndQ A (seealso Conrad's
appendix). The mod ` representations attached to f are then found in the `-torsion
of A.

Over the complex numbers, the abelian variety A is found as a quotient of the
Jacobian of the Riemann surface

X 1(N ) := ¡ 1(N )nh = ¡ 1(N )nh [ f cuspsg:

The Riemann surfaceX 1(N ) has a structure of algebraic curve over Q; it is called
the modular curve of level N . Its Jacobian J1(N ) is an abelian variety over Q
which, by work of Igusa, has good reduction at all primes ` - N . The dimension
of J1(N ) equalsthe genus of X 1(N ); for example,when N = 1, the curve X 1(1) is
isomorphic over Q to the projective line and J1(1) = 0. There are (at least) two
functorial actions of the Hecke algebraT on J1(N ), and (at least) two de¯nitions of
J1(N ). In the next sectionwe will ¯x choices,and then construct A as the quotient
of J1(N ) by the image of the annihilator in T of f .

2.3.1.1. Hecke operators on J1(N ). We pause to formulate a careful de¯nition of
X 1(N ) and of our preferred functorial action of the Hecke operators Tp on J1(N ).
For simplicit y, we assumethat N > 4 and p - N . Following [46, Prop. 2.1] there
is a smooth, proper, geometrically connectedalgebraic curve X 1(N ) over Z[1=N ]
that represents the functor assigningto each Z[1=N ]-scheme S the set of isomor-
phism classesof pairs (E ; ®), where E is a generalizedelliptic curve over S and
® : (¹ N )S ,! E sm [N ] an embeddingof group schemesover S whoseimagemeetsev-
ery irreducible component in each geometric ¯b er. Let X 1(N ; p) be the ¯ne moduli
schemeover Z[1=N ] that represents the functor assigningto each Z[1=N ]-schemeS
the set of isomorphism classesof triples (E ; ®; C), where E is a generalizedelliptic
curve over S, ® : (¹ N )S ,! E sm [N ] an embedding of group schemesover S, and C
a locally freesubgroupschemeof rank p in E sm [p], such that im(®) £ C meetsevery
irreducible component in each geometric¯b er of E . Let ¼1; ¼2 : X 1(N ; p) ! X 1(N )
over Z[1=N ] be the two standard degeneracymaps, which are de¯ned on genuine
elliptic curves by ¼1(E ; ®; C) = (E ; ®) and ¼2(E ; ®; C) = (E 0; ®0 = '® ), where
E 0 = E=C and ' : E ! E 0 is the associated p-isogeny. The Hecke operator
Tp = (Tp)¤ acts on divisors D on X 1(N )=Q by

Tp(D ) = (¼1)¤ ±¼¤
2D:

For example, if (E ; ®) is a non-cuspidal Q-point, then

Tp(E ; ®) =
X

(E 0; ' ±®± [p]¡ 1);
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The Hecke operatorThe Hecke operator Tp = (Tp)¤ acts on divisors D on X 1(N )=Q

by

Tp(D ) = (¼1)¤ ±¼¤
2D:

For example, if (E ; ®) is a non-cuspidal Q-point, then

Tp(E ; ®) =
X

(E 0; ' ±®± [p]¡ 1);

where the sum is over all isogenies' : E ! E 0 of degreep, and Tp = (Tp)¤ acts on
divisors D on X 1(N )=Q by

Tp(D ) = (¼1)¤ ±¼¤
2D:

For example, if (E ; ®) is a non-cuspidal Q-point, then

Tp(E ; ®) =
X

(E 0; ' ±®± [p]¡ 1);

where the sum is over all isogenies' : E ! E 0 of degreep, and where the sum is
over all isogenies' : E ! E 0 of degreep, and [p]¡ 1 is the inverseof pth powering
on ¹ N . This map on divisors de¯nes an endomorphismTp of the Jacobian J1(N )
associated to X 1(N ) via Picard functorialit y.

For each prime p there is an involution hpi of X 1(N ) called a diamond bracket
operator, de¯ned functorially by

hpi (E ; ®) = (E ; ®± [p]):

The diamond bracket operator de¯nes a correspondence,such that the inducedmap
(hpi )¤ on J1(N ) is

(hpi )¤(E ; ®) = (E ; ®± [p¡ 1]):

If (Tp)¤ denotesthe pth Hecke operator as de¯ned in [46, x3], then

(Tp)¤ = Tp ±(hp¡ 1i )¤;

Thus our Tp di®ersfrom Gross's(Tp)¤. Furthermore, upon embedding X 1(N ) into
J1(N ) and identifying weight-2 cusp forms with di®erentials on J1(N ), Gross's
(Tp)¤ induces, via Albanese functorialit y, the usual Hecke action on cusp forms,
whereasours doesnot. In addition, we could have de¯ned X 1(N ) by replacing the
group scheme¹ N by (Z=N Z). In this connection, seethe discussionat the end of
Section 5 of [26] and [35, x2.1].

2.3.1.2. The representations attached to a newform. Again let O be the ring of
integers of E = Q(: : : an : : :), where f =

P
an qn is a weight-2 modular forms on

¡ 1(N ). Recall that A = A f is the quotient of J1(N ) by the imageof the annihilator
in T of f . In general,O neednot be contained in End A. However, by replacing A
by an abelian variety Q-isogenousto A, we may assumethat O is contained in
End A (see[108, pg. 199]). Let ¸ be a maximal ideal of O and set

A[¸ ] := f P 2 A(Q) : xP = 0 all x 2 ¸ g:

By [108, Prop. 7.20, pg 190], dimO =¸ A[¸ ] = 2, so A[¸ ] a®ordsa 2-dimensional
Galois representation, which is well-de¯ned up to semisimpli¯cation. Let ½f ;¸ :
GQ ! A[¸ ]ss be the semisimpli¯cation of A[¸ ].
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2.3.1.3. Good reduction.

De¯nition 2.8. A ¯nite group schemeG over Qnr
` is said to have good reduction,

or to be ¯nite °at , if it extendsto a ¯nite °at group schemeover the ring of integers
OQ nr

`
of Qnr

` .

Prop osition 2.9. The representation ½f ;¸ is ¯nite °at at each prime p - N .

Pro of. The ¯nite °at group schemeextending A[¸ ] is the schemetheoretic closure
of A[¸ ] in a good model A=OQ nr

`
of A. Such a model exists becauseA has good

reduction at p. ¤

Consideragain a Galois representation ½asin the beginning of Section2.3 such
that ½jI ` »

³
Âk ¡ 1 ¤
0 1

´
. If k 6´ 2 (mod ` ¡ 1) then k(½) is de¯ned to equal k. If k ´ 2

(mod ` ¡ 1), then

k(½) :=

(
2 if ½is ¯nite °at,
` + 1 otherwise.

2.4. Represen tations arising from elliptic curv es

Theorem 2.10. Suppose A=Q is a semistableelliptic curve and that ½A;` is irr e-
ducible. Let ¢ A denote the minimal discriminant of A. The representation ½A;` is
¯nite °at at ` if and only if ` j ord` ¢ A . If p 6= `, then ½A;` is unrami¯ed at p if
and only if ` j ordp ¢ A :

Pro of. The ¯rst statement is Proposition 5 of [102].
When A hasgood reduction at p, the secondstatement holds (seeExercise15).

SupposeA has multiplicativ e reduction at p. There is an unrami¯ed extension K
of Qp such that A has split multiplicativ e reduction at p. Consider the Tate curve
G m =qZ over K associated to A. Thus Q

¤
p=qZ »= A(Qp) as Gal(Qp=K )-modules.

The `-torsion points A[`] correspond to the points f ³ a
` (q1=` )b : 0 · a;b < `g in

the Tate curve. The extension K (³ ` ; q1=` ) of K is unrami¯ed because` 6= p and
ordp(q) = ordp(¢ A ) is divisible by `. Sincean unrami¯ed extensionof an unrami¯ed
extensionis unrami¯ed, the extensionK (³ ` ; q1=` ) of Qp is unrami¯ed, which proves
the secondpart of the theorem. ¤

2.4.1. Frey curv es

Using Theorem 2.10 we seethat the Shimura-Taniyama conjecture together with
Serre's conjecture implies Fermat's Last Theorem. Suppose (a;b;c) is a solution
to the Fermat equation a` + b̀ = c` with ` ¸ 11 and abc 6= 0. Consider the
Frey curve A given by the equation y2 = x(x ¡ a` )(x + b̀ ); it is an elliptic curve

with discriminant ¢ A = (( abc)2 ) `

28 : By [93, x4.1, Prop. 6] the representation A[`]
is irreducible. Theorem 2.10 implies that ½A;` is unrami¯ed, except possibly at 2
and `. Thus N (½) j 2, and k(½) = 2 since` j ord` (¢ A ). But there are no cuspforms
of level 2 and weight 2. The modularit y of A (proved in [114, 117]), together
with the weak conjecture of Serre (enough of which is proved in [84]), leads to a
contradiction.

2.4.2. Examples
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Using Theorem 2.10 we can frequently determine the Serre invariants N (½) and
k(½) of a representation ½attached to an elliptic curve. When N (½) < N , it is
illustrativ e to verify directly that there is a newform of level N (½) that also gives
rise to ½. For example, there is a unique weight-2 normalized newform

f = q + q2 ¡ q3 ¡ q4 ¡ 2q5 ¡ q6 + 4q7 ¡ 3q8 + q9 + ¢¢¢

on ¡ 0(33). One of the elliptic curves associated to f is the curve A given by the
equation

y2 + xy = x3 + x2 ¡ 11x:

The discriminant of A is ¢ = 36 ¢112 and the conductor is N = 3¢11. BecauseA is
semistableand there are no elliptic curves3-isogenousto A, the associated mod 3
representation ½= ½A; 3 : GQ ! Aut (A[3]) is surjective (see Section 1.4). Since
3 j ord3 ¢ A , the Serreweight and level are k(½) = 2 and N (½) = 11. As predicted
by Serre's conjecture, there is a weight-2 newform on ¡ 0(11) such that if B is
one of the three elliptic curves of conductor 11 (it does not matter which), then
B [3] ¼ A[3] as representations of GQ . Placing the eigenformscorresponding to A
and B next to each other, we observe that their Fourier coe±cients are congruent
modulo 3:

f A = q + q2 ¡ q3 ¡ q4 ¡ 2q5 ¡ q6 +4q7 ¡ 3q8 + q9 + ¢¢¢
f B = q ¡ 2q2 ¡ q3 +2q4 + q5 +2q6 ¡ 2q7 ¡ 2q9 + ¢¢¢:

Next consider the elliptic curve A cut out by the equation

y2 + y = x3 + x2 ¡ 12x + 2:

It has conductor N = 141 = 3 ¢47 and discriminant ¢ = 37 ¢47. Sinceord3(¢) is
divisible by 7, the mod 7 representation ½A; 7 has Serre invariants k(½A; 7) = 2 and
N (½A; 7) = 47. In con¯rmation of Serre'sconjecture, we ¯nd a form f 2 S2(¡ 0(47))
that givesrise to ½A; 7. The Fourier coe±cients of f generatea quartic ¯eld.

Next consider½A; 3, whoseSerre invariants are N (½A; 3) = 47 and, since3 does
not divide ord3(¢), k(½A; 3) = ` + 1 = 4. In S4(¡ 0(47)) there are two conjugacy
classesof eigenforms,which are de¯ned over ¯elds of degree3 and 8, respectively.
The one that givesrise to ½A; 3 is

g = q + aq2 + (¡ 1=2a2 ¡ 5=2a ¡ 1)q3 + (a2 ¡ 8)q4 + (a2 + a ¡ 10)q5 + ¢¢¢;

where a3 + 5a2 ¡ 2a ¡ 12 = 0.

2.5. Companion forms

Supposef is a newform of weight k with 2 · k · ` + 1. Let ` be an ordinary prime,
so a` (f ) is not congruent to 0 modulo a prime ¸ lying over ` and

½f ;¸ jI ` »
µ

Âk ¡ 1 ¤
0 1

¶
:

Is this representation split or not? Put another way, can ¤ be taken equal to 0, after
an appropriate choiceof basis?For how many ` do theserepresentations split? We
suspect that the ordinary split primes ` are in the minorit y, amongall primes. How
can we quantify the number of split primes?

If ¤ = 0, then

½jI ` »
µ

1 0
0 Âk ¡ 1

¶
;
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so

½jI ` ­ Â` ¡ k »
µ

Â` ¡ k 0
0 1

¶
:

Assumethat 2 · 1+ ` ¡ k · ` + 1, sok(½­ Â` ¡ k ) = 1+ ` ¡ k. Using the µ-operator
we seethat ½­ Â` ¡ k is modular, of someweight and level. To say that it is modular
of Serre'sconjectured weight k(½) is to make a much strong statement. If ½­ Â` ¡ k

is indeedmodular of weight 1+ ` ¡ k, then by de¯nition there exists an eigenformg
of weight 1 + ` ¡ k with ½g » ½f ­ Â` ¡ k . Such an eigenformg, if it exists, is called
a companion of f . The existenceof g is far from obvious.

We can extend the notion of companion form to the casewhen k(½) = `. In
this casethe companion has weight 1. If ½is unrami¯ed at `, then we expect ½to
also arise from a weight-1 eigenform.

The existenceof a companion form was proved (assuming unchecked compat-
ibilities) in most casesin which k < ` by Gross in [46] and in a few caseswhen
k = `. Using new methods, Coleman and Voloch [17] proved all casesexcept
k = ` = 2. The arguments of Coleman and Voloch do not require veri¯cation of
Gross'sunchecked compatibilities.



CHAPTER 3

Optimizing the level

Consider an irreducible Galois representation ½: GQ ! GL(2; F ` ) that arisesfrom
a newform of weight k and level N . Serre de¯ned integers k(½) and N (½), and
conjectured that ½arisesfrom a newform of weight k(½) and level N (½). In Chap-
ter 2 we sketched Edixhoven's proof that if ` - N then ½arisesfrom an newform of
weight k(½) and level N . In this chapter, we intro ducesomeof the techniquesused
in proving that ½arisesfrom a newform level N (½). For more details, see[84, 87].

In [102, x1.2] Serrede¯ned the optimal levelN (½) as the prime-to-` part of the
Artin conductor of ½. Recall that N (½) is a product

Q
pn (p) over prime numbers

p 6= `. The integer n(p) is de¯ned by restricting ½to a decomposition group D p at p.
Consider the sequenceof rami¯cation groups G0 ¾ G1 ¾ ¢¢¢¾ Gi ¾ ¢¢¢ where G0

is the inertia subgroup I p of Dp. Let V be a vector spaceover F ` a®ording the
representation ½, and for each i ¸ 0 let Vi be the subspaceof V consisting of those
v 2 V that are ¯xed by Gi . Then

n(p) :=
1X

i =0

1
(G0 : Gi )

dim V=Vi :

3.1. Reduction to weigh t 2

The optimal level N (½) is not divisible by `. The ¯rst step in level optimization
is to strip the power of ` from N . When ` is odd, this is done explicitly in [87,
x2]; for the case` = 2 see[9, x1]. Many of the arguments and key ideasare due to
Serre[94]. This proof that ` can be stripp ed from the level usesconcretetechniques
of Serre [95, x3], [98, Thm. 5.4], and Queen [78, x3]; it involves multiplying f by
suitable Eisensteinseriesand taking traces. Katz's theory of `-adic modular forms
suggestsan alternativ e method. A classicalform of weight 2 and level M `m is an
`-adic form of level M ; the mod ` reduction of this form is classicalof level M and
someweight, and is congruent to f . Seethe appendicesof [60] and the discussions
in [49, x1] and [50, x1].

The next step is to replace f by a newform of weight between 2 and ` + 1
that gives rise to a twist of ½. Twisting ½by the mod ` cyclotomic character Â
preserves N ; this is because½­ Â arises from µ(f ) = q d

dq (f ), which also has
level N . Theorem 2.7 assertsthat sometwist ½­ Âi of ½arisesfrom a form g of
weight between2 and ` + 1. If ½­ Âi arisesfrom a newform of level N , then ½also
arises from a newform of the same level, so we can replace f by g and k by the
weight of g. By results discussedin Chapter 2, we may assumethat k = k(½­ Âi ).
For the case` = 2 see[9, Prop. 1.3(a)].

33
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We have reducedto consideringa representation ½that arisesfrom a newform f
of weight k(½) and level N not divisible by `. The weight satis¯es 2 · k(½) · ` + 1,
but N neednot equal N (½). That N is a multiple of N (½) is a theorem proved by
both Carayol [12] and Livn¶e [70, Prop. 0.1].

In order to lower N it is convenient to work systematically with form of weight 2.
Paradoxically, even though we have just taken all powers of ` out of N , we are now
going to allow onepower of ` back into N . This allows us to reduceto weight 2 and
realize½asa group of torsion points on an abelian variety. An alternativ e approach
(see[41, 57]) is to avoid this crutch and work directly with representations coming
from arbitrary weights between2 and ` + 1; theseare realized in ¶etale cohomology
groups. This later approach hasthe advantage that X 0(N ) hasgood reduction at `.

Reduction to weight 2 is accomplishedusing a general relationship that or-
iginates with ideasof Koike and Shimura. In characteristic `, eigenformsof level N
whose weights satisfy 2 < k · ` + 1 correspond to eigenforms of weight 2 and
level `N (see[87, Thm. 2.2]):

n
2 < k · ` + 1, level N

o
oo ///o/o/o/o/o

n
k = 2, level `N

o
:

Thus we can and do work with weight 2 and level

N ¤ :=

(
N if k = 2,
N ` if k > 2.

3.2. Geometric realization of Galois represen tations

To understand representations arising from modular forms, it is helpful to realize
these representations inside of geometric objects such as J := J1(N ¤). These
representations are constructed geometrically with the help of the Hecke algebra

T := Z[: : : Tn : : :];

which wasde¯ned in Section2.3. Recall that T is a commutativ e subring of EndQ J
that is free as a module over Z, and that its rank is equal to the dimension of J .
When N is cube free, T is an order in a product of integer rings of number ¯elds;
this is a result of Coleman and Edixhoven (see[16, Thm. 4.1]). In contrast, the
Hecke operators Tp, for p3 j N , are usually not semisimple(seeExercise3).

It is fruitful to view a newform f as a homomorphism

T ! O = Z[: : : an : : :]; Tn 7! an :

Letting ' : O ! F ` be the map sending ap to tr( ½(Frobp)) 2 F ` , we obtain an
exact sequence0 ! m ! T ! F ` with m a maximal ideal.

Let ½: GQ ! GL(2; F ` ) bean irreducible Galois representation that arisesfrom
a weight-2 newform f . The next step, after having attached a maximal ideal m to f
and ' , is to ¯nd a T =m-vector spacea®ording ½inside of the group of `-torsion
points of J . Following [71, xI I.7], we consider the T =m-vector space

J [m] := f P 2 J (Q) : tP = 0 all t 2 mg ½ J (Q)[`] ¼ (Z=`Z)2g:

Since the endomorphismsin T are Q-rational, J [m] comesequipped with a linear
action of GQ .
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That tr( ½(Frobp)) and det(½(Frobp)) both lie in the sub¯eld T =m of F ` suggests
that ½has a model over T =m, in the sensethat ½is equivalent to a representation
taking values in GL(2; T =m) ½ GL(2; F ` ).

Lemma 3.1. The representation ½has a model ½m over the ¯nite ¯eld T =m.

Pro of. This is a classicalresult of I. Schur. Brauer groupsof ¯nite ¯elds are trivial
(seee.g., [100, X.7, Ex. a]), so the argument of [99, x12.2] provesthe lemma.

Alternativ ely, when the residue characteristic ` of T =m is odd, the following
moredirect proof canbeused. Complex conjugation acts through ½asa matrix with
distinct F ` -rational eigenvalues; another well known theorem of Schur [90, IX a]
(cf. [116, Lemme I.1]) then implies that ½can be conjugated into a representation
with values in GL(2; T =m). ¤

3.3. Multiplicit y one

Let Vm be a vector spacea®ording½m . Under the assumption that ½m is absolutely
irreducible, Boston, Lenstra, and Ribet (see[6]) proved that J [m] is isomorphic as
a GQ -module to a sum of copiesof Vm :

J [m] ¼
tM

i =1

Vm :

The number of copies of Vm is called the multiplicity of m. When ` is odd, the
hypothesisof irreducibilit y of ½m is equivalent to absolute irreducibilit y (seeExer-
cise3).

Prop osition 3.2. The multiplicity t is at least 1.

Pro of. Let T ½ End(J ) be the Hecke algebra associated to J . BecauseT ­ Z ` is
an algebra of ¯nite rank over the local ring Z ` , we have a decomposition

T ­ Z ` =
M

¸ j `

T ¸ ;

where ¸ runs through the maximal ideals of T lying over `, and T ¸ denotes the
completion of T at ¸ (see,e.g., [37, Cor. 7.6]). The Tate module

Tate` J := Hom(Q ` =Z ` ; [ n ¸ 1J [`n ]) »= limÃ¡ J [`n ]

is a free Z ` -module of rank equal to twice the dimension of J . For each maximal
ideal ¸ of T lying over `, let e¸ 2 T ­ Z ` denote the corresponding idempotent;
thus e2

¸ = ȩ and
P

¸ j ` ȩ = 1. The map x 7!
P

¸ ȩ x givesa decomposition

Tate` J
»=¡¡ ¡ ¡ ¡!

M

¸ j `

ȩ Tate` J:

The ring End(J ) ­ Z ` operatesfaithfully on Tate` J (see,e.g., [74, Lem. 12.2]),
so each summand e¸ Tate` J is nonzero. Set

Tate¸ J := Hom(Q ` =Z ` ; [ n ¸ 1J [¸ n ]):

We claim that Tate¸ J is identi¯ed with e¸ Tate` J under the natural inclusion
Tate¸ J ½ Tate` J . Denote by ~̧ the maximal ideal in T ­ Z ` generatedby ¸ . Let n
be a positive integer, and let I be the ideal in T ¸ generatedby `n . BecauseT ¸ is
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a local ring with maximal ideal ~̧, there is an integer m such that ~̧m ½ I . SinceI
is principal and generatedby `n , and T acts on ȩ J [`n ] through T ¸ , we have

ȩ J [`n ] = (ȩ J [`n ])[I ] ½ (ȩ J [`n ])[ ~̧m ] ½ (ȩ J [`n ])[¸ m ] ½ J [¸ m ]:

This shows that e¸ Tate` J ½ Tate¸ J . Next suppose¸ 0 6= ¸ and let n be a positive
integer. SinceT ¸ acts on J [¸ n ] through T =¸ n = T ¸ =~̧n , we have ȩ 0J [¸ n ] = 0, so

J [¸ n ] =
X

all ¸ 0

ȩ 0J [¸ n ] = ȩ J [¸ n ]:

The other inclusion Tate¸ J = ȩ Tate¸ J ½ ȩ Tate` J , which we need to prove
equality, then follows.

We apply the above conclusion with ¸ = m. Since Tatem J 6= 0, someJ [mr ]
is nonzero; let r be the smallest such integer. Following [71, p. 112], observe that
for each generating set of elements a1; : : : ; at of the T =m-vector spacemr ¡ 1=mr ,
the map x 7! a1x © ¢¢¢© at x is an injection of the module J [mr ]=J[mr ¡ 1] into the
direct sum of t copiesof J [m]. Thus J [m] is nonzero. ¤

The special caset = 1, in which the multiplicit y is one, plays a central role
in the development of the theory. A detailed summary of multiplicit y one results
can be found in [32, x9], and somesupplementary results are contained in [117,
Thm. 2.1]. In general, the multiplicit y can be greater than one (see[72, x13] and
[63]).

3.3.1. Multiplicit y one represen tations

Let ½: GQ ! GL(2; F ` ) be an irreducible modular Galois representation such that

2 · k(½) · ` + 1:

Consider pairs (N ; ®) where N ¸ 1 is an integer with the property that ` - N if
k(½) = 2 and ` jj N if k(½) > 2, together with maps ® : T N ! F ` , such that
®(Tp) = tr( ½(Frobp)) and ®(phpi ) = det(½(Frobp)) for almost all p. Here T N is
the Hecke algebra associated to S2(¡ 1(N )). Note that if (N ; ®) is such a pair and
m = ker(®), then

½¼ ½m ­ T =m F ` ;

where ® : T =m ,! F ` and ½m is the unique (up to isomorphism) semisimplerepre-
sentation over F ` such that

tr( ½m(Frobp)) = ®(Tp) det(½m(Frobp)) = ®(phpi )

for almost all p.

De¯nition 3.3. ½is a multiplicit y onerepresentation if J1(N )[ker®] hasdimension
2 for all pairs (N ; ®) as above.

Remark 3.4. (1) If J1(N )[ker®] hasdimension2 then ½m = J1(N )[ker®] by
Eichler-Shimura, see[6].

(2) The de¯nition extends to arbitrary modular Galois representations ½as
follows. As explained in Section 2.2, every ½has a twist ½­ Âi by some
power of the cyclotomic character such that k(½­ Âi ) · ` + 1. We say
that ½is a multiplicity one representation if ½­ Âi is a multiplicit y one
representation.
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3.3.2. Multiplicit y one theorems

Techniques for proving multiplicit y one results were pioneeredby Mazur in [71]
who consideredJ0(p) with p prime. Let f bean eigenformand ¯x a nonzeroprime ¸
of the ring generatedby the Fourier coe±cients of f such that ½f ;¸ is absolutely
irreducible. View the Hecke algebraT asa subring of End(J0(p)), and let m be the
maximal ideal associated to f and ¸ . Let Vm againbea two-dimensionalT =m-vector
spacethat a®ords½m : GQ ! GL(2; T =m). Mazur proved (seeProp. 14.2, ibid.)
that J [m] ¼ Vm , except perhapswhen m is ordinary of residuecharacteristic ` = 2.
The missingordinary casecanbe treated under suitable hypothesis. If ½m restricted
to a decomposition group at 2 is not contained in the scalar matrices, then J [m] ¼
Vm (see,e.g., [9, Prop. 2.4]). The results of Mazur are extended in [72] and [84,
x5].

Theorem 3.5. An irr educiblemodular Galois representation½: GQ ! GL2(F ` ) is
a multiplicity one representation, except perhapswhenall of the following hypothesis
on ½are simultaneously satis¯ed:

| k(½) = `;
| ½is unrami¯ed at `;
| ½is ordinary at `;
| ½jD ` » ( ® ¤

0 ¯ ) with ® = ¯ .

Pro of. See[32, x9], [117, Thm. 2.1], and [9, Prop. 2.4] for the case` = 2. ¤

In [46, x12] Gross proves multiplicit y one when ® 6= ¯ , k(½) · `, and ½is
ordinary; he usesthis result in his proof of the existenceof companion forms. In
contrast, Coleman and Voloch [17] prove the existenceof companion forms when
® = ¯ and ` > 2 using a method that avoids the needfor multiplicit y one.

Remark 3.6. L. Kilford of London, England has recently discovered an example
at prime level 503 in which multiplicit y one fails. Let E1, E2, and E3 be the three
elliptic curvesof conductor 503,and for each i = 1; 2; 3, let mi be the maximal ideal
of T ½ End(J0(503)) generatedby 2 and all Tp ¡ ap(E i ), with p prime. Each of the
Galois representations E i [2] is irreducible, and one can check that m1 = m2 = m3.
If multiplicit y one holds, then E1[2] = E2[2] = E3[2] inside of J0(503). However,
this is not the case,as a modular symbols computation in the integral homology
H1(X 0(N ); Z) reveals that E1 \ E2 = f 0g.

3.3.3. Multiplicit y one for mo d 2 represen tations

For future reference,wenow wish to considermultiplicit y onein the following rather
extreme situation. Supposethat ` = 2, and let ½be a mod ` representation arising
from a form of weight either 2 or 3. If the weight is 3 then ½is not ¯nite at 2; this
can be usedto deducemultiplicit y one by adapting the arguments of [72] (seethe
proof of [9, Prop. 2.4]). When the weight is 2, we have the following proposition.

Prop osition 3.7. Let ½: GQ ! GL2(F2) be an irr educible Galois representation
that arises from a weight-2 form f =

P
an qn on ¡ = ¡ 1(N ) \ ¡ 0(2) with N odd,

and let " be the character of f . If a2
2 6´ " (2) 2 F2, then ½is a multiplicity one

representation.
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Pro of. Let m be the maximal ideal associated to f in the Hecke algebra T at-
tached to ¡. Becausethe weight of f is 2, the representation ½is ¯nite at 2. If ½
is supersingular then the inertia group I 2 operates through the two fundamental
characters of level 2. These both have order `2 ¡ 1 = 3 6= 1, so ½is rami¯ed and
this can be used to deduce multiplicit y one. If ½is ordinary then ½jD 2 » ( ® ¤

0 ¯ )
with ¯ unrami¯ed and ¯ (Frob2) ´ T2 mod m. The determinant ®¯ of ½jD 2 is Â ¢"
where Â is the mod 2 cyclotomic character and " is unrami¯ed at 2. Since Â, " ,
and ¯ are unrami¯ed, ® is also unrami¯ed. Since Â(Frob2) = 1 and ®¯ = Â", we
have ®(Frob2) = ¯ ¡ 1(Frob2)" (2) = a¡ 1

2 " (2) (mod m): The further condition, un-
der which we might not know multiplicit y one, is ®jD 2 = ¯ jD 2 ; expressedin terms
of the image of Frobenius, this becomesa¡ 1

2 " (2) ´ a2 (mod m), or equivalently ,
a2

2 ´ " (2) (mod m). By hypothesis, this latter condition doesnot hold. ¤

3.4. The key case

We have set our problem up sothat level optimization pertains to weight-2 forms of
appropriate level, and takesplace on Jacobiansof modular curves. This level opti-
mization problem was described, and partially treated, in a paper of Carayol [12].
In this paper, Carayol reducedthe problem to the following key case.

Key case: Let ½: GQ ! GL(2; F ` ) be a Galois representation that arisesfrom a
weight-2 newform f of level pM , with p - `M , and character " : (Z=pMZ)¤ ! C¤.
Assume that ½ is unrami¯ed at p, and that " factors through the natural map
(Z=pMZ)¤ ! (Z=M Z)¤. Show that ½arisesfrom a form of level M .

In the key case,the character " of f is unrami¯ed at p. Thus f , a priori on
¡ 1(pM ), is also on the bigger group ¡ 1(M ) \ ¡ 0(p); that is, f lies in S2(¡ 1(M ) \
¡ 0(p)).

Example 3.8. Consider the representation ½arising from the 7-division points of
the modular elliptic curve A of conductor NA = 3 ¢47 and minimal discriminant
¢ A = 37 ¢47. (The curve A is labeled 141A in Cremona's notation [20].) The
newform f corresponding to A is on ¡ 0(3¢47). As in Section1.4, sinceord3(¢ A ) = 7,
the representation ½is unrami¯ed at 3 and N (½) = 47. To optimize the level means
to ¯nd a form g on ¡ 0(47) that givesrise to ½.

Example 3.9 (Frey curves). The elliptic curves that Frey associated in [42] to
hypothetical solutions of the Fermat equation x ` + y` = z` give rise to mod ` Galois
representations. According to Wiles's theorem [117], there is a weight-2 form f
of level 2L , with L big and square free, that gives rise to ½. At the same time,
N (½) = 2. Taking p to be any odd prime dividing L , we are put in the key case. If
we can optimize the level, then we eventually reach a contradiction and thus deduce
Fermat's Last Theorem.

The key casedivides into two subcases;the more di±cult one occurs when the
following conditions are both satis¯ed:

| p ´ 1 (mod `);
| ½(Frobp) is a scalar matrix.

The secondcondition makessensebecausep - N (½); sincedet(½(Frobp)) = Âk ¡ 1" ,
we know the scalar up to § 1. The complementary caseis easier;it can be treated



3.5. Approac hes to lev el optimization in the key case 39

using \Mazur's principle" (see Section 3.9). Though Example 3.8 falls into the
easiercasebecause3 6´ 1 (mod 7), the proof of Fermat's Last Theorem requires
level optimization in both cases.

Consider a modular representation ½ : GQ ! GL(2; F ` ) that arises from a
newform of level N and weight k = k(½), and assumethat ` - N . The goal of level
optimization is to show that there is a newform of Serre'soptimal level N (½) that
givesrise to ½.

As discussedin Section 3.1, ½arisesfrom a newform f =
P

an qn on ¡ 1(N ¤)
of weight 2 and some character " . Thus there is a homomorphism ' from O =
Z[: : : an : : :] to F ` such that ' (ap) = tr( ½(Frobp)) for all p - `N ¤. Let T be the Hecke
algebraassociated to S2(¡ 1(N ¤)). The maximal ideal m of T associated to ½is the
kernel of the map sendingTn to ' (an ). As was discussedin the previous chapter,
the representation ½is realizedgeometrically inside the subspaceJ [m] ½ J [`] of the
`-torsion of the Jacobian J of X 1(N ¤).

Problem. Fix a divisor p of N ¤=N (½). Find a newform whoselevel is a divisor of
N ¤=p that also givesrise to ½.

Lemma 3.10. Let ½be as above, and suppose p is a prime such that p j N ¤ but
p - `N (½), so ½is unrami¯ed at p. Let " p denotethe p part of " . Then either " p = 1
or p ´ 1 (mod `).

Pro of. The character " is initially de¯ned as a homomorphism (Z=N ¤Z)¤ ! O¤;
the reduction " is obtained by composing " with ' : O ! F ` . Since½is unrami¯ed
at p, the determinant det(½) = Âk ¡ 1

` " = Â` " is also unrami¯ed at p. BecauseÂ`

is rami¯ed only at `, the character " is unrami¯ed at p. Let M = N ¤=pr where
r = ordp(N ¤), and write (Z=N ¤Z)¤ »= (Z=pr Z)¤ £ (Z=M Z)¤. By restricting " to
each factor, we write " as a product of two characters: " = " p ¢" (p) where "p is
a character of (Z=pr Z)¤ and " (p) is a character of (Z=M Z)¤. The character " (p)

has conductor dividing M , so it is unrami¯ed at p. By class ¯eld theory, " p is
totally rami¯ed at p, so the reduction " is unrami¯ed at p precisely when " p = 1;
equivalently , " is unrami¯ed at p exactly when " p has order a power of `. If " p is
non-trivial, then, sincethe order of " p divides the order pr ¡ 1(p ¡ 1) of a generator
of (Z=pr Z)¤, a power of ` divides pr ¡ 1(p ¡ 1), so p ´ 1 (mod `) since` 6= p. ¤

In addition to his conjectures about the optimal weight and level, Serre also
made a conjecture about the optimal character of a form giving rise to ½. Let p be
a prime not dividing `N (½). Serre's optimal character conjecture implies that ½,
which we know to arise from a form on ¡ 1(M ) \ ¡ 1(pr ), arises from a form on
¡ 1(M ) \ ¡ 0(pr ), and this has beenproved in most cases.

3.5. Approac hes to lev el optimization in the key case

As discussedin Section 3.4, results of Carayol and Livn¶e (see[12, 70]) reducethe
level optimization problem to the following key case. The weight-2 newform f , a
priori on ¡ 1(N ¤), is in fact on the bigger group ¡ 1(M ) \ ¡ 0(p), where M p = N ¤,
p - M , and ½is unrami¯ed at p. The goal is to show that ½arisesfrom a newform
on ¡ 1(M ). This has beenachieved when ` is odd, and in many caseswhen ` = 2,
using several level optimization techniques.
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I. Mazur's principle
If either ½(Frobp) is not a scalar matrix or p 6´ 1 (mod `), then an ar-
gument of Mazur, explained in Section 3.9, can be used to optimize the
level.

I I. Multiplicit y one
It is possibleto optimize the level if ½is a multiplicit y onerepresentation,
as explained in [84, 9] and Section 3.11. The casesin which multiplicit y
one is known were reviewed in Section 3.3. In particular, we do not know
multiplicit y one in somecaseswhen k(½) = ` and the eigenvaluesof Frobp

are not distinct.
I I I. Using a piv ot

Supposethat M can be written asa product M = qK with q a prime not
dividing pK , that ½arisesfrom a form on ¡ 1(K ) \ ¡ 0(pq), and that ½is
rami¯ed at q and unrami¯ed at p. Then q can be used as a \piv ot" to
remove p from the level. This approach grew out of [83], and was intro-
duced in the short paper [86]. In Section 3.10 we describe the approach
and discussthe terminology.

IV. Without multiplicit y one
When ` is odd and " = 1, the level optimization theorem was proved
in [87] using an argument that does not require ½to have multiplicit y
one. The hypothesis ` 6= 2 is used in the proof of Proposition 7.8 of [87]
to force splitting of a short exact sequence.In [26], Diamond extended
the results of [87] to cover the case of arbitrary character, still under
the assumption that ` is odd. One encounters seemingly insurmountable
di±culties in trying to push this argument through when ` = 2.

3.6. Some comm utativ e algebra

In this section we set up someof the commutativ e algebra that is required in order
to lower levels. There are two injective maps

S2(¡ 1(M ))
ÂÄ //
ÂÄ //S2(¡ 1(M ) \ ¡ 0(p)) :

One is the inclusion f (q) 7! f (q) and the other is f (q) 7! f (qp) (seeExercise18).
The p-new subspace S2(¡ 1(M ) \ ¡ 0(p)) p-new is the complement, with respect to
the Petersson inner product, of the subspaceS generated by the two images of
S2(¡ 1(M )). The p-new subspacecan also be de¯ned algebraically as the kernel
of the natural map from S2(¡ 1(M ) \ ¡ 0(p)) to the direct sum of two copies of
S2(¡ 1(M )).

Let T denotethe Hecke algebraacting on S2(¡ 1(M ) \ ¡ 0(p)). If p - M , then Tp

acts on S as a direct sum of two copiesof its action on S2(¡ 1(M )); otherwise, Tp

usually does not act diagonally (seeExercise19). The image of T in End(S) is a
quotient T called the p-new quotient. A representation ½associated to a maximal
ideal m of T arisesfrom level M if and only if m arisesby pullback from a maximal
ideal of T . Becausethe map T ! T is surjective, m arisesfrom level M if and only
if the image of m inT is not the unit ideal (seeExercise21).

3.7. Aside: Examples in characteristic two

Sections3.7 and 3.8 can be safely skipped on a ¯rst reading.
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To orient the reader, we focus for the moment on mod 2 representations that
arise from elliptic curves. We give examplesin which oneof the level optimizations
methods applies but the others do not. We do not consider method IV because
it is not applicable to mod 2 representations. The hypothesis of the \m ultiplicit y
one" method I I when ` = 2 are discussedafter the statement of Theorem 3.19
in Section 3.11. We were unable to ¯nd an example in which none of the level
optimization theoremsapplies.

We will repeatedly refer to the following theorem, which ¯rst appearedin [85].

Theorem 3.11. Suppose ½arises from a newform in S2(¡ 0(N )) . Let p - `N be a
prime satisfying one or both of the identities

tr ½(Frobp) = § (p + 1) (mod `):

Then ½arises from a newform of level pN .

3.7.1. I I I applies but I and I I do not

In this section we give a mod 2 representations in which the pivot hypothesis of
I I I is satis¯ed, but the hypothesesof I and I I are not. Our example is obtained
by applying Theorem 3.11 to the mod 2 representation attached to a well-chosen
elliptic curve.

We will ¯nd an elliptic curve E of conductor M = qR such that ½ = E[2]
is absolutely irreducible, rami¯ed at q, unrami¯ed at 2, and ½(Frob2) = ( 1 0

0 1 ).
Becauseof the last condition, [9, Prop. 2.4] doesnot imply that ½is a multiplicit y
one representation, so I I does not apply. (In fact, following Remark 3.6, one sees
that ½is not a multiplicit y one representation.) Likewise,I doesnot apply because
½(Frob2) is a scalar and the p we will chosewill satisfy p ´ 1 (mod 2). Next we
choose a prime p - 2qR such that ½E ;2(Frobp) = ( 1 0

0 1 ). Let f be the newform
associated to E . By Theorem 3.11 there is a newform g of level pqR such that

½g;¸ ¼ ½E ;2:

In particular,
½g;¸ (Frobp) = ½E ;2(Frobp) = ( 1 0

0 1 )
is scalar and p ´ 1 (mod 2), so I doesnot apply. However, method I I I doesapply
with q usedas a pivot.

For example, consider the elliptic curve E de¯ned by the equation

y2 + xy = x3 ¡ x2 + 19x ¡ 32:

The conductor of E is N = 19¢109, and the discriminant of the ¯eld K = Q(E[2])
is ¡ 193 ¢1093. We selectq = 19 as our pivot. The prime p = 73 splits completely
in K , so

½E ;2(Frobp) =
µ

1 0
0 1

¶
:

By Theorem 3.11 there is a form g of level 109¢19 ¢73 that is congruent to the
newform f attached to E modulo a prime lying over 2. Method I I I can be usedto
optimize the level, but neither method I nor I I applies.

3.7.2. I I applies but I and I I I do not

We exhibit a mod 2 representation for which method I I can be used to optimize
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Figure 1. The spectrum of T ½ End(S2 (¡ 0 (33))), with x = T3

the level, but neither method I nor I I I applies. Let K be the GL2(F2)-extension
of Q obtained by adjoining all cube roots of 2. Then K = Q(E[2]), where E is the
elliptic curve X 0(27) given by the equation y2 + y = x3 ¡ 7. The prime p = 31
splits completely in K , soby Theorem 3.11 there is a newform f of level 31¢27 and
a maximal ideal ¸ of the appropriate Hecke algebra such that ½f ;¸ ¼ E[2]. Neither
method I nor I I I can be usedto optimize the level of ½f ;¸ . Method I doesn't apply
because31 is odd and ½f ;¸ (Frob31) = ( 1 0

0 1 ); method I I I doesn't apply becausethe
only odd prime that is rami¯ed in K is 3, which doesnot exactly divide 31¢27. If
D2 is a decomposition group at 2 then D 2 has image in GL2(F2) of order 2, so it
is not contained in the scalar matrices and I I can be used to optimize the level of
½f ;¸ .

3.8. Aside: Sketching the spectrum of the Hecke algebra

It is helpful to understand the Hecke algebra geometrically using the languageof
schemes(see,e.g., [38]). The topological spaceunderlying the scheme Spec(T ) is
the set of prime ideals of T endowed with the Zariski topology, in which the closed
setsare the set of prime ideals containing a ¯xed ideal.

We can draw Spec(T ) by sketching a diagram whose irreducible components
correspond to the Galois conjugacy classesof eigenforms,and whoseintersections
correspond to congruencesbetweeneigenforms.When the level is not cube free, T
can contain nilpotent elements, and then one might wish to include additional
information. If

P
an qn is an eigenform, then the failure of Z[: : : an : : :] to be in-

tegrally closedcan be illustrated by drawing singular points on the corresponding
irreducible component; however, we do not do this below.

Example 3.12. The spectrum of the Hecke algebra associated to ¡ 0(33) is illus-
trated in Figure 1. The Hecke algebra T ½ S2(¡ 0(33)) has discriminant ¡ 99, as
doesthe characteristic polynomial of T3, so

T = Z[T3]=((T3 + 1)(T2
3 + T3 + 3)) »= Z[x]=((x + 1)(x2 + x + 3)):

We sketch a curve corresponding to each of the two irreducible components. Some
of the closed points (maximal) ideals are represented as dots. One component
corresponds to the unique newform on ¡ 0(33), and the other corresponds to the
two imagesof the newform on ¡ 0(11).
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Example 3.13. Figure 2 is a diagram of the Hecke algebraassociated to S2(¡ 0(3 ¢
47)). We have labeled fewer closedpoints than in Figure 1. The components are
labeled by their isogeny class and the level at which they are new (the notation
extends that of [20]). The component labeled 141F corresponds to an eigenform
whoseFourier coe±cients generatea quadratic extensionof Q.

The newform corresponding to the elliptic curve A from Example 3.8 is la-
beled 141A . Geometrically, the assertion that the level of ½A; 7 can be optimized
is represented by the characteristic-7 intersection between the component labeled
141A and the old component 47A coming from the unique Galois conjugacy class
of newforms on ¡ 0(47).

3.9. Mazur's principle

A principle due to Mazur can be usedto optimize the level in the key case,provided
that a mild hypothesis is satis¯ed. The principle applies whenever p 6´ 1 (mod `)
and alsoin the casewhen p ´ 1 (mod `) but ½(Frobp) is not a scalar. This principle
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¯rst appeared in [84, x6], then in [26, x4], and most recently when ` = 2 in [9,
pg. 7].

Theorem 3.14 (Mazur's Principle) . Supposethat ½: GQ ! GL(2; F ` ) arises from
a newform f of weight 2 and level M p, with p - M , and character " of conductor
dividing M . Assume that ½is unrami¯ed at p and that either ½(Frobp) is not a
scalar matrix or p 6´ 1 (mod `). Then ½arises from a modular of level dividing M .

We will require the following basic fact later in the proof.

Lemma 3.15 (Li) . Let f =
P

an qn be a newform on ¡ 1(M ) \ ¡ 0(p) of weight k.
Then a2

p = "(p)pk ¡ 2:

Pro of. Li's proof is an easyapplication of her generalization to ¡ 1 of the Atkin-
Lehner theory of newforms [69, Thm. 3(iii)]. The newform f is an eigenvector for
the operator Wp which is de¯ned on Sk (¡ 1(M ) \ ¡ 0(p)) by

Wp(f ) = pk=2f
µ

apz + b
M pz + p

¶
;

where a and b are integerssuch that ap2 ¡ bMp = p. By [69, Lem. 3],

g := Tp(f ) + pk=2¡ 1Wp(f )

lies in Sk (¡ 1(M )) : For all primes q - M p, the eigenvalue of Tq on the oldform g
is the sameas the eigenvalue of Tq on the newform f , so g = 0. By [69, Lem. 2]
Wp

2(f ) = " (p)f , so a2
p = "(p)pk ¡ 2. ¤

Remark 3.16. The caseof Lemma 3.15 that we will needcan also be understood
in terms of the local representation ½jGp , which resembles the mod ` representation
attached to a Tate curve, in the sensethat ½jGp » ( ®Â ¤

0 ® ). Our hypothesis include
the assumption that ½ is unrami¯ed at p, so the two characters ®Â and ® are
unrami¯ed at p. Thus ®(Frobp) makes sense; we have ®(Frobp) = ap(f ) and
®Â(Frobp) = ap(f )p. Sincedet(½jGp ) = ®2Â = "Â, we seethat

a2
p = "(p):

This local analysisof ½was vastly generalizedby Langlands in [67], which extends
the analysis to include many `-adic representations of possibly higher weight. See
also [13].

Let T be the Hecke algebra associated to ¡ 1(M ) \ ¡ 0(p), and let m be the
kernel of the following map T ! F ` :

0 ¡ ! m ¡ ! T
Tn 7! an ; hdi7! " (d)
¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ! F ` :

As in Lemma 3.1, the determinants and traces of elements in the image of ½= ½m

lie in T =m ½ F ` , so there is a vector spaceV ¼ (T =m)© 2 that a®ords½m .
Next we realize ½m as a group of division points in a Jacobian. The curve

X 1(M p) corresponding to ¡ 1(M p) covers the curve X 1(M ; p) corresponding to
¡ 1(M ) \ ¡ 0(p). The induced map J = Jac(X 1(M ; p)) ! J1(M p) = Jac(X 1(M p))
has a ¯nite kernel on which the Galois action is abelian.

Just as in Section 2.3.1.1, the Hecke algebra associated to ¡ 1(M ) \ ¡ 0(p), can
be constructed as a ring of correspondenceson X 1(M ; p), then viewed as a subring
T ½ EndQ (J ). Inside of J we ¯nd the nonzero GQ -module J [m] ¼ ©t

i =1 V. For
the purposesof this discussion,we do not need to know that J [m] is a direct sum
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of copiesof V . The following weaker assertion,known long ago to Mazur [71, x14,
pg. 112], will su±ce: J [m] is a successiveextension of copies of V . In particular,
V ½ J [m]. A weaker conclusion, true since` 2 m, is that V ½ J [`],

Our hypothesisthat ½is unrami¯ed at p translates into the inclusion V ½ J [`]I p ,
where I p is an inertia group at p. By [104, Lem. 2], if A is an abelian variety
over Q with good reduction at p, then A[`]I p »= AF p [`]. However, the modular
curve X 1(M ; p) has bad reduction at p, so J is likely to have bad reduction at p|
in this caseit does. We are led to consider the N¶eron model J of J (see, e.g.,
[5]), which is a smooth commutativ e group schemeover Z satisfying the following
property: the restriction map HomZ (S; J ) ¡ ! HomQ (SQ ; J ) is bijective for all
smooth schemesS over Z. Passingto the scheme-theoreticclosure,we have, inside
of J , a two-dimensionalT =m-vector spaceschemeV.

In Section2.3.1.1we only de¯ned X 1(M ; p) asa schemeover Z[1=M p]. Deligne
and Rapoport [25] extended X 1(M ; p) to a scheme over Z[1=M ] and computed
the reduction modulo p. The intro duction to [62] contains a beautiful historical
discussionof the di±culties involved in extending modular curvesover Z.

We know a great deal about the reduction of X 1(M ; p) at p, which is frequently
illustrated by the squiggly diagram in Figure 3. This reduction is the union of 2
copiesof X 1(M )F p intersecting transversely at the supersingular points.

The subspaceS2(¡ 1(M )) © S2(¡ 1(M )) of S2(¡ 1(M ) \ ¡ 0(p)) is stable under
the Hecke algebra T , so there is a map T ! End(S2(¡ 1(M )) © S2(¡ 1(M ))). The
p-old quotient of T is the image T . Sincethe map T ! T is surjective, the image
of m in T is an ideal m. To optimize the level in the key caseamounts to showing
that m is not the unit ideal.

As is well known (cf. [71, Appendix, Prop 1.4]), the results of M. Raynaud [82]
and Deligne-Rapoport [25] combine to produce an exact sequence

(3.1) 0 ¡ ! T ¡ ! J 0
F p

¡ ! J1(M )F p £ J1(M )F p ¡ ! 0;

where T is a torus, i.e., TF p
¼ G m £ ¢¢¢£ G m , and J 0

F p
is the identit y component

of J F p . There is a concretedescription of T and of the maps in the exact sequence.
Each object in the sequenceis equipped with a functorial action of the Hecke
algebraT , and the sequenceis T -invariant. The p-old quotient T can be viewed as
coming from the action of T on J1(M )F p £ J1(M )F p .

By a generalizationof [104, Lem. 2], the reduction map J (Qp)[`]I p ! J F p (Fp)
is injective. Thus V = VF p (Fp) ½ J F p (Fp). The component group © = J F p =J 0

F p
is

Eisenstein, in the sensethat it doesnot contain irreducible representations arising
from eigenforms.SinceV is irreducible, as a Galois module © doesnot contain an
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isomorphic copy of V , so VF p ½ J 0
F p

and we have the following diagram:

0 //T //J 0
F p

//J1(M )F p £ J1(M )F p
//0:

VF p

__

?Â

OO 88ppppppppppppp

Sincem acts as0 on V , the imagem of m acts as0 on the imageof V in J1(M )F p £
J1(M )F p . If m 6= (1) then we can optimize the level, so assumem = (1). Then the
image of V in J1(M )F p £ J1(M )F p is 0, so VF p ,! T .

Let Xp(J ) := Hom(T ; G m ) be the character group of T . The action of T
on T induces an action of T on Xp(J ). Furthermore, Xp(J ) supports an action
of Gal(Fp=Fp) which, becausetori split over a quadratic extension,factors through
the Galois group of F p2 . View the Galois action as an action of Frobp 2 Dp =
Gal(Qp=Qp). With our conventions, the action of Frobenius on the torus is as
follows (cf. [26, pg. 31]).

Lemma 3.17. The Frobenius Frobp acts as pTp on T (Fp).

Make the identi¯cation T »= HomZ (Xp(J ); G m ), so that

V ½ T (Fp)[`] = HomZ (Xp(J ); ¹ ` ):

By Lemma 3.17, Frobp acts on V ½ T (F p) as pap 2 T =m, i.e., as a scalar. The
determinant of ½is Â", so we have simulatenously

det(½(Frobp)) =

(
p"(p) and
(pap)2:

By Lemma 3.15, a2
p = "(p), so p2 ´ p (mod `). Sincep 6= `, this can only happen

if p ´ 1 (mod `), which completesthe proof.

3.10. Lev el optimization using a piv ot

In this section we discussan approach to level optimization that does not rely on
multiplicit y one results. In this approach, we eliminate a prime p from the level by
making useof the rational quaternion algebra that is rami¯ed preciselyat p and at
a secondprime q. The latter prime is, in the simplest case,an appropriate prime
number at which ½rami¯es; in more complicated cases,it is an \auxiliary" prime
at which ½is unrami¯ed. The central role of q in the argument, and the fact that q
stays ¯xed in the level while p is removed, leadsus to refer to q as a \piv ot."

The following theorem ¯rst appearedin [86].

Theorem 3.18. Let ½: GQ ! GL(2; F ` ) be an irr educible continuous represen-
tation that arises from an eigenform f on ¡ 1(K ) \ ¡ 0(pq) with p and q distinct
primes that do not divide `K . Make the key assumption that the representation½
is rami¯ed at q and unrami¯ed at p. Then ½arises from a weight-2 eigenform on
¡ 1(K ) \ ¡ 0(q).

The case` = 2 is not excluded from consideration.
Before sketching the proof, we describe a famous application. Edixhoven sug-

gestedto the ¯rst author that such an approach might be possiblein the context of
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Fermat's Last Theorem. We associate to a (hypothetical) solution a` + b̀ + c` = 0 of
the Fermat equation with ` > 3 a Galois representation E [`] attached to an elliptic
curve E. A theorem of Mazur implies that this representation is irreducible; a the-
orem of Wiles implies that it arisesfrom a modular form. Using Tate's algorithm,
we ¯nds that the discriminant of E is ¢ E = (abc)2`

28 , which is a perfect `th power
away from 2, and that the conductor of E is NE = rad(abc) =

Q
pjabc p. Let q = 2;

then E[`] is rami¯ed at q becausè - ord2(¢ E ) = ¡ 8 (seeTheorem 2.10), but E [`]
is unrami¯ed at all other primes p, again by Theorem 2.10. To complete the proof
of Fermat Last Theorem, we useq = 2 as a pivot and inductiv ely remove each odd
factor from N . One complication that may arise (the secondcaseof Fermat Last
Theorem) is that ` j N . Upon removing ` from the level (using Section 3.1), the
weight may initially go up to ` + 1. If this occurs, since k(½) = 2 we can use [32]
to optimize the weight back to 2.

As demonstrated by the application to Fermat, in problems of genuine interest
the setup of Theorem 3.18 occurs. There are, however, situations in which it does
not apply such asthe recent applications of level optimization asa key ingredient to
a proof of Artin's conjecturefor certain icosahedralGalois representations (see[10]).

3.10.1. Shim ura curv es

We cannot avoid considering Shimura curves. Denote by X (K ; pq) the modular
curve associated to ¡ 1(K ) \ ¡ 0(pq) and let J := Jac(X (K ; pq)) be its Jacobian.
Likewise,denote by X pq(K ) the Shimura curve associated to the quaternion alge-
bra of discriminant pq. The curve X pq(K ) is constructed as follows. Let B be an
inde¯nite quaternion algebra over Q of discriminant pq. (Up to isomorphism, B
is unique.) Let O be an Eichler order (i.e., intersection of two maximal orders) of
level K (i.e., reduceddiscriminant K pq) in B . Let ¡ 1 be the group of elements of O
with (reduced)norm 1. After ¯xing an embeddingB ! M (2; R ) (an embeddingex-
ists becauseB is inde¯nite), we obtain in particular an embedding ¡ 1 ,! SL(2; R )
and therefore an action of ¡ 1 on the upper half-plane h. Let X pq(K ) be the
standard canonical model, over Q, of the compact Riemann surface¡ 1 nh, and let
J 0 = Jac(X pq(K )) denote its Jacobian. The curve X pq(K ) is furnished with Hecke
correspondencesTn for n ¸ 1. We write Tn for the endomorphismof J induced by
the Tn on X pq(K ) via Pic functorialit y.

Set J 0 := Jac(X pq(K )) and J := Jac(X (K ; pq)). Work of Eichler, Jacquet-
Langlands, and Shimura (see[36, 51, 106]) has uncovered a deepcorrespondence
betweencertain automorphic forms and certain cusp forms. Combining their work
with the isogeny theorem of Faltings [40], we ¯nd (noncanonically!) a map J 0 ! J
with ¯nite kernel.

The pq-new part of J is Jpq -new := ker(J (K ; pq) ¡ ! J (K ; p)2 © J (K ; q)2) where
the map is induced by Albanesefunctorialit y from the four maps

X (K ; pq) ////X (K ; p) and X (K ; pq) ////X (K ; q):

The image of J 0 ! J is the pq-new part of J .

3.10.2. Character groups

Amazingly, there seemsto be no canonical map J 0 ! J between the Shimura
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and classicalJacobiansdescribed in the previous section. Surprisingly, there is a
canonical relationship between the character groups of J 0 and J . The ·Cerednik-
Drinfeld theory gives a description of X pq(K ) in characteristic p (see [14, 30]).
Using this we ¯nd a canonical T -equivariant exact sequence

(3.2) 0 ! Xp(J 0) ! Xq(J ) ! Xq(J 00) ! 0

where J 00 = Jac(X (K ; q))2. This exact sequencerelates a character group \in
characteristic p" to two character groups\in characteristic q". Wearenow prepared
to prove the theorem.

3.10.3. Pro of

Pro of of Theorem 3.18. By our key assumption, the representation ½is rami¯ed
at q, so m ½ T is not q-old. We may as well supposewe are in a situation where
we can not optimize the level, so we assumethat m is not p-old either and hope for
a contradiction.

Localization is an exact functor, so the localization

(3.3) 0 ¡ ! Xp(J 0)m ¡ ! Xq(J )m ¡ ! Xq(J 00)m ¡ ! 0

of (3.2) is also exact. The Hecke algebra T acts on Xq(J 00) through a quotient T .
Since m is not q-old, the image of m in T generatesthe unit ideal. Therefore
Xq(J 00)m = 0 and we obtain an isomorphism Xp(J 0)m ¼ Xq(J )m . If R is a T -
module then R=mR = Rm=mRm so

(3.4) Xq(J )=mXq(J ) ¼ Xp(J 0)=mXp(J 0):

Switching p and q and applying the sameargument shows that

(3.5) Xp(J )=mXp(J ) ¼ Xq(J 0)=mXq(J 0):

Both (3.4) and (3.5) are isomorphismsof T =m-vector spaces.
By [6] we have an isomorphism J [m] ¼

L ¸
i =1 V, with ¸ > 0 and J 0[m] ¼L º

i =1 V. (It follows from [51] that º > 0, but we will not use this here.) Our
hypothesisthat V is unrami¯ed automatically propagatesto all of J [m] ¼

L ¸
i =1 V.

SinceV is irreducible and we are assumingthat m is not p-old, the sameargument
as in Section 3.9 shows that J [m] ½ T [m] where T is the toric part of J F p . This
meansthat dim(Xp(J )=mXp(J )) ¸ 2¸ . Using the sameargument with J replaced
by J 0 givesthat dim(Xp(J 0)=mXp(J 0)) ¸ 2¹ .

As an I q-module V is an extension of two copiesof the trivial character. This
follows from results of Langlands [67], since ½is a mod ` representation of GQ

associated to somenewform f whoselevel divides pqK and is divisible by q. (The
admissible representation of GL(2; Qq) which is associated to f is a special rep-
resentation.) BecauseV is rami¯ed at q and there is an unrami¯ed line, we see
that dim(V I q ) = 1. Thus dim J [m]I q = ¸ ; sinceq 6= ` and the action of inertia on
character groups is trivial, we seethat

Hom(Xq(J )=mXq(J ); ¹ ` ) ½ J [m]I q ;
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so dim Xq(J )=mXq(J ) · ¸ . A similar argument bounds dim Xq(J 0)=mXq(J 0). We
obtain the following quadruple of inequalities:

dim Xq(J )=mXq(J ) · ¸;

dim Xq(J 0)=mXq(J 0) · ¹;

dim Xp(J )=mXp(J ) ¸ 2¸;

dim Xp(J 0)=mXp(J 0) ¸ 2¹:

Combining thesewith (3.4, 3.5), we ¯nd that

2¸ · dim Xp(J )=mXp(J )

= dim Xq(J 0)=mXq(J 0)

· ¹

and simulatenously that 2¹ · ¸ . Together these imply that 4¸ · ¸ so ¸ = 0. But
Proposition 3.2 implies that the multiplicit y of ½in J [m] is strictly positive. This
contradiction implies that our assumption that m is not p-old is false, hencem is
p-old and ½arisesfrom an eigenformon ¡ 1(K ) \ ¡ 0(q). ¤

3.11. Lev el optimization with multiplicit y one

Theorem 3.19. Suppose ½ : GQ ! GL2(F ` ) is an irr educible multiplicity one
representation that arises from a weight-2 newform f on ¡ 1(M ) \ ¡ 0(p) and that p
is unrami¯ed. Then there is a newform on ¡ 1(M ) that also givesrise to ½.

We sketch a proof, under the assumption that ` > 2. Buzzard [9] has given a
proof when ` = 2; his result has been combined with the results of [28] to prove
a Wiles-like lifting theorem valid for many representations when ` = 2, and hence
(thanks to Taylor) to establish new examplesof Artin's conjecture (see[10]).

The following diagram illustrates the multiplicit y one argument:

M pq
pivot ///o/o/o/o/o/o/o/o/o/o/o M q

easy

!!!a
!a!a!a!a

M p

level addition
<<<|<|<|<|<|

M :

The pivot step is potentially the hardest; though it resembles the pivot step of
Section 3.10, but the symmetry is broken. In Section 3.10 we knew that q could
not be removed from the level, but here q can be.

We manufacture q as follows. Pick q to be one of the (in¯nitely many) primes
not dividing M p` such that the following conditions both hold:

(1)

(
½(Frobq) is not a scalar, or
q 6´ 1 (mod `):

(2)

(
the ratio of the eigenvaluesof

½(Frobq) is either q or 1=q.

The secondcondition meansthat the characteristic polynomial of ½(Frobq) is of the
form (x ¡ a)(x ¡ qa) for somea 2 F

¤
` .
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Lemma 3.20. There are in¯nitely many primes q that simultaneously satisfy both
of the two conditions listed above.

Pro of. First assumethat ` > 2. Using the Cebotarev density theorem, ¯nd in¯n-
itely many primes q such ½(Frobq) = ½(c) where c denotescomplex conjugation.
The eigenvaluesof ½(c) are 1 and ¡ 1 (Exercise 8), so their ratio is ¡ 1. This ratio
is equal to q because

¡ 1 = Â(c) = det(½(Frobq)) = Â(Frobq) ´ q (mod `);

and q 6´ 1 (mod `) becausè is odd.
Next assumethat ` = 2. Because½is irreducible, the image½(GQ ) ½ GL(2; F 2)

has even order. After a possible change of basis we ¯nd ( 1 1
0 1 ) 2 ½(GQ ). Using

Cebotarev density, we ¯nd in¯nitely many q with ½(Frobq) conjugate to ( 1 1
0 1 ). For

such q, condition (1) is satis¯ed. Condition (2) is also satis¯ed becausethe ratio
of the eigenvalues is 1 which, becauseq is an odd prime, is congruent to q modulo
` = 2. ¤

Sketch of pro of of Theorem 3.19. Choose q as in Lemma 3.20. With q thus
chosen,wecanraisethe level. More precisely, there existsa pq-newform on ¡ 1(M )\
¡ 0(pq). We illustrate this as follows.

(M ; pq)
ª goal

$$II
III

III
I

(M ; p)
5
raise

::uuuuuuuuu
(M ; q) Â Mazur (condition 1) //M

We underline pq to emphasizethat the situation at level (M ; pq) is symmetrical
in p and q.

Let J = J (M ; pq); there is a maximal ideal m in T = Z[: : : Tn : : :] ½ End J
attached to the pq-newform f that gives rise to ½. Applying the multiplicit y one
hypothesis at level M pq, we have J [m] = V where V is a T =m-vector spacethat
supports ½. In everything so far, M can be divisible by 2; the distinction between
whether or not 2 divides M arisesmainly in verifying the multiplicit y one hypoth-
esis.

Let J 0 = J pq(M ) be the Shimura curve analogueof J1(M ). As described in
Section 3.10, J 0 is constructed in a similar manner as J1(M ), but with M 2(Q)
replacedby a quaternion algebra. Of primary importance is that J 0[m] ¼

L º
i =1 V,

for someº ¸ 1. This follows morally because½arisesfrom a pq-new form, though
the actual argument is quite involved.

Assume that we cannot optimize the level. We have an exact sequenceof
character groups

0 ¡ ! Xp(J 0) ¡ ! Xq(J ) ¡ ! Xq(J (M ; q)2) ¡ ! 0:

After localizing at m as in (3.3), we discover that

(3.6) dimT =m Xp(J 0)=mXp(J 0) = dimT =m Xq(J )=mXq(J ):

Furthermore, sincethe component group of J 0 at p is a quotient of Xq(J (M ; q)2), we
¯nd that V ,! (J 0[m]I p )toric : Thus dim Xp(J 0)=mXp(J 0) ¸ 2, so (3.6) implies that
dim Xq(J )=mXq(J ) ¸ 2. The endomorphismFrobq actsasa scalar(cf. Lemma3.17)
on

J [m]toric = Hom(Xq(J )=mXq(J ); ¹ ` ):



3.11. Lev el optimization with m ultiplicit y one 51

Furthermore, J [m]toric ½ J [m] and both J [m]toric and J [m] have dimension 2, so
Frobq acts asa scalaron J [m]. If q 6´ 1 (mod `) then wecould useMazur's principle
to optimize the level, soby condition 1 we may assumethat ½(Frobq) is not a scalar.
This contradiction completesthe sketch of the proof. ¤





CHAPTER 4

Exercises

The following exerciseswere used in the Park Cit y problem sessions. D. Savitt,
K. Kedlaya, and B. Conrad contributed someof the problems. In Section 4.2, we
provide several solutions, many of which weresuggestedby students in the problem
sessions.The solution of someof the problems in this section requiresfacts beyond
those stated explicitly in this paper.

4.1. Exercises

Exercise 1. Suppose ½: Gal(Q=Q) ! F ¤
` is a one-dimensionalcontinuous odd

Galois representation.

(1) Give an example to show that ½neednot be a power of the mod ` cyclo-
tomic character.

(2) Assume that ½is unrami¯ed outside `. Deduce that ½is a power of the
mod ` cyclotomic character.

Exercise 2. The principal congruencesubgroup¡( N ) of level N is the kernelof the
reduction map SL(2; Z) ! SL(2; Z=N Z). The subgroup ¡ 1(N ) consistsof matrices
of the form ( 1 ¤

0 1 ) modulo N . Let ¡ ½ SL(2; Z) be a subgroup that contains ¡( N )
for someN . Show that there exists g 2 GL(2; Q) such that the conjugate g¡ 1¡ g,
which is a subgroup of GL(2; Q), contains ¡ 1(N 2).

Exercise 3. Let k be a ¯nite ¯eld of characteristic greater than 2, and consideran
odd representation ½: GQ ! GL(2; k). Prove that ½is irreducible if and only if ½
is absolutely irreducible. (A representation is absolutely irreducible if it remains
irreducible after composing with the embedding GL(2; F ` ) ,! GL(2; F ` ).) Give an
example to show that this assertion is false when k has characteristic 2.

Exercise 4. Let A=Q be an elliptic curve. Show that the group of Q-rational
endomorphisms End(A) of A is equal to Z; that is, integer multiplications are
the only Q-rational endomorphismsof A. Assumefurther that A is isolated in its
isogeny class,in the sensethat if B is an elliptic curve that is isogenousto A over Q,
then A and B are isomorphic over Q. Show that, for every prime number `, the
representation

½̀ : Gal(Q=Q) ! Aut (A[`]) ¼ GL(2; F ` )

is irreducible. Must ½̀ be absolutely irreducible?

Exercise 5. Let A=Q be an elliptic curve and assumethat for all ` the represen-
tation ½: Gal(Q=Q) ! Aut( A[`]) is irreducible. Deduce that A is isolated in its
isogeny class. This is the converseof Exercise4.

53
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Exercise 6. Suppose½: Gal(Q=Q) ! GL(2; F ` ) arises from the `-torsion of an
elliptic curve. Verify, using standard properties of the Weil pairing, that det(½) is
the mod ` cyclotomic character.

Exercise 7. Let f 2 Sk (¡ 1(N )) be a modular form that is an eigenformfor all the
Hecke operators Tp and for the diamond bracket operators hdi . Let

" : (Z=N Z)¤ ! C¤

be the character of f , so hdi f = " (d)f for all d 2 (Z=N Z)¤.
(1) Show that f satis¯es the following equation:

for any
¡

a b
c d

¢
2 ¡ 0(N ),

f (z) = "(d)(cz + d)¡ k f
³ az + b

cz + d

´
:

(2) Conclude that " (¡ 1) = (¡ 1)k .
(3) Choosea prime ` and let ½be one of the mod ` Galois representations

associated to f . Wehavedet(½) = " ¢Âk ¡ 1 whereÂ is the mod ` cyclotomic
character. Deduce that ½is odd, in the sensethat det(½(c)) = ¡ 1 for c
complex conjugation.

Exercise 8. Let ½: GQ ! GL(2; F ` ) be an odd Galois representation, and let
c 2 GQ denote complex conjugation.

(1) Prove that if ` 6= 2 then ½(c) is conjugate over F ` to the matrix
¡

¡ 1 0
0 1

¢
.

(2) Give an example to show that when ` = 2, the matrix ½(c) need not be
conjugate to

¡
¡ 1 0

0 1

¢
.

Exercise 9. Show that there exists a non-continuous homomorphism

½: Gal(Q=Q) ! f§ 1g

where f§ 1g has the discrete topology; equivalently , that there is a non-closedsub-
group of index two in Gal(Q=Q). To accomplish this, you must produce a map
½: Gal(Q=Q) ! f§ 1g such that

(1) ½is a homomorphism, and
(2) ½doesnot factor through Gal(K =Q) for any ¯nite Galois extensionK =Q.

Exercise 10. A potential di±cult y is that a representation ½arising from a mod-
ular form sometimestakesvaluesin a slightly smaller ¯eld than O=¸ . For example,
let f be one of the two conjugate normalized eigenformsin S2(¡ 0(23)). Then

f = q + ®q2 + (¡ 2®¡ 1)q3 + (¡ ®¡ 1)q4 + 2®q5 + ¢¢¢

with ®2 + ® ¡ 1 = 0. The coe±cients of f lie in O = Z[®] = Z[ 1+
p

5
2 ]: Take ¸ to

be the unique prime of O lying over 2; then O=¸ »= F4, so ½f ;¸ is a homomorphism
into GL(2; F4). Show that if p 6= 2 then ap 2 Z[

p
5], so that ½f ;¸ possessesa model

over GL(2; F2).

Exercise 11. Let A=Q be an elliptic curve and ` 6= 2 be a prime.
(1) Prove that the ¯eld Q(A[`]) generatedby the coordinates of the points in

A[`] is strictly larger than Q.
(2) Given an exampleof an elliptic curve A such that Q(A[2]) = Q.

Exercise 12. Let A be an elliptic curve over Q de¯ned by a Weierstrassequation
y2 = x3 + ax + b with a;b 2 Q.
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(1) Describe the Galois representation

½= ½A; 2 : GQ ! GL(2; F2):

(2) Give necessaryand su±cient conditions for ½to be reducible.
(3) Choosea prime p, and give an example in which ½is rami¯ed only at p.

Exercise 13. Let " and ½be a pair of continuoushomomorphismsfrom GQ to F¤
` .

Supposethat for all primes p at which both " and ½are unrami¯ed we have

½(Frobp) = " (Frobp)pi 2 F ` :

Deducethat ½= " ¢Âi where Â is the mod ` cyclotomic character.

Exercise 14. Let A=Q be an elliptic curve of conductor N , and let p be a prime
number not dividing N . Denote by ~A the mod p reduction of A. The Frobenius
endomorphism© = ©p : ~A ! ~A sendsan a±ne point (x; y) to (xp; yp) and ¯xes 1 .
The characteristic polynomial of the endomorphism induced by © on the Tate
module of ~A at some(any) prime ` 6= p is X 2 ¡ tr(©) X + deg(©).

(1) Show that deg(©) = p.
(2) Show that tr(©) = p + 1 ¡ # A(F p), that is, \tr(©) = ap."
(3) Choose a prime ` - pN . Then ~A[`] is a vector spaceof dimension two

over F ` , and © inducesa map ~A[`] ! ~A[`]. Show that this is the sameas
the map induced by somechoice of Frobp 2 Gal(Q=Q).

(4) Conclude that

tr( ½A;` (Frobp)) = p + 1 ¡ # A(Fp) (mod `):

Exercise 15. Let A=Q be an elliptic curve of conductor N , and let ` be a prime.
Show that any prime p not dividing `N is unrami¯ed in Q(A[`]). You may use
the following fact which is proved using formal groups (see,e.g., [109, Prop. 3.1]):
Fact: The map A[`] ! ~A(Fp) is injective, where ~A is the reduction of A modulo p.

Exercise 16. Show that the fundamental character of level 1 is the cyclotomic
character Âj I t . (Hint: This is tric kier than it ¯rst appears, and requires Wilson's
theorem from elementary number theory.)

Exercise 17. For each of the following semistable elliptic curves A, and each `
at which ½A;` is irr educible, use Theorem 2.10 to compute Serre'sminimal weight
k(½A;` ) and level N (½A;` ).

N j¢ j reducible ` A
30 24 ¢35 ¢5 2; 3 y2 + xy + y = x3 + x + 2
210 212 ¢33 ¢5 ¢7 2; 3 y2 + xy = x3 ¡ 41x ¡ 39
330 24 ¢32 ¢54 ¢112 2 y2 + xy = x3 + x2 ¡ 102x + 324
455 53 ¢74 ¢13 2 y2 + xy = x3 ¡ x2 ¡ 50x + 111
2926 28 ¢73 ¢114 ¢192 2 y2 + xy + y = x3 ¡ x2 + 1934x ¡ 1935

Attempt to verify Serre'sconjecture directly in someof thesecases.

Exercise 18. Let M be a positive integer and let p be a prime. Show that there
is an injective linear map

S2(¡ 1(M )) ,! S2(¡ 1(pM ))

sendingf (q) to f (qp).
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Exercise 19. Let M be an integer such that S2(¡ 1(M )) has positive dimension,
and let p be a prime (thus M = 11 or M ¸ 13).

(1) Let f 2 S2(¡ 1(M )) be an eigenvector for Tp with eigenvalue ¸ . Show
that Tp acting on S2(¡ 1(M p)) preserves the two-dimensional subspace
generatedby f and f (pz) (seeSection 1.5 for the de¯nition of Tp when p
divides the level). Show furthermore that if ¸ 2 6= 4p then Tp is diagonal-
izable on this 2-dimensionalspace.What are the eigenvaluesof Tp on this
space?In fact, one never has ¸ 2 = 4p; see[16] for more details.

(2) Show that for any r > 2, the Hecke operator Tp on S2(¡ 1(M pr )) is not
diagonalizable.

(3) Deducethat for r > 2 the Hecke algebraT associated to S2(¡ 1(M pr )) has
nilpotent elements, so it is not an order in a product of rings of integers
of number ¯elds.

Exercise 20. Let N be a positive integer. Show that the Hecke algebra T =
Z[: : : Tn : : :] ½ End(J1(N )) is of ¯nite rank as a Z-module.

Exercise 21. SupposeN = pM with (p;M ) = 1. There is an injection

S2(¡ 1(M )) © S2(¡ 1(M )) ,! S2(¡ 1(M ) \ ¡ 0(p))

given by (f ; g) 7! f (q) + g(qp). The Hecke algebra T = T N acts through a quo-
tient T on the image of S2(¡ 1(M )) © S2(¡ 1(M )). Supposem ½ T is a maximal
ideal that arisesby pullback from a maximal ideal in T . Show that ½m arisesfrom
a modular form of level M .

4.2. Solutions

Solution 1. 1. Let p be a prime di®erent from ` and let

½: Gal(Q=Q) ! Gal(Q(
p

p)=Q) ¼ f§ 1g ,! F ¤
` :

2. Let K = Q
ker(½)

. Then K =Q is abelian and rami¯ed only at `, so K ½ Q(³ ` 1 ).
But [K : Q] j ` ¡ 1 so K ½ Q(³ ` ).

Solution 2. Conjugate using g = ( N 0
0 1 ).

Solution 3. If ½is absolutely irreducible then it is irreducible, soassumethat ½is
irreducible. If ½is reducible over the algebraicclosurek of k, then there is a vector
v 2 k

© 2
that generatesa one-dimensionalsubspacestable under ½. In particular, v

is stable under complex conjugation, which has characteristic polynomial x2 ¡ 1 =
(x ¡ 1)(x + 1). Since ¡ 1 6= 1, this means that v must lie in one of the two 1-
dimensional eigenspacesof complex conjugation, so v is a scalar multiple of an
element w of k© 2. Then ½leavesthe subspaceof k© 2 spannedby w invariant, so ½
is reducible, which contradicts our assumption.

Let ½ : GQ ! GL(2; F2) be any continuous representation whose image is
the subgroup generated by ( 0 1

1 1 ). Then ½ is irreducible becauseit has no one-
dimensional invariant subspacesover F 2. However, the matrix ( 0 1

1 1 ) is diagonaliz-
able over F4.
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Solution 4. Suppose ' 2 End(E) is a nonzero endomorphism. The induced
map d' on the di®erentials H 0(A; ­) ¼ Q is multiplication by an integer n, so
d(' ¡ n) = 0 which implies that ' = n.

Supposethat ½̀ is reducible, so that there is a one-dimensionalGalois stable
subspaceV ½ A[`]. The quotient B = A=V is then an elliptic curve over Q and
there is an isogeny ¼ : A ! B of degree`. BecauseA is isolated in its isogeny
classwe have that B = A, so there is an endomorphism of A of degree`. But all
Q-rational endomorphismsare multiplication by an integer, and multiplication by
an integer has degreea perfect square.

The elliptic curve E given by the equation y2 = x3 ¡ 7x ¡ 7 has the property
that E [2] is irreducible but not absolutely irreducible. To seethis, note that the
splitting ¯eld of x3 ¡ 7x ¡ 7 has Galois group cyclic of order 3.

Solution 5. Supposeall ½A;` are irreducible, yet there existsan isogeny ' : A ! B
with B 6¼A. Choose' to have minimal possibledegreeand let d = deg(' ) > 1.
Let ` be the smallest prime divisor of d and choose a point x 2 ker(' ) of exact
order `. If the order-̀ cyclic subgroup generatedby x is Galois stable, then ½A;`

is reducible, which is contrary to our assumption. Thus ker(' ) contains the full
`-torsion subgroup A[`] of A. In particular, ' factors as illustrated below:

A
' //

`

""F
FFF

FFF
FF B :

A=A[`]

;;xxxxxxxx

SinceA=A[`] »= A, there is an isogeny from A to B of degreeequal to d=`2, which
contradicts our assumption that d is minimal.

Solution 6. The Weil pairing ( ; ) : A[`] £ A[`] ! ¹ ` can be viewed as a map
2̂

A[`]
»=¡! ¹ `

sendingP ^ Q to (P; Q). For any ¾2 Gal(Q=Q), wehave (P ¾; Q¾) = (P; Q)¾. With
the action (P ^ Q)¾ = P¾^ Q¾, the map

V 2 A[`] ! ¹ ` is a map of Galois modules.
To compute det(½(¾)) observe that if e1, e2 is a basis for A[`], and ½(¾) =

¡
a b
c d

¢
,

then

¾(e1 ^ e2) = (ae1 + ce2) ^ (be1 + de2)

= (ad ¡ bc)e1 ^ e2 = det(½(¾))e1 ^ e2

Thus
V 2 A[`] gives the one-dimensional representation det(½). Since

V 2 A[`] is
isomorphic to ¹ ` it follows that det(½) = Â.

Solution 7. The de¯nition of hdi is asfollows: chooseany matrix ¾d 2 ¡ 0(N ) such
that ¾d ´

¡
d 0
0 d¡ 1

¢
(mod N ); then hdi f = f j¾d : Observe that ¡ 1(N ) is a normal

subgroup of ¡ 0(N ) and the matrices ¾d with (d;N ) = 1 and d < N are a system
of cosetrepresentativ es. Thus any

¡
a b
c d

¢
2 ¡ 0(N ) can be written in the form ¾d ¢g

for someg 2 ¡ 1(N ). We have

f = f j¾d g = (f j¾d )jg = (" (d)f )jg = "(d)f jg = "(d)(cz + d)¡ k f
µ

az + b
cz + d

¶
:
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Solution 8.

(1) Sincec2 = 1, the minimal polynomial f of ½(c) divides x2 ¡ 1. Thus f is
either x + 1, x ¡ 1, or x2 ¡ 1. If f = x + 1 then ½(c) = ¡ 1 =

¡ ¡ 1 0
0 ¡ 1

¢
.

This implies that det(½(c)) = (¡ 1)2 = 1, which is a contradiction since
det(½(c)) = ¡ 1 and the characteristic of the base¯eld is odd. If f = x ¡ 1,
then ½(c) = 1; again a contradiction. Thus the minimal polynomial of ½(c)
is x2 ¡ 1 = (x ¡ 1)(x + 1). Since ¡ 1 6= 1 there is a basis of eigenvectors
for ½(c) such that the matrix of ½(c) with respect to this basis is

¡
¡ 1 0

0 1

¢
.

(2) The following example shows that when ` = 2 the matrix of ½A;` need
not be conjugate to

¡
1 0
0 ¡ 1

¢
. Let A be the elliptic curve over Q de¯ned by

y2 = x(x2 ¡ a) with a 2 Q not square. Then

A[2] = f1 ; (0; 0); (
p

a; 0); (¡
p

a; 0)g:

The action of c on the basis (0; 0); (¡
p

a;0) is represented by the matrix
( 1 1

0 1 ), sincec(¡
p

a;0) = (
p

a;0) = (0; 0) + (¡
p

a;0):

Solution 9. The extension Q(
p

d;d 2 Q¤=(Q¤)2) is an extension of Q with
Galois group X ¼

Q
F2. The index-two open subgroupsof X correspond to the

quadratic extensionsof Q. However, Zorn's lemma implies that X contains many
more index-two subgroups,which can be seenmore precisely as follows.

(1) Choose a sequencep1; p2; p3; : : : of distinct prime numbers. De¯ne ½1 :
GQ !

Q
F2 by

½1(¾) i =

(
0 if ¾acts trivially on Q(

p
pi );

1 otherwise

Thus ½1 is just

GQ ! Gal(Q(
p

p1;
p

p2; : : :)=Q) ¼
Y

F2:

(2) Let ©F2 ½
Q

F2 be the subgroup of elements having only ¯nitely many
nonzerocoordinates. Then

Q
F2=©F2 is a vector spaceover F 2 of dimen-

sion> 0. By Zorn's lemma, there is a basisB of
Q

F2=©F2. Let b 2 B and
let W be the subspacespannedby B ¡ f bg. Then V = (

Q
F2= © F2)=W

is an F2-vector spaceof dimensional 1.
(3) Let ½be the composite map

Gal(Q=Q)

²²

½

))RRRRRRRRRRRRRRR

Q
F2 //V »=

//f§ 1g

(4) Let H = ker(½) ½ Gal(Q=Q). If ¾(
p

pi ) = ¡
p

pi and ¾(p pj ) = p pj for
i 6= j , then ¾2 H . Thus H does not ¯x any Q(

p
pi ), so the ¯xed ¯eld

of H equalsQ. The largest ¯nite Galois group quotient through which ½
factors is then Gal(Q=Q) = f 1g. Since ½6= 1, we conclude that ½does
not factor through any ¯nite Galois group quotient, which proves that ½
is not continuous.
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Solution 10. We have f = f 1 + ®f 2 with f 1; f 2 2 S2(¡ 0(23)) and

f 1 = q ¡ q3 ¡ q4 + ¢¢¢

f 2 = q2 ¡ 2q3 ¡ q4 + 2q5 + ¢¢¢:

BecauseS2(¡ 0(23)) has dimension 2, it is spanned by f 1 and f 2. Let ´ (q) =
q

1
24

Q
n ¸ 1(1 ¡ qn ). Then g = (´ (q)´ (q23))2 2 S2(¡ 0(23)). Expanding we ¯nd that

g = q2 ¡ 2q3 + ¢¢¢, so g = f 2. Next observe that g is a power seriesin q2 modulo 2:

g = q2
Y

(1 ¡ qn )2(1 ¡ q23n )2

´ q2
Y

(1 ¡ q2n )(1 ¡ q46n ) (mod 2)

´ q2
Y

(1 + q2n + q46n + q48n ) (mod 2)

Thus the coe±cient in f 2 of qp with p 6= 2 prime is even, and the proposition follows.

Solution 11.

(1) Let ³ 2 ¹ ` be a primitiv e `th root of unit y. Since
V 2 A[`] »= ¹ ` , there

exists P; Q 2 A[`] such that P ^ Q = ³ . Since ` > 2 there exists ¾ such
that ³ ¾ 6= ³ , henceP ¾ ^ Q¾ 6= P ^ Q. This is impossibleif all `-torsion is
rational, sincethen P ¾ = P and Q¾ = Q.

(2) Consider the elliptic curve de¯ned by y2 = (x ¡ a)(x ¡ b)(x ¡ c) where
a;b;c are distinct rational numbers.

Solution 12.

(1) Let K be the splitting ¯eld of x3 + ax + b. Then ½embedsGal(K =Q) in
GL(2; F2):

Gal(Q=Q)
½ //

&&NNN
NNN

NNN
NN

GL(2; F2)

Gal(K =Q)
+®

88qqqqqqqqqqq

(2) The representation ½is reducible exactly when the polynomial x3 + ax + b
has a rational root.

(3) Examples: y2 = x(x2 ¡ 23), y2 = x3 + x ¡ 1.

Solution 13. Consider the character ¿ = "Â=½. By assumption, ¿(Frobp) = 1 for
all unrami¯ed p. Let K bean extensionof Q such that ¿ factors through Gal(K =Q).
For any ¾ 2 Gal(K =Q), the Cebotarev density theorem implies that there are
in¯nitely many primesp such that Frobp = ¾. Thus for any ¾, ¿(¾) = ¿(Frobp) = 1,
so ¿ = 1 and hence½= "Â.

Solution 14.

(1) See,e.g., [109, 2.11].
(2) By [109, 5.5], © ¡ 1 is separable,so # A(F p) = deg(© ¡ 1). Since© has

degreep, there exists an isogeny © (the dual isogeny, see[109, I I I.6]),
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such that ©© = p. Letting bars denote the dual isogeny, we have

# A(Fp) = deg(© ¡ 1) = (© ¡ 1)(© ¡ 1)

= ©© ¡ © ¡ © + 1

= p ¡ tr(©) + 1

(3) Both maps are pth powering on coordinates.

Solution 15. Since ` 6= p and A has good reduction at p, the natural map
A[`] ! ~A[`] is an isomorphism. We have the following commutativ e diagram

Gal(Qp(A[`])=Qp)ÂÄ //

²²

Aut( A[`])

»=
²²

Gal((O=¸ )F p ) //Aut( ~A[`])

It follows that the ¯rst vertical map must be injective, which is the sameasQ p(A[`])
being unrami¯ed over Qp.

Solution 16. The fundamental character ª of level one is the composition

Gal(Qnr
` ( ` ¡ 1

p
`)=Qnr

` ) ! ¹ ` ¡ 1(Q ` ) ! ¹ ` ¡ 1(F
¤
` ) = F¤

` :

Let ¼be such that ¼̀ ¡ 1 = `. Then ª( ¾) = ¾(¼)
¼ (mod ¼): Let ³ 2 Q ` be a primitiv e

`th root of unit y. Now
` ¡ 1Y

a=1

(³ a ¡ 1) = `;

so

(³ ¡ 1)` ¡ 1
` ¡ 1Y

a=1

;
³ a ¡ 1
³ ¡ 1

= `

and (this is where Wilson's theorem is used),

` ¡ 1Y

a=1

³ a
` ¡ 1
³ ¡ 1

´ 1 (mod ³ ¡ 1):

Sincethe polynomial x ` ¡ 1 ¡ 1 has roots over F ` , by Hensel'slemma there is a unit
u 2 Q ` (¼) such that

u` ¡ 1 =
` ¡ 1Y

a=1

³ a ¡ 1
³ ¡ 1

:

We can take ¼= (³ ¡ 1)u. Then

¾(¼)
¼

=
(³ Â(¾) ¡ 1)¾(u)

(³ ¡ 1)u

=
(³ ¡ 1)(³ Â(¾)¡ 1 + ¢¢¢+ 1)¾(u)

(³ ¡ 1)u

= (³ Â(¾)¡ 1 + ¢¢¢+ 1)¾(u)=u

´ Â(¾) (mod ³ ¡ 1):
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Solution 17. We write N = N (½) and k = k(½) to save space.The essential tool
is Theorem 2.10.

(1) ` = 5: N = 6, k = 6, ` > 5, N = 30, k = 2.
(2) ` = 5: N = 2¢3¢7, k = 6; ` = 7: N = 2¢3¢5, k = 8; ` > 7: N = 2¢3¢5¢7,

k = 2.
(3) ` = 3: N = 2¢5¢11, k = 4; ` = 5: N = 2¢3¢11, k = 6; ` = 7: N = 2¢3¢5¢11,

k = 2; ` = 11: N = 2 ¢3 ¢5, k = 12; ` > 11: N = 2 ¢3 ¢5 ¢11, k = 2.
(4) ` = 3: N = 7 ¢13, k = 2; ` = 5: N = 7 ¢13, k = 6; ` = 7: N = 5 ¢13,

k = 8; ` = 13: N = 5 ¢7, k = 14; ` = 11; ` > 13: N = 5 ¢7 ¢13, k = 2.
(5) ` = 3: N = 2¢11¢19,k = 2; ` = 7: N = 2¢11¢19,k = 8; ` = 11: N = 2¢7¢19,

k = 12; ` = 19: N = 2 ¢7 ¢11, k = 20; ` other: N = 2 ¢7 ¢11¢19, k = 2.

Solution 20. One approach is to view J1(N ) as a complex torus, and note that
the endomorphismring is the set of automorphism of a complex vector spacethat
¯x a lattice. Another approach is to use the deeper ¯niteness theorems that are
valid in arbitrary characteristic, see,e.g., [74, Thm. 12.5].





CHAPTER 5

App endix by Brian Conrad: The Shim ura
construction in weight 2

The purposeof this appendix is to explain the ideas of Eichler-Shimura for con-
structing the two-dimensional `-adic representations attached to classicalweight-2
Hecke eigenforms.We assumefamiliarit y with the theory of schemesand the theory
of newforms,but the essential arithmetic ideasare due to Eichler and Shimura. We
warn the reader that a complete proof along the lines indicated below requires the
veri¯cation of a number of compatibilities between algebraic geometry, algebraic
topology, and the classical theory of modular forms. As the aim of this appendix
is to explain the key arithmetic ideasof the proof, we must passover in silencethe
veri¯cation of many such compatibilities. However, we at least make explicit what
compatibilities we need. To prove them all here would require a seriousdigression
from our expository goal; see[18, Ch. 3] for details. It is alsoworth noting that the
form of the arguments we present is exactly the weight-2 version of Deligne's more
generalproof of related results in weight > 1, up to the canonical isomorphism

Q ` ­ Z ` limÃ¡ Pic0
X =k [`n ](k) »= H 1

¶et (X ; Q ` (1)) »= H 1
¶et ;c(Y; Q ` (1))

for a proper smooth connectedcurve X over a separably closed¯eld k of charac-
teristic prime to `, and Y a denseopen in X . Using `-adic Tate modules allows us
to bypassthe generaltheory of ¶etale cohomologywhich arisesin the caseof higher
weight.

5.1. Analytic preparations

Fix i =
p

¡ 1 2 C for all time. Fix an integer N ¸ 5 and let X 1(N )an denote the
classical analytic modular curve, the \canonical" compacti¯cation of Y1(N )an =
¡ 1(N )nh, where h = f z 2 C : Im z > 0g and ¡ 1(N ) ½ SL2(Z) acts on the left via
linear fractional transformations. The classicaltheory identi¯es the C-vector space
H 0(X 1(N )an ; ­ 1

X 1 (N )an ) with S2(¡ 1(N ); C), the spaceof weight-2 cuspforms. Note
that the classicalRiemann surfaceX 1(N )an hasgenus 0 if we considerN < 5, while
S2(¡ 1(N ); C) = 0 if N < 5. Thus, assumingN ¸ 5 is harmlessfor what we will
do.

The Hodge decomposition for the compact Riemann surfaceX 1(N )an supplies
us with an isomorphism of C-vector spaces

63
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S2(¡ 1(N ); C) © S2(¡ 1(N ); C)

»= H 0(X 1(N )an ; ­ 1
X 1 (N )an ) © H 0(X 1(N )an ; ­

1
X 1 (N )an )

»¡! H 1(X 1(N )an ; C)
»= H 1(X 1(N )an ; Z) ­ Z C

(where A denotes the constant sheaf attached to an abelian group A). This
will be called the (weight-2) Shimura isomorphism. We want to de¯ne \geomet-
ric" operations on H 1(X 1(N )an ; Z) which recover the classicalHecke operators on
S2(¡ 1(N ); C) via the above isomorphism.

The \geometric" (or rather, cohomological)operations we wish to de¯ne can be
described in two ways. First, we can useexplicit matrices and explicit \upp er-half
plane" models of modular curves. This has the advantage of being concrete,but it
provides little conceptual insight and encouragesmessymatrix calculations. The
other point of view is to identify the classicalmodular curvesas the baseof certain
universal analytic families of (generalized) elliptic curves with level structure. A
proper discussionof this latter point of view would take us too far a¯eld, sowe will
have to settle for only somebrief indications along these two lines (though this is
how to best verify compatibilit y with the algebraic theory via schemes).

Choosea matrix ° n 2 SL2(Z) with ° n ´
¡

n ¡ 1 ¤
0 n

¢
(mod N ), for n 2 (Z=N Z)¤.

The action of ° n on h induces an action on Y1(N )an and even on X 1(N )an . As-
sociating to each z 2 h the data of the elliptic curve C=[1; z] = C=(Z + Zz) and
the point 1=N of exact order N , we may identify Y1(N )an as a set with the set of
isomorphism classesof pairs (E ; P) consisting of an elliptic curve E over C and
a point P 2 E of exact order N . The map Y1(N )an ! Y1(N )an induced by ° n

can then described on the underlying set by (E ; P) 7! (E ; nP ), so it is \in trinsic",
depending only on n 2 (Z=N Z)¤. We denote by I n : X 1(N )an ! X 1(N )an the
induced map on X 1(N )an . Oncethis data (E ; P) is formulated in a relative context
over an analytic base,we could de¯ne the analytic map I n conceptually, without
using the matrix ° n . We ignore this point here.

The map z 7! ¡ 1
N z on h induces a map Y1(N )an ! Y1(N )an which extends to

wN : X 1(N )an ! X 1(N )an . More conceptually and more generally, if ³ 2 ¹ N (C) is
a primitiv e N th root of unit y, considerthe rule w³ that sends(E ; P) 2 Y1(N )an to
(E=P; P0 mod P), where P 0 2 E has exact order N and hP; P 0i N = ³ , with h; i N

the Weil pairing on N -torsion points (following the sign conventions of [62, 77];
opposite the convention of [109]). More speci¯cally, on C=[1; z] we haveh 1

N ; z
N i N =

e2¼i=N . The map w³ extends to an analytic map X 1(N )an ! X 1(N )an . When
³ = e2¼i=N , we have w³ = wN due to the above sign convention.

We have induced pullback maps

w¤
³ ; I ¤

n : H 1(X 1(N )an ; Z) ! H 1(X 1(N )an ; Z):

We write hni ¤ rather than I ¤
n .

Finally, choosea prime p. De¯ne ¡ 1(N ; p) ½ SL2(Z) to be ¡ 1(N ; p) = ¡ 1(N ) \
¡ 0(p) when p - N and ¡ 1(N ; p) = ¡ 1(N ) \ ¡ 0(p)t when p j N , where the group
¡ 0(p)t is the transposeof ¡ 0(p). De¯ne Y1(N ; p)an = ¡ 1(N ; p)nh and let X 1(N ; p)an
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be its \canonical" compacti¯cation. Using the assignment

z 7! (C=[1; z];
1
N

; h
1
p

i )

when p - N and

z 7! (C=[1; z];
1
N

; h
z
p

i )

when p j N , we may identify the set Y1(N ; p)an with the set of isomorphism classes
of triples (E ; P; C) whereP 2 E hasexact order N and C ½ E is a cyclic subgroup
of order p, meeting hPi trivially (a constraint if p j N ). Here and below, we denote
by hPi the (cyclic) subgroup generatedby P.

There are unique analytic maps

¼(p)
1 ; ¼(p)

2 : X 1(N ; p)an ! X 1(N )an

determined on Y1(N ; p)an by

¼(p)
1 (E ; P; C) = (E ; P)

and

¼(p)
2 (E ; P; C) = (E=C; P mod C):

For example,¼(p)
1 is induced by z 7! z on h, in terms of the above upper half plane

uniformization of Y1(N )an and Y1(N ; p)an .
We de¯ne

T¤
p = (¼(p)

1 )¤ ±(¼(p)
2 )¤ : H 1(X 1(N )an ; Z) ! H 1(X 1(N )an ; Z)

where (¼(p)
1 )¤ : H 1(X 1(N ; p)an ; Z) ! H 1(X 1(N )an ; Z) is the canonical trace map

associated to the ¯nite map ¼(p)
1 of compact Riemann surfaces. More speci¯cally,

we have a canonical isomorphism

H 1(X 1(N ; p)an ; Z) »= H 1(X 1(N )an ; (¼(p)
1 )¤Z)

since(¼(p)
1 )¤ is exact on abelian sheaves,and there is a unique trace map of sheaves

(¼(p)
1 )¤Z ! Z determined on stalks at x 2 X 1(N )an by

Y

¼( p )
1 (y )= x

Z ! Z

(ay ) 7! § y ey ay

(5.1)

where ey is the rami¯cation degreeof y over x via ¼(p)
1 .

A fundamental compatibilit y, whoseproof we omit for reasonsof space,is:

Theorem 5.1. The weight-2 Shimura isomorphism

Sh¡ 1 (N ) : S2(¡ 1(N ); C) © S2(¡ 1(N ); C) »= H 1(X 1(N )an ; Z) ­ Z C

from (5:1) identi¯es hni © hni with hni ¤ ­ 1, Tp © Tp with T¤
p ­ 1, and wN © wN

with w¤
e2¼i= N ­ 1.
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Let T 1(N ) ½ EndZ (H 1(X 1(N )an ; Z)) be the subring generatedby the T ¤
p 's and

hni ¤ 's. By Theorem 5.1, this is identi¯ed via the Shimura isomorphism with the
classical(weight-2) Hecke ring at level N . In particular, this ring is commutativ e
(which can be seendirectly via cohomologicalconsiderationsas well). It is clearly
a ¯nite °at Z-algebra.

The natural map

(5.2) T 1(N ) ­ Z C ,! EndC (H 1(X 1(N )an ; Z) ­ Z C)

inducesan injection T 1(N ) ­ C ,! EndC (S2(¡ 1(N ); C)), by Theorem 5.1. This is
the classicalrealization of Hecke operators in weight 2.

Another compatibilit y we needis betweenthe cup product on H 1(X 1(N )an ; Z)
and the (non-normalized) Peterssonproduct on S2(¡ 1(N ); C). To be precise,we
de¯ne an isomorphism H 2(X 1(N )an ; Z) »= Z using the i -orientation of the complex
manifold X 1(N )an (i.e., the \ idz ^ dz" orientation), so we get via cup product a
(perfect) pairing

( ; )¡ 1 (N ) : H 1(X 1(N )an ; Z) ­ Z H 1(X 1(N )an ; Z) ! H 2(X 1(N )an ; Z) »= Z:

This induces an analogouspairing after applying ­ Z C. For f ; g 2 S2(¡ 1(N ); C)
we de¯ne

hf ; gi ¡ 1 (N ) =
Z

¡ 1 (N )nh
f (z)g(z)dxdy

where this integral is absolutely convergent since f and g have exponential decay
near the cusps. This is a perfect Hermitian pairing.

Theorem 5.2. Under the weight-2 Shimura isomorphism Sh¡ 1 (N ) ,
¡
Sh¡ 1 (N ) (f 1 + g1); Sh¡ 1 (N ) (f 2 + g2)

¢
¡ 1 (N )

= 4¼¢(hf 1; g2i ¡ 1 (N ) ¡ hf 2; g1i ¡ 1 (N ) ):

Note that both sides are antilinear in g1, g2 and alternating with respect to
interchanging the pair (f 1; g1) and (f 2; g2). The extra factor of 4¼ is harmlessfor
our purposessince it does not a®ect formation of adjoints. What is important is
that in the classicaltheory, conjugation by the involution wN takeseach T 2 T 1(N )
to its adjoint with respect to the Peterssonproduct. The most subtle caseof this
is T = T¤

p for p j N . For p - N the adjoint of T ¤
p is hp¡ 1i ¤T¤

p and the adjoint of hni ¤

is hn¡ 1i ¤. These classical facts (especially for T ¤
p with p j N ) yield the following

important corollary of Theorem 5.2.

Corollary 5.3. With respect to the pairing [x; y]¡ 1 (N ) = (x; w¤
³ y)¡ 1 (N ) with ³ =

e2¼i=N , the action of T 1(N ) on H 1(X 1(N )an ; Z) is equivariant. That is,

[x; Ty]¡ 1 (N ) = [Tx; y]¡ 1 (N )

for all T 2 T 1(N ). With respect to ( ; )¡ 1 (N ) , the adjoint of T ¤
p for p - N is hp¡ 1i ¤T¤

p

and the adjoint of hni ¤ is hn¡ 1i ¤ for n 2 (Z=N Z)¤.

Looking back at the \conceptual" de¯nition of w¤
³ for an arbitrary primitiv e

N th root of unit y ³ 2 ¹ N (C), which givesan analytic involution of X 1(N )an , one
can check that w¤

³ j ±w¤
³ = hj i ¤ for j 2 (Z=N Z)¤. Sincehj i ¤ is a unit in T 1(N ) and

T 1(N ) is commutative, we concludethat Corollary 5.3 is true with ³ 2 ¹ N (C) any
primitiv e N th root of unit y (by reduction to the case³ = e2¼i=N ).
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Our ¯nal step on the analytic side is to reformulate everything above in terms
of Jacobians. For any compact Riemann surface X , there is an isomorphism of
complex Lie groups

(5.3) Pic0
X

»= H 1(X ; OX )=H1(X ; Z)

via the exponential sequence

0 ! Z ! OX
e2¼i ( ¢)

¡¡ ¡ ¡! O¤
X ! 1

and the identi¯cation of the underlying group of Pic0
X with

H 1(X ; O¤
X ) »= ·H 1(X ; O¤

X ) ;

where the line bundle L with trivializations ' i : OU i
»= Lj Ui corresponds to the

classof the ·Cech 1-cocycle

f ' ¡ 1
j ± ' i : OU i \ U j

»= OU i \ U j g 2
Y

i<j

H 0(Ui \ Uj ; O¤
X )

for an ordered open cover f Ui g. Beware that the tangent spaceisomorphism

T0(Pic0
X ) »= H 1(X ; OX )

coming from (5.3) is ¡ 2¼i times the \algebraic" isomorphism arising from

0 ! OX ! O¤
X [" ] ! O¤

X ! 1;

where X [" ] = (X ; OX [" ]="2) is the non-reducedspaceof \dual numbers over X ".
This extra factor of ¡ 2¼i will not causeproblems. We will use(5.3) to \compute"
with Jacobians.

Let f : X ! Y be a ¯nite map between compact Riemann surfaces. Since f
is ¯nite °at, there is a natural trace map f ¤OX ! OY , and it is not di±cult to
check that this is compatible with the trace map f ¤Z ! Z as de¯ned in (5.1). In
particular, we have a trace map

f ¤ : H 1(X ; OX ) »= H 1(Y; f ¤OX ) ! H 1(Y; OY ):

Likewise,we have compatible pullback maps f ¤OY
»= OX and f ¤Z »= Z.

Thus, any such f givesrise to commutative diagrams

H 1(Y; OY )
f ¤

//H 1(X ; OX )

H 1(Y; Z)

OO

f ¤

//H 1(X ; Z)

OO H 1(X ; OX )
f ¤ //H 1(Y; OY )

H 1(X ; Z)

OO

f ¤ //H 1(Y; Z) ;

OO

where the columns are induced by the canonical maps Z ! OY and Z ! OX .
Passingto quotients on the columns therefore givesrise to maps

f ¤ : Pic0
Y ! Pic0

X ; f ¤ : Pic0
X ! Pic0

Y

of analytic Lie groups. Thesemaps are \computed" by

Lemma 5.4. In the above situation, f ¤ = Pic0(f ) is the map induced by Pic0

functoriality and f ¤ = Alb (f ) is the map induced by Albanesefunctoriality. These
are dual with respect to the canonical autodualities of Pic0

X , Pic0
Y .
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The signi¯cance of the theory of Jacobiansis that by (5.3) we have a canonical
isomorphism

T` (Pic0
X 1 (N )an ) »= H 1(X 1(N )an ; Z ` )

»= H 1(X 1(N )an ; Z) ­ Z Z ` ;
(5.4)

connectingthe `-adic Tate module of Pic0
X 1 (N ) with the Z-module H 1(X 1(N )an ; Z)

that \encodes" S2(¡ 1(N ); C) via the Shimura isomorphism. Note that this isomor-
phism is de¯ned in terms of the analytic construction (5.3) which depends upon
the choice of i . The intrinsic isomorphism (compatible with ¶etale cohomology)has
Z above replacedby 2¼iZ = ¡ 2¼iZ.

De¯nition 5.5. We de¯ne endomorphismsof Pic0
X 1 (N )an via

T¤
p = Alb (¼(p)

1 ) ±Pic0(¼(p)
2 ); hni ¤ = Pic0(I n ); w¤

³ = Pic0(w³ ):

By Lemma 5.4, it follows that the above isomorphism(5.4) carriesthe operators
on T` (Pic0

X 1 (N )an ) over to the ones previously de¯ned on H 1(X 1(N )an ; Z) (which
are, in turn, compatible with the classicaloperationsvia the Shimura isomorphism).
By the faithfulness of the \T ate module" functor on complex tori, we concludethat
T 1(N ) acts on Pic0

X 1 (N )an in a unique manner compatible with the above de¯nition,
and (5.4) is an isomorphism of T 1(N ) ­ Z Z ` -modules. We call this the ( )¤-action
of T 1(N ) on Pic0

X 1 (N )an .
We must warn the reader that under the canonical isomorphism of C-vector

spaces

S2(¡ 1(N ); C) »= H 0(X 1(N )an ; ­ 1
X 1 (N )an )

»= H 0(Pic0
X 1 (N )an ; ­ 1

Pic 0
X 1 ( N ) an

)

»= Cot0(Pic0
X 1 (N )an );

the ( )¤-action of T 2 T 1(N ) on Pic0
X 1 (N )an doesnot go over to the classicalaction

of T on S2(¡ 1(N ); C), but rather the adjoint of T with respect to the Petersson
pairing. To clear up this matter, we make the following de¯nition:

De¯nition 5.6.

(Tp)¤ = Alb (¼(p)
2 ) ±Pic0(¼(p)

1 ); hni ¤ = Alb( I n ); (w³ )¤ = Alb (w³ ):

SinceI ¡ 1
n = I n ¡ 1 and w¡ 1

³ = w³ on X 1(N )an , we have (w³ )¤ = w¤
³ and hni ¤ =

hn¡ 1i ¤. We claim that the above ( )¤ operators are the dual morphisms (with
respect to the canonical principal polarization of Pic0

X 1 (N )an ) of the ( )¤ operators
and induce exactly the classical action of Tp and hni on S2(¡ 1(N ); C), so we also
have a well-de¯ned ( )¤-action of T 1(N ) on Pic0

X 1 (N )an , dual to the ( )¤-action. By
Theorem 5.2, Corollary 5.3, and Lemma 5.4, this follows from the following general
fact about compact Riemann surfaces.The proof is non-trivial.

Lemma 5.7. Let X be a compact Riemann surface, and use the i -orientation to
de¯ne H 2(X ; Z) »= Z. Use 1 7! e2¼i=` n

to de¯ne Z=`n »= ¹ ` n (C) for all n. The



5.1. Analytic preparations 69

diagram

H 1(X ; Z ` ) ­ Z ` H 1(X ; Z ` )
[ //

»=
²²

Z `

»=
²²

T` (Pic0
X ) ­ Z ` T` (Pic0

X ) //limÃ¡ ¹ ` n (C)

anticommutes (i.e., going around from upper left to lower right in the two possible
ways givesresults that are negativesof each other), where the bottom row is the `-

adic Weil pairing (with respect to the canonical principal polarization Pic0
X

»= [Pic0
X

for the \second" Pic0
X in the lower left.)

Note that the sign doesn't a®ect formation of adjoints. It ultimately comes
from the sign on the bottom of [77, pg. 237] sinceour Weil pairing sign convention
agreeswith [77].

We now summarize our ¯ndings in terms of V` (N ) = Q ` ­ Z ` T` (Pic0
X 1 (N )an ),

which has a perfect alternating Weil pairing

( ; )` : V` (N ) ­ V` (N ) ! Q ` (1)

and has two Q ` ­ T 1(N )-actions, via the ( )¤-actions and the ( )¤-actions. Since
(w³ )¤ = w¤

³ , we simply write w³ for this operator on V` (N ).

Theorem 5.8. Let T 1(N ) act on V` (N ) with respect to the ( )¤-action or with
respect to the ( )¤-action. With respect to ( ; )` , the adjoint of Tp for p - N is
hpi ¡ 1Tp and the adjoint of hni is hni ¡ 1 for n 2 (Z=N Z)¤. With respect to

[x; y]` = (x; w³ (y)) `

for ³ 2 ¹ N (C) a primitive N th root of unity, the action of T 1(N ) on V` (N ) is self-
adjoint. In general, adjointness with respect to ( ; ) ` interchangesthe ( )¤-action
and ( )¤-action.

It should be noted that when making the translation to ¶etale cohomology, the
( )¤-action plays a more prominent role (since this is what makes (5.4) a T 1(N )-
equivariant map). However, when working directly with Tate modules and arith-
metic Frobenius elements, it is the ( )¤-action which gives the cleaner formulation
of Shimura's results.

An important consequenceof Theorem 5.8 is

Corollary 5.9. The Q ` ­ Z T 1(N )-module V` (N ) is free of rank 2 for either action,
and HomQ (Q ­ T 1(N ); Q) is free of rank 1 over Q ­ T 1(N ) (hence likewisewith Q
replaced by any ¯eld of characteristic 0).

Remark 5.10. The assertion about HomQ (Q ­ T 1(N ); Q) is equivalent to the
intrinsic condition that Q ­ T 1(N ) is Gorenstein. Also, this freenessclearly makes
the two assertionsabout V` (N ) for the ( )¤- and ( )¤-actions equivalent. For the
proof, the ( )¤-action is what we use. But in what follows, it is the caseof the
( )¤-action that we need!

Pro of. Using (5.4) and the choice of ( )¤-action on V` (N ), it su±ces to prove

² H 1(X 1(N )an ; Q) is free of rank 2 over Q ­ T 1(N ),
² HomQ (Q ­ T 1(N ); Q) is free of rank 1 over Q ­ T 1(N ).
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Using [ ; ]¡ 1 (N ) , we have

(5.5) H 1(X 1(N )an ; Q) »= HomQ (H 1(X 1(N )an ; Q); Q)

as Q ­ T 1(N )-modules, so we may study this Q-dual instead. SinceQ ­ T 1(N ) is
semilocal, a ¯nite module over this ring is locally free of constant rank if and only
if it is free of that rank. But local freenessof constant rank can be checked after
faithfully °at basechange. Applying this with the basechangeQ ! C, and noting
that C ­ T 1(N ) is semilocal, it su±ces to replaceQ by C above.

Note that if the right hand side of (5.5) is free of rank 2, so is the left side,
so choosing a basis of the left side and feeding it into the right hand side shows
that HomQ (Q ­ T 1(N )© 2; Q) is free of rank 2. In particular, the direct summand
HomQ (Q ­ T 1(N ); Q) is °at over Q ­ T 1(N ) with full support over Spec(Q ­
T 1(N )), soit must be locally freewith local rank at least 1 at all points of Spec(Q ­
T 1(N )). Consideration of Q-dimensionsthen forcesHomQ (Q ­ T 1(N ); Q) to be
locally free of rank 1, hencefree of rank 1. In other words, it su±ces to show that
HomQ (H 1(X 1(N )an ; Q); Q) is free of rank 2 over T 1(N ) ­ Q, or equivalently that
HomC (H 1(X 1(N )an ; C); C) is free of rank 2 over T 1(N ) ­ C.

Via the Shimura isomorphism(in weight 2), which is compatible with the Hecke
actions, weare reducedto showing that Hom(S2(¡ 1(N ); C); C) is freeof rank 1 over
C ­ T 1(N ). For this purpose,we will study the C ­ T 1(N )-equivariant C-bilinear
pairing

S2(¡ 1(N ); C) ­ C (C ­ T 1(N )) ! C

(f ; T) 7! a1(Tf )

were a1(¢) is the \F ourier coe±cient of q". This is C ­ T 1(N )-equivariant, since
T 1(N ) is commutativ e. It su±ces to check that there's no nonzerokernel on either
side of this pairing. Since

C ­ T 1(N ) ! EndC (S2(¡ 1(N ); C))

is injective (as noted in (5.2)) and a1(TTn f ) = an (Tf ) for T 2 T 1(N ), the kernelon
the right is trivial. Sincea1(Tn f ) = an (f ), the kernel on the left is also trivial. ¤

5.2. Algebraic preliminaries

Let S be a scheme. An elliptic curve E ! S is a proper smooth group schemewith
geometrically connected¯b ers of dimension 1 (necessarilyof genus 1). It follows
from [62, Ch.2] that the group structure is commutativ e and uniquely determined
by the identit y section. Fix N ¸ 1 and assumeN 2 H 0(S; O¤

S ) (i.e., S is a Z[ 1
N ]-

scheme). Thus, the map N : E ! E is ¯nite ¶etale of degreeN 2 as can be checked
on geometric ¯b ers. A point of exact order N on E is a sectionP : S ! E which is
killed by N (i.e., factors through the ¯nite ¶etale group schemeE[N ]) and induces
a point of exact order N on geometric ¯b ers.

It follows from the stack-theoretic methods in [25] or the more explicit descent
arguments in [62] that for N ¸ 5 there is a proper smooth Z[ 1

N ]-scheme X 1(N )
equippedwith a ¯nite °at map to P 1

Z [ 1
N ], such that the opensubschemeY1(N ) lying

over P 1
Z [ 1

N ] ¡ f1g = A 1
Z [ 1

N ] is the baseof a universal object (E1(N ); P) ! Y1(N )

for elliptic curveswith a point of exact order N over variable Z[ 1
N ]-schemes.

Moreover, the ¯b ersof X 1(N ) ! SpecZ[ 1
N ] are geometrically connected, asthis

canbecheckedon a singlegeometric¯b er and by choosingthe complex¯b er wemay
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appeal to the fact (whose proof requires somecare) that there is an isomorphism
(X 1(N ) £ Z [ 1

N ] C)an »= X 1(N )an identifying the \algebraic" data (C=[1; z]; 1
N ) in

Y1(N )(C) ½ X 1(N )(C) with the classof z 2 h in ¡ 1(N )nh = Y1(N )an ½ X 1(N )an

(and X 1(N )an is connected,as h is). Thesekinds of compatibilities are somewhat
painful to check unlessone develops a full-blown relative theory of elliptic curves
in the analytic world (in which casethe veri¯cations becomequite mechanical and
natural).

Again ¯xing N ¸ 5, but now also a prime p, we want an algebraic analogueof
X 1(N ; p)an over Z[ 1

N p ]. Let (E ; P) ! S be an elliptic curve with a point of exact
order N over a Z[ 1

N p ]-schemeS. We're interested in studying triples (E ; P; C) ! S
where C ½ E is an order-p ¯nite locally free S-subgroup-scheme which is not
contained in the subgroup generatedby P on geometric ¯b ers (if p j N ). Methods
in [25] and [62] ensurethe existenceof a universal such object (E1(N ; p); P; C) !
Y1(N ; p) for a smooth a±ne Z[ 1

N p ]-schemewhich naturally sits as the complement
of a relative Cartier divisor in a proper smooth Z[ 1

N p ]-scheme X 1(N ; p) which is
¯nite °at over P 1

Z [ 1
N p ] (with Y1(N ; p) the preimageof A 1

Z [ 1
N p ]). Basechange to C

and analyti¯cation recovers X 1(N ; p)an as before, so X 1(N ; p) ! SpecZ[ 1
N p ] has

geometrically connected¯b ers.
There are maps of Z[ 1

N p ]-schemes(respectively, Z[ 1
N ]-schemes)

Y1(N ; p)
¼( p )

1

yysss
sss

sss
s

¼( p )
2

%%KKK
KKK

KKK
K

Y1(N )[ 1
p ] Y1(N )[ 1

p ]

Y1(N )
I n¡ ! Y1(N )

determined by (E ; P; C)
¼( p )

1¡ ¡ ! (E ; P) and (E ; P; C)
¼( p )

2¡ ¡ ! (E=C; P) (which makes
sensein Y1(N ) if p j N by the \disjoin tness" condition on C and P) and I n (E ; P) =
(E ; nP ). Although ¼(p)

2 is not a map over A 1
Z [ 1

N p ], it can be shown that these

all uniquely extend to (necessarily ¯nite °at ) maps, again denoted ¼(p)
1 , ¼(p)

2 , I n

between X 1(N ; p), X 1(N )[ 1
p ], X 1(N ). A proof of this fact requires the theory of

minimal regular proper models of curvesover a Dedekind base;the analogousfact
over Q is an immediate consequenceof basic facts about proper smooth curvesover
a ¯eld, but in order to most easily do somelater calculations in characteristic p - N
it is convenient to know that we have the map I p de¯ned on X 1(N ) over Z[1=N ]
(though this could be bypassedby using liftings to characteristic 0 in a manner
similar to our later calculations of Tp in characteristic p).

Likewise, over Z[ 1
N ; ³N ] we can de¯ne, for any primitiv e N th root of unit y

³ = ³ i
N (i 2 (Z=N Z)¤), an operator w³ : Y1(N )=Z [ 1

N ;³ N ] ! Y1(N )=Z [ 1
N ;³ N ] via

w³ (E ; P) = (E=hPi ; P 0) wherehPi is the order-N ¶etale subgroup-schemegenerated
by P and P 0 2 (E [N ]=hPi )(S) is uniquely determined by the relative Weil pairing
condition hP; P 0i N = ³ (with P 0 2 E[N ](S) here). This really does extend to
X 1(N )=Z [ 1

N ;³ N ], and one checks that w³ j w³ = I j for j 2 (Z=N Z)¤. In particular,
w2

³ = 1.
SinceX 1(N ) ! SpecZ[ 1

N ] is a proper smooth schemewith geometrically con-
nected ¯b ers of dimension 1, Pic0

X 1 (N )= Z [ 1
N ]

is an abelian scheme over Z[ 1
N ] and
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henceis the N¶eron model of its generic ¯b er. We have scheme-theoreticAlbanese
and Pic0 functorialit y for ¯nite (°at) maps between proper smooth curves (with
geometrically connected¯b ers) over any baseat all, and analyti¯cation of such a
situation over C recovers the classicaltheory of Pic0 as usedin Section 5.1.

For example,we have endomorphisms

hni ¤ = Pic0(I n ); hni ¤ = Alb( I n )

on Pic0
X 1 (N )= Z [ 1

N ]
,

w¤
³ = Pic0(w³ ) = Alb (w³ ) = (w³ )¤

on Pic0
X 1 (N )= Z [ 1

N ;³ N ]
, and

T¤
p = Alb (¼(p)

1 ) ±Pic0(¼(p)
2 )

(Tp)¤ = Alb (¼(p)
2 ) ±Pic0(¼(p)

1 )

on Pic0
X 1 (N )= Z [ 1

N p ]
. A key point is that by the N¶eronian property, T ¤

p and (Tp)¤

uniquely extend to endomorphismsof Pic0
X 1 (N )= Z [ 1

N ]
, even though the ¼(p)

i do not

make senseover Z[ 1
N ] from what has gonebefore. In particular, it makessenseto

study T¤
p and (Tp)¤ on the abelian variety Pic0

X 1 (N )= F p
over Fp for p - N . This will

be rather crucial later, but note it requires the N¶eronian property in the de¯nition.
Passingto the analyti¯cations, the above constructions recover the operators

de¯ned on Pic0
X 1 (N )an in Section 5.1. The resulting subring of

End(Pic0
X 1 (N )= Z [ 1

N ]
) ½ End(Pic0

X 1 (N )an )

generatedby T ¤
p , hni ¤ (respectively, by (Tp)¤, hni ¤) is identi¯ed with T 1(N ) via its

( )¤-action (respectively, via its ( )¤-action) and using

(5.6) limÃ¡ Pic0
X 1 (N )= Z [ 1

N ]
[`n ](Q) »= T` (Pic0

X 1 (N )an )

(using Q ½ C) endows our \analytic" V` (N ) with a canonical continuous action
of GQ = Gal(Q=Q) unrami¯ed at all p - N ` (via N¶eron-Ogg-Shafarevich) and
commuting with the action of T 1(N ) (via either the ( )¤-action or the ( )¤-action).
We alsohave an endomorphismw³ = w¤

³ = (w³ )¤ on Pic0
X 1 (N )= Z [ 1

N ;³ N ]
and it is easy

to seethat

(g¡ 1)¤wg(³ ) g
¤ = w³

on Q-points, where g 2 Gal(Q=Q) and g¤ denotesthe natural action of g on Q-
points (corresponding to basechangeof degree0 line bundles on X 1(N )=Q ). Since
w³ = w³ ¡ 1 (as (E ; P) »= (E ; ¡ P) via ¡ 1), we seethat w³ is de¯ned over the real
sub¯eld Q(³N )+ . By ¶etale descent, the operator w³ is de¯ned over Z[ 1

N ; ³N ]+ .
In any case,w³ acts on V` (N ), recovering the operator in Section 5.1, and so

this conjugatesthe ( )¤-action to the ( )¤-action, taking each T 2 T 1(N ) (for either
action on V` (N )) to its Weil pairing adjoint, via the canonicalprincipal polarization
of the abelian schemePic0

X 1 (N )= Z [ 1
N ]

. Using Corollary 5.3 and (5.6) we obtain
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Lemma 5.11. Let T 1(N ) act on V` (N ) through either the ( )¤-action or the ( )¤-
action. Then ½N ;` : GQ ! Aut (V` (N )) »= GL(2; Q ` ­ T 1(N )) is a continuous
representation, unrami¯ed at p - N `.

The main result we are after is

Theorem 5.12. Let T 1(N ) act on Pic0
X 1 (N )= Z [ 1

N ]
via the ( )¤-action. For any

p - N `, the characteristic polynomial of ½N ;` (Frobp) is

X 2 ¡ (Tp)¤X + phpi ¤

relative to the Q ` ­ T 1(N )-module structure on V` (N ), where Frobp denotes an
arithmetic Frobenius element at p.

The proof of Theorem 5.12 will make essential useof the w³ operator. For the
remainder of this section, we admit Theorem 5.12 and deduce its consequences.
Let f 2 S2(¡ 1(N ); C) be a newform of level N . Let K f ½ C be the number ¯eld
generatedby ap(f ) for all p - N , where f =

P
an (f )qn , soby weak multiplicit y one

an (f ) 2 K f for all n ¸ 1 and the Nebentypus character Âf has values in K f . Let
pf ½ T 1(N ) be the minimal prime corresponding to f (i.e., the kernel of the map
T 1(N ) ! K f sendingeach T 2 T 1(N ) to its eigenvalue on f ).

We now require T 1(N ) to act on Pic0
X 1 (N )= Z [ 1

N ]
via its ( )¤-action.

De¯nition 5.13. A f is the quotient of Pic0
X 1 (N )= Q

by pf ½ T 1(N ).

By construction, A f has good reduction over Z[ 1
N ] and the action of T 1(N )

on Pic0
X 1 (N )= Q

induces an action of T 1(N )=p on A f , hence an action of K f
»=

(T 1(N )=p) ­ Z Q on A f in the \up-to-isogeny" category.

Theorem 5.14 (Shimura). We have dim A f = [K f : Q] and V` (A f ) is free of
rank 2 over Q ` ­ Q K f , with Frobp having characteristic polynomial

X 2 ¡ (1 ­ ap(f ))X + 1 ­ pÂf (p)

for all p - N `.

Pro of. By Lemma 5.11 and Theorem 5.12, we just have to check that the Q ` ­
T 1(N )-linear map

V` (Pic0
X 1 (N )= Q

) ! V` (A f )

identi¯es the right hand side with the quotient of the left hand side by pf . More
generally, for any exact sequence

B 0 ! B ! A ! 0

of abelian varieties over a ¯eld of characteristic prime to `, we claim

V` (B 0) ! V` (B ) ! V` (A) ! 0

is exact. We may assumethe base¯eld is algebraically closed,and then may appeal
to Poincar¶e reducibilit y (see[77, pg. 173]). ¤

Choosing a place ¸ of K f over ` and using the natural realization of K f ;¸ as a
factor of Q ` ­ K f , we deducefrom Theorem 5.14:
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Corollary 5.15. Let f 2 S2(¡ 1(N ); C) be a newform and ¸ a place of K f over `.
There exists a continuous representation

½f ;¸ : GQ ! GL(2; K f ;¸ )

unrami¯ed at all p - N `, with Frobp having characteristic polynomial

X 2 ¡ ap(f )X + pÂf (p) 2 K f ;¸ [X ]:

5.3. Pro of of Theorem 5.12

Fix p - N and let

Jp = Pic0
X 1 (N )= F p

»= Pic0
X 1 (N )= Z [ 1

N ]
£ Z [ 1

N ]Fp

with T 1(N ) acting through the ( )¤-action. Fix a choice of Frobp, or more specif-
ically ¯x a choice of place in Q over p. Note that this determines a preferred
algebraicclosureF p asa quotient of the ring of algebraic integers,and in particular
a map Z[1=N; ³N ] ! Fp. Thus, we may view w³ as inducing an endomorphism
of the abelian variety Jp £ F p Fp over Fp (whereasthe elements in T 1(N ) induce
endomorphismsof Jp over Fp). The canonical isomorphism

V` (Pic0
X 1 (N )= Q

) »= V` (Pic0
X 1 (N )= Z [ 1

N ]
) »= V` (Jp)

identi¯es the Frobp-action on Q-points on the left hand side with the (arithmetic)
Frobeniusaction on F p-points on the right hand side. Obviously V` (Jp) is a module
over the ring Q ` ­ T 1(N ) and is free of rank 2 as such. For any F p-schemesZ , Z 0

and any Fp-map f : Z ! Z 0 the diagram

(5.7) Z
f //

FZ

²²

Z 0

FZ 0

²²
Z

f //Z 0

commutes, where columns are absolute Frobenius. Taking Z = SpecF p, Z 0 = Jp,
we seethat the Frobp action of V` (Jp) through Fp-points is identical to the action
induced by the intrinsic absolute Frobenius morphism F : Jp ! Jp over Fp. Here
is the essential input, to be proven later.

Theorem 5.16 (Eichler-Shimura). In EndF p
(Jp),

(Tp)¤ = F + hpi ¤F _ ; w¡ 1
³ F w³ = hpi ¡ 1

¤ F

where F _ denotesthe dual morphism.

The extra relation involving w³ is crucial. The interestedreadershouldcompare
this with [108, Cor. 7.10].

Let us admit Theorem 5.16 and use it to prove Theorem 5.12. We will then
prove Theorem 5.16. Using an F p-rational basepoint P (e.g., the cusp 0), we get
a commutativ e diagram

X 1(N )=F p
ÂÄ //

FX 1 ( N )

²²

Jp

F

²²
X 1(N )=F p

ÂÄ //Jp
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where FX 1 (N ) denotes the absolute Frobenius morphism of X 1(N )=F p , so by Al-
banesefunctorialit y F = Alb (FX 1 (N ) ). Thus

F F _ = Alb (FX 1 (N ) ) ±Pic0(FX 1 (N ) )

= deg(FX 1 (N ) ) = p

as X 1(N )=F p is a smooth curve. We concludefrom (Tp)¤ = F + hpi ¤F _ that

F 2 ¡ (Tp)¤F + phpi ¤ = 0

on Jp, hencein V` (Jp). Thus, ½N ;` (Frobp) satis¯es the expected quadratic polyno-
mial

X 2 ¡ (Tp)¤X + phpi ¤ = 0:

Let X 2 ¡ aX + b be the true characteristic polynomial, which ½N ;` (Frobp) must also
satisfy, by Cayley-Hamilton. We must prove that a = (Tp)¤, and then b = phpi ¤ is
forced. It is this matter which requires the secondrelation.

We want tr Q ` ­ T 1 (N ) (½N ;` (Frobp)) = (Tp)¤ or equivalently

tr Q ` ­ T 1 (N ) (V` (F )) = (Tp)¤:

Using the modi¯ed Weil pairing

[x; y]` = (x; w³ y)`

and using the fact that V` (Jp) »= V` (Pic0
X 1 (N )= Q

) respectsWeil pairings (by invoking

the relativization of this concept,hereover Z[ 1
N ]) we may identify (via Theorem 5.8

and a choice Q ` (1) »= Q ` as Q ` -vector spaces)

V` (Jp) »= HomQ ` (V` (Jp); Q ` ) := V` (Jp)¤

as Q ` ­ T 1(N )-modules, but taking the F -action over to the hpi ¤F _ -action, since
adjoints with respect to Weil pairings are dual morphismsand w¡ 1

³ F _ w³ is dual to
w¡ 1

³ F w³ = hpi ¡ 1
¤ F = F hpi ¡ 1

¤ (absolute Frobeniuscommutes with all morphisms of
Fp-schemes!)

Since V` (Jp) is free of rank 2 over Q ` ­ T 1(N ) and HomQ ` (Q ` ­ T 1(N ); Q ` )
is free of rank 1 over Q ` ­ T 1(N ), by Corollary 5.9, we conclude

tr Q ` ­ T 1 (N ) (F jV` (Jp)) = tr Q ` ­ T 1 (N ) (hpi ¤F _ jV` (Jp)¤):

We wish to invoke the following applied to the Q ` -algebra Q ` ­ T 1(N ) and the
Q ` ­ T 1(N )-module V` (Jp):

Lemma 5.17. Let O be a commutative ring, A a ¯nite locally free O-algebra with
HomO (A; O) a locally free A-module (necessarilyof rank 1). Let M be a ¯nite locally
free A-module, M ¤ = HomO (M ; O), so M ¤ is ¯nite and locally free over A with the
samerank as M . For any A-linear map f : M ! M with O-dual f ¤ : M ¤ ! M ¤,
automatically A-linear,

char(f ) = char(f ¤)

in A[T] (theseare the characteristic polynomials).

Pro of. Without loss of generality O is local, so A is semilocal. Making faithfully
°at basechangeto the henselizationof O (or the completion if O is noetherian or
if we ¯rst reduce to the noetherian case),we may assumethat A is a product of
local rings. Without lossof generality, A is then local, so

M = ©Aei
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if free, and HomO (A; O) is free of rank 1 over A. Choosean isomorphism

h : A »= HomO (A; O)

as A-modules, so the projections

¼i : M ! Aei
»= A

satisfy e¤
i = h(i ) ± ¼i in M ¤. These e¤

i are an A-basis of M ¤ and we compute
matrices over A:

Mat f ei g(f ) = Mat f e¤
i g(f ¤)t :

¤

We concludethat

tr Q ` ­ T 1 (N ) (F jV` (Jp)) = tr Q ` ­ T 1 (N ) (hpi ¤f _ jV` (Jp)) :

By Theorem 5.16, we have

2(Tp)¤ = tr(( Tp)¤ jV` (Jp))

= tr( F + hpi ¤F _ jV` (Jp))

= 2tr (F jV` (Jp)) :

This provesthat tr( F jV` (Jp)) = (Tp)¤, so indeed X 2 ¡ (Tp)¤X + phpi ¤ is the char-
acteristic polynomial. Finally, there remains

Pro of of Theorem 5.16. It su±ces to check the mapscoincideon a Zariski dense
subsetof Jp(Fp) = Pic0(X 1(N )=F p

). If g is the genus of X 1(N )=Z [ 1
N ] and we ¯x an

Fp-rational basepoint, we get an induced surjective map

X 1(N )g
=F p

! Jp=F p
;

so for any denseopen U ½ X 1(N )F p
, Ug ! (Jp)=F p

hits a Zariski densesubsetof

Fp-points. Taking U to be the ordinary locusof Y1(N )=F p
, it su±ces to study what

happens to a di®erence(x) ¡ (x0) for x; x0 2 Y1(N )(Fp) corresponding to (E ; P),
(E 0; P0) over Fp with E and E 0 ordinary elliptic curves.

By the commutativ e diagram (5.7), the map

Jp(Fp) ! Jp(Fp)

induced by F is the sameas the map induced by the pth power map in F p. By
de¯nition of Pic0 functorialit y, this corresponds to base change of an invertible
sheafon X 1(N )=F p

by the absolute Frobenius on F p. By de¯nition of Y1(N )=F p
as

a universalobject, such basechangeinduceson Y1(N )(Fp) exactly \base changeby
absolute Frobenius" on elliptic curves with a point of exact order N over F p. We
conclude

F ((x) ¡ (x0)) = (E (p) ; P (p) ) ¡ ((E 0)(p) ; P (p) )

where ( )(p) denotesbasechangeby absolute Frobenius on F p.
Sincep = F F _ = F _ F and F is bijective on F p-points, we have

F _ ((x) ¡ (x0)) = pF ¡ 1((x) ¡ (x0))

= p((E (p¡ 1 ) ; P (p¡ 1 ) ) ¡ ((E 0)(p¡ 1 ) ; (P0)(p¡ 1 ) )) :

Thus,

hpi ¤F _ ((x) ¡ (x0)) = p(E (p¡ 1 ) ; pP(p¡ 1 ) ) ¡ p((E 0)(p¡ 1 ) ; p(P0)(p¡ 1 ) )
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so

(F + hpi ¤F _ )(( x) ¡ (x0)) = (E (p) ; P (p) ) + p(E (p¡ 1 ) ; pP(p¡ 1 ) )

¡ ((E 0)(p) ; (P0)(p) ) + p((E 0)(p¡ 1 ) ; p(P0)(p¡ 1 ) ):

Computing (Tp)¤ on Jp = Pic0
X 1 (N )= Z [ 1

N ]
£ Z [ 1

N ]Fp is more subtle because(Tp)¤

was de¯ned over Z[ 1
N p ] (or over Q) as (¼2)¤¼¤

1 and was extended over Z[ 1
N ] by

the N¶eronian property. That is, we do not have a direct de¯nition of (Tp)¤ in
characteristic p, so we will need to lift to characteristic 0 to compute. It is here
that the ordinarinessassumption is crucial, for we shall seethat, in somesense,

(Tp)¤((x) ¡ (x0)) = (F + hpi ¤F _ )(( x) ¡ (x0))

as divisors for ordinary points x, x0. This is, of course, much stronger than the
mere linear equivalencethat we needto prove.

Before we dive into the somewhatsubtle calculation of (Tp)¤((x) ¡ (x0)), let's
quickly take care of the relation w¡ 1

³ F w³ = hpi ¡ 1
¤ F , or equivalently ,

F w³ = w³ hp¡ 1i ¤F:

All maps here are induced by maps on X 1(N )=F p
, with F = Alb (FX 1 (N ) ), w³ =

Alb( w³ jX 1 ( N )
), hp¡ 1i ¤ = Alb( I p¡ 1 ). Thus, it su±ces to show

FX 1 (N ) ±w³ = w³ I p¡ 1 FX 1 (N )

on X 1(N )=F p
, and we can check by studying x = (E ; P) 2 Y1(N )(Fp):

FX 1 (N ) w³ (x) = FX 1 (N ) (E=P; P0) = (E (p) =P(p) ; (P0)(p) )

wherehP; P 0i N = ³ , sohP (p) ; (P0)(p) i N = ³ p by compatibilit y of the (relativ e) Weil
pairing with respect to basechange. Meanwhile,

w³ I p¡ 1 FX 1 (N ) (x) = w³ (E (p) ; p¡ 1P (p) ) = (E (p) =(p¡ 1P (p) ); Q)

where hp¡ 1P (p) ; Qi N = ³ , or equivalently hP (p) ; Qi = ³ p. SinceQ = (P 0)(p) is such
a point, this secondrelation is established.

Now we turn to the problem of computing

(Tp)¤((x) ¡ (x0))

for \ordinary points" x = (E ; P), x0 = (E 0; P0) as above. Let R = Zun
p , W (Fp), or

more generally any henselian(e.g., complete) discrete valuation ring with residue
¯eld Fp and fraction ¯eld K of characteristic 0. Sincep - N , R is a Z[ 1

N ]-algebra.
SinceY1(N ) is smooth over Z[ 1

N ], we concludefrom the (strict) henselianproperty
that Y1(N )(R) ! Y1(N )(Fp) is surjective. Of course,this can be seen\b y hand":
if (E ; P) is given over F p, choosea Weierstrassmodel E ,! P 2

R lifting E (this is
canonically an elliptic curve, by [62, Ch 2]). The ¯nite ¶etale group schemeE[N ] is
constant sinceR is strictly henselian. Thus there exists a unique closedimmersion
of group schemesZ=N Z ,! E[N ] lifting P : Z=N Z ,! E [N ].

Let (E; P), (E0; P0) over R lift x, x0 respectively. We view these sections to
X 1(N )=R ! SpecR as relative e®ective Cartier divisors of degree1. Using the
reduction map

Pic0
X 1 (N )= Z [ 1

N ]
(R) ! Jp(Fp)
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and the de¯nition of (Tp)¤, weseethat (Tp)¤((x)¡ (x0)) is the imageof (Tp)¤((E; P)¡
(E0; P0)). Now R is NOT a Z[ 1

N p ]-algebrabut K is, and we have an injection (even
bijection)

Pic0
X 1 (N )= Z [ 1

N ]
(R) ,! Pic0

X 1 (N )= Z [ 1
N ]

(K );

as Pic0
X 1 (N )= Z [ 1

N ]
! SpecZ[ 1

N ] is separated(even proper).

Thus, we will ¯rst compute (Tp)¤((x) ¡ (x0)) by working with K -points, where
K is an algebraic closureof K . Sincep - N , we have

(¼2)¤¼¤
1 ((E; P)=K ) =

X

C

(EK =C; PK mod C)

where C runs through all p + 1 order-p subgroupsof E=K . Since E ! SpecR has
ordinary reduction, and R is strictly henselian,the connected-¶etale sequenceof E[p]
is the short exact sequenceof ¯nite °at R-group schemes

0 ! ¹ p ! E[p] ! Z=pZ ! 0:

Enlarging R to a ¯nite extension does not change the residue ¯eld F p, so we
may assumethat

E[p]=K
»= Z=pZ £ Z=pZ:

Taking the scheme-theoreticclosurein E[p] of the p+ 1 distinct subgroupsof E[p]=K

gives p + 1 distinct ¯nite °at subgroup schemesC ½ E realizing the p + 1 distinct
C's over K .

Exactly one of theseC's is killed by E[p] ! Z=pZ over R, as this can be checked
on the generic ¯b er, so it must be ¹ p ,! E[p]. For the remaining C's, the map
C ! Z=pZ is an isomorphism on the generic¯b er. We claim thesemaps

C ! Z=pZ

over R are isomorphisms. Indeed, if C is ¶etale this is clear, yet C ,! E[p] is a ¯nite
°at closedsubgroup-schemeof order p, so a consideration of the closed¯b er shows
that if C is not ¶etale then it is multiplicativ e. But E[p] has a unique multiplicativ e
subgroup-schemesince

E[p]_ »= E[p]

by Cartier-Nishi dualit y and E[p] has a unique order-p ¶etale quotient (as any such
quotient must kill the ¹ p we have inside E[p].)

Thus,

(¼2)¤¼¤
1 ((E; P)=K ) =

X

C

(E=C; P mod C) ¡
X

C0

(E0=C0; P0 mod C0)

2 Pic0
X 1 (N )= Z [ 1

N ]
(R)

coincides with (Tp)¤((E; P) ¡ (E0; P0)) as both induce the sameK -point. Passing
to closed¯b ers,

(Tp)¤((x) ¡ (x0)) = (E=¹ p; P mod ¹ p) + p(E=Z=pZ0; P mod Z=pZ)

¡ (E 0=¹ p; P0 mod ¹ p) + p(E 0=Z=pZ; P 0 mod Z=pZ)

where E[p] »= ¹ p £ Z=pZ and E 0[p] »= ¹ p £ Z=pZ are the canonical splittings of the
connected-¶etale sequenceover the perfect ¯eld F p.
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Now consider the relative Frobenius morphism

FE =F p
: E ! E (p) ;

which sendsO to O (and P to P (p) ) and so is a map of elliptic curves over F p.
Recall that in characteristic p, for any map of schemesX ! S we de¯ne the relative
Frobenius map FX =S : X ! X (p) to be the unique S-map ¯tting into the diagram

X
FX =S

//

!!D
DDD

DDD
DD

FX

((
X (p) //

²²

X

²²
S

FS

//S

where FS , FX are the absolute Frobenius maps. Since E ! SpecF p is smooth of
pure relative dimension 1, FE =F p

is ¯nite °at of degreep1 = p. It is bijective on
points, so ker(FE =F p

) must be connectedof order p.
The only such subgroup-schemeof E is ¹ p ,! E [p] by the ordinariness. Thus

E=¹ p
»= E (p)

is easily seento take P mod ¹ p to P (p) .
Similarly, we have

E
FE = F p

//

p

((
E (p)

F _
E = F p

//E

so F _
E =F p

is ¶etale of degreep and baseextensionby Frob¡ 1 : Fp ! Fp gives

E (p¡ 1 ) //

p
**

E //E (p¡ 1 )

P (p¡ 1 ) Â //P
Â //p ¢P (p¡ 1 ) :

As the secondmap in this composite is ¶etale of degreep, we conclude

(E=Z =pZ ; P mod Z=pZ) »= (E (p¡ 1 ) ; pP(p¡ 1 ) ):

Thus, in Pic0
X 1 (N ) (Fp),

(Tp)¤((x) ¡ (x0)) = (E (p) ; P (p) ) + p ¢(E (p¡ 1 ) ; p ¢P (p¡ 1 ) )

¡ ((E 0)(p) ; (P0)(p) ) ¡ p ¢((E 0)(p¡ 1 ) ; p ¢(P0)(p¡ 1 ) )

which we have seenis equal to (F + hpi ¤F _ )(( x) ¡ (x0)).
¤





CHAPTER 6

App endix by Kevin Buzzard: A mo d `
multiplicit y one result

In this appendix, we explain how the ideasof [46] can be usedto prove the following
mild strengthening of the multiplicit y one results in x9 of [32].

The setup is as follows. Let f be a normalised cuspidal eigenform of level N ,
and weight k, de¯ned over F ` , with ` - N and 2 · k · ` + 1. Let N ¤ denote N
if k = 2, and N ` if k > 2. Let JQ be the Jacobian of the curve X 1(N ¤)Q , and
let H denote the Hecke algebra in End(JQ ) generatedover Z by Tp for all primes
p, and all the Diamond operators of level N ¤. It is well-known (for example by
Proposition 9.3 of [46]) that there is a characteristic 0 normalised eigenform F
in S2(¡ 1(N ¤)) lifting f . Let m denote the maximal ideal of H associated to F
(note that m depends only on f and not on the choice of F ), and let F = H=m,
which embeds naturally into F ` . Supposethe representation ½f : GQ ! GL2(F ` )
associated to f is absolutely irreducible, and furthermore assumethat if k = ` + 1
then ½f is not isomorphic to a representation coming from a form of weight 2 and
level N .

Theorem 6.1. If ½f is rami¯ed at `, or if ½f is unrami¯ed at ` but ½f (Frob` ) is
not a scalar matrix, then JQ (Q)[m] has H=m-dimension two, and hence is a model
for (precisely one copy of) ½f .

The motivation for putting ourselvesin the setup above is that every absolutely
irreducible modular mod ` representation has a twist coming from a modular form
of level prime to ` and weight at most ` + 1. In particular, every modular mod `
representation hasa twist coming from a form satisfying the conditions of our setup.
Furthermore, if f is as in our setup, then Theorems2.5 and 2.6 of [32] tell us the
precisestructure of the restriction of ½f to D ` , a decomposition group at `. These
results are explained in Section 2.2. Using them, it is easyto deduce

Corollary 6.2. Let ½be an absolutely irr educible modular mod ` representation,
such that ½f (D ` ) is not contained within the scalars. Then sometwist of ½comes
from a modular form satisfying the conditions of the theorem, and hence ½ is a
multiplicity one representation in the senseof Remark 3.4.2.

The theorem, commonly referred to as a \m ultiplicit y one theorem", is a mild
extension of results of Mazur, Ribet, Gross and Edixhoven. It was announcedfor
` = 2 as Proposition 2.4 of [9] but the proof given there is not quite complete|in
fact, the last line of the proof there is a little optimistic. I would hencelike to thank
Ribet and Stein for the opportunit y to correct this oversight in [9].

81
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Pro of of Theorem. Firstly we observe that the only casenot dealt with by The-
orem 9.2 of [32] is the casewhen k = ` and ½f is unrami¯ed at `, with ½f (Frob` )
a non-scalar matrix whose eigenvalues are equal. Moreover, using Theorems 2.5
and 2.6 of [32] we seethat in this casef must be ordinary at `. We are hence
in a position to use the detailed construction of ½f given in xx11{12 of [46]. We
will follow the conventions set up in the present paper for normalisations of Hecke
operators, and so in particular the formulae below di®er from the onesin [46] by a
twist.

The maximal ideal m of H associated to f gives rise as in (12.5) of [46] to an
idempotent e 2 H ` := H ­ Z Z l , such that the completion H m of H at m is just eH` .
Let G denote e(JQ ` [`1 ]), the part of the `-divisible group of J which is associated
to m. Then Hm acts on G, and it is proved in Propositions 12.8 and 12.9 of [46]
that there is an exact sequenceof `-divisible groups

0 ! G0 ! G ! Ge ! 0

over Q ` , which is Hm-stable. Let

0 ! T0 ! T ! Te ! 0

be the exact sequenceof Tate modules of thesegroups. We now explain explicitly ,
following [46], how the group D ` acts on theseTate modules.

If k > 2 then there is a Hecke operator U` in Hm , and we de¯ne u = U` . If
k = 2 then there is a Hecke operator T` in Hm and becausewe are in the ordinary
casewe know that T` is a unit in Hm . We de¯ne u to be the unique root of the
polynomial X 2 ¡ T` X + `h̀ i in Hm which is a unit (u exists by an appropriate
analogueof Hensel'slemma).

The calculations of Propositions 12.8 and 12.9 of [46] show that, under our
conventions, the absolute Galois group D ` of Q ` acts on Te as ¸ (u), where ¸ (x)
denotesthe unrami¯ed character taking Frob` to x. Moreover, these propositions
also tell us that D ` acts on T0 via the character Â` ¸ (u¡ 1h̀ i N )Â` ¡ 2, whereÂ` is the
cyclotomic character and Â is the TeichmÄuller character. The key point is that this
character takesvalues in H £ .

The next key observation is that a standard argument on di®erentials, again
contained in the proof of Propositions 12.8 and 12.9 of [46], shows that Ge[m] =
m¡ 1`T e=`Te has Hm=m-dimension 1 and that G0[m] has dimension d0 ¸ 1. (Note
that the fact that Ge[m] has dimension 1 implies, via somesimple linear algebra,
that the sequence0 ! G0[m] ! G[m] ! Ge[m] ! 0 is exact, as asserted by
Gross.) Furthermore, becausewe can identify G0[m] with m¡ 1`T 0=`T0, we seethat
the action of D ` on G0[m] is via a character which takes values in (H=m)£ . In
particular, D ` acts as scalarson G0[m].

Let us now assumethat ½f is unrami¯ed at `, and that ½f (Frob` ) is a non-
diagonalisablematrix with eigenvalue ® 2 H=m. Choosea model ½for ½f de¯ned
over GL2(H=m). By the theorem of Boston, Lenstra and Ribet, we know that G[m]
is isomorphic to a direct sum of d copiesof ½, or more precisely, d copiesof the
restriction of ½to D ` . Here d is an integer satisfying 2d = d0 + de. Hence,if G[m]®

denotesthe subspaceof G[m] where Frob` acts as ®, then the H=m-dimension of
G[m]® is at most d. On the other hand, Frob` acts on G[m]0 as a scalar, and hence
this scalar must be ®, and so we seeG[m]0 µ G[m]®. Henced0 · d = (d0 + 1)=2.
We deducethat d0 · 1 and henced0 = d = 1 and the theorem is proved. ¤
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We remark that L. Kilford has found examplesof mod 2 forms f of weight 2,
such that ½f is unrami¯ed at 2 and ½f (Frob2) is the identit y, and where JQ (Q)[m]
has H=m-dimension 4, and so one cannot hope to extend the theorem to this case.
SeeRemark 3.6 for more details, or [64]. A detailed analysisof what is happening
in this case,at least in the analogoussetting of forms of weight 2 on J0(p), with
p prime, has been undertaken by Emerton in [39]. In particular, Emerton proves
that multiplicit y one fails if and only if the analogueof the exact sequence0 !
T0 ! T ! Te ! 0 fails to split as a sequenceof H m-modules.
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