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Abstra ct. We study resolution of tame cyclic quotient singularities
on arithmetic surfaces,and use it to prove that for any subgroup
H u (Z=pz)t =f§ 1g the map Xy (p) = X1(p)=H ! Xo(p) induces
an injection ©(Jy (p)) ! ©(Jo(p)) on mod p componert groups, with
image equal to that of H in ©(Jo(p)) when the latter is viewed as a
quotient of the cyclic group (Z=pz)£ =f§ 1g. In particular, ©(Jy (p))
is always Eisensteinin the senseof Mazur and Ribet, and ©(J1(p)) is
trivial: that is, J1(p) hasconnected b ers. We also compute tables of
arithmetic invariants of optimal quotients of J;(p).
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1 Intr oduction

Let p be a prime and let X1(p)-o be the projective smooth algebraic curve
over Q that classi es elliptic curves equipped with a point of exact order p.
Let J1(p)-q beits Jacobian. One of the goalsof this paper is to prove:

Theorem 1.1.1 For every prime p, the N&ron model of J1(p)-q over Z, has
closa ber with trivial geometric component group.

This theorem is obvious when X 1(p) has gerus 0 (i.e., for p - 7), and for
p= 11lit is equivalent to the well-known fact that the elliptic curve X ;(11) has
j -invariant with a simple pole at 11 (the j -invariant is j 2'?=11). The strategy
of the proof in the generalcaseis to show that X1(p)-q has a regular proper
model X1(p)=z,, whose closed b er is geometrically integral. Once we have
such a model, by using the well-known dictionary relating the N&ron model of
a generic- ber Jacobian with the relative Picard scheme of a regular proper

Document a Mathema tica 8 (2003) 325{402



J1(p) Has Connected Fibers 327

model (see[9, Ch. 9], esp. [9, 9.5/4, 9.6/1], and the referencestherein), it
follows that the N&ron model of J1(p) over Z(,, has (geometrically) connected
closed b er, as desired. The main work is therefore to prove the following
theorem:

Theorem 1.1.2 Let p be a prime. There is a regular proper model X1(p) of
X1(p)-q over Z, with geometrically integral closel ber.

What we really prove is that if X 1(p)'®? denotesthe minimal regular reso-
lution of the normal (typically non-regular) coarsemoduli scheme X 1(p)=z,,,
then a minimal regular contraction X;(p) of X 1(p)™? hasgeometrically integral
closed b er; after all the cortractions of j 1-curves are done, the componert
that remainscorrespondsto the componert of X 1(p)=r, classifying&tale order-p
subgroups. When p > 7, sothe genericb er haspositive gerus, such a minimal
regular contraction is the unique minimal regular proper model of X 1(p)=q .

Theorem 1.1.2 provides natural examplesof a "nite map ¥ between curves
of arbitrarily large gerus sud that “sdoes not extend to a morphism of the
minimal regular proper models. Indeed, considerthe natural map

Ya: X1(P)=q ! Xo(p)=q:

When p = 11 or p > 13, the target has minimal regular proper model over
Z ) with reducible geometric closed b er [45, Appendix], while the sourcehas
minimal regular proper model with (geometrically) integral closed b er, by
Theorem 1.1.2. If the map extended, it would be proper and dominant (as
source and target have unique generic points), and hencesurjective. On the
level of closed b ers, there cannot be a surjection from an irreducible scheme
onto a reducible scheme. By the valuative criterion for properness Yis de ned
in codimension 1 on minimal regular proper models, sothere are nitely many
points of X;(p) in codimension 2 where Y2cannot be de ned.

Note that the b er of J1(p) at in nit y neednot be connected. More specif-
ically, a modular-symbols computation shows that the componert group of
J1(p)(R) has order 2 for p = 17 and p = 41. In cortrast, A. Agashe has
obsened that [47, x1.3] implies that Jo(p)(R) is always connected.

Rather than prove Theorem 1.1.2 directly, we work out the minimal regular
model for Xy (p) over Z, for any subgroup H u (Z=pz)% =f§ 1g and use
this to study the mod p componert group of the Jacobian Jy (p); note that
Ju (p) usually does not have semistable reduction. Our basic method is to
use a variant on the classical Jung{Hirzebruch method for complex surfaces,
adapted to the caseof a proper curve over an arbitrary discrete valuation ring.
We refer the readerto Theorem 2.4.1 for the main result in this direction; this
is the main new theoretical contribution of the paper. This technique will be
applied to prove:

Theorem 1.1.3 For any prime p and any sutgroup H of (Z=pz)% =f§ 1g, the
natural surjective map Jy(p) ! Jo(p) of Albanese functoriality induces an
injection on geometric component groups of mod-p “bers, with the component
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328 Conrad, Edixho ven, Stein

group ©(J (p):Ep) being cyclic of order jHj=gcd(jHj;6). In particular, the
“nite §tale component-group scheme©(J 4 (P)=r,) is constant over Fp.

If we view the constant cyclic component group ©(J o(p)=F,) as a quotient of
the cyclic (Z=p)® =f§ 1g, then the image of the sulgroup ©(J 4 (P)=F,) in this
quotient is the image of H p (Z=pz)% =f§ 1g in this quotient.

Remark 1.1.4 The non-canonical nature of preserting one "nite cyclic group
asa quotient of another is harmlesswhen following imagesof subgroupsunder
maps, sothe "nal part of Theorem 1.1.3is well-posed.

The constancyin Theorem 1.1.3 follows from the injectivit y claim and the
fact that ©(Jo(p)=F,) is constart. Sud constancy was proved by Mazur-
Rapoport [45, Appendix], whereit is alsoshown that this componert group for
Jo(p) is cyclic of the order indicated in Theorem 1.1.3for H = (Z=pz)% =f§ 1g.

Sincethe Albanesemap is compatible with the natural map T (p) ! To(p)
on Hedke rings and Mazur proved [45, x11] that ©(J o(p)zfp) is Eisensteinasa
T o(p)-module, we obtain:

Cor ollar y 1.1.5 The Hecke module ©(J 4 (p):fp) is Eisensteinasa Ty (p)-
module (i.e., T- actsas 1+ ~ for all ©~ 6 p and hdi acts trivial ly for all

d2 (z=pz)%).

In view of Eisenstein results for componernt groups due to Edixhoven [18]
and Ribet [54], [55] (where Ribet givesexamplesof non-Eisensteincomponert
groups), it would be of interest to explore the range of validity of Corollary
1.1.5 when auxiliary prime-to-p level structure of j o(N)-type is allowed. A
modi cation of the methods we use should be able to settle this more general
problem. In fact, a natural approach would be to aim to essetially reduceto
the Eisensteinresults in [54] by establishing a variant of the above injectivit y
result on componernt groups when additional j o(N) level structure is allowed
away from p. This would require a new idea in order to avoid the crutch of
cyclicity (the caseof j 1(N) seemsmuch easierto treat using our methods
becausethe relevant groupstend to be cyclic, though we have not worked out
the details for N > 1), and preliminary calculations of divisibilit y amongorders
of componert groups are consistert with sud injectivit y.

In order to prove Theorem 1.1.3,we actually ‘rst prove a surjectivity result:

Theorem 1.1.6 The map of Picard functoriality Jo(p) ! Jy(p) induces a
surjection on mod p component groups, with the mod p component group for
Ju (p) having order jH j=gcd(jH j; 6).

In particular, each connected component of Jy (p)=¢, contains a multiple of
the imageof (0) i (1) 2 Jo(P)(Z(p)) in I (P)(Fp).

Let us explain how to deduceTheorem 1.1.3from Theorem 1.1.6. Recall [28,
Expost IX] that for a discrete valuation ring R with fraction "eld K and an
abelian variety A over K over R, Grothendied's biextension pairing setsup a
bilinear pairing betweenthe componert groupsof the closed b ersof the N§ron
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J1(p) Has Connected Fibers 329

modelsof A and its dual A°. Moreover, under this pairing the componert-group
map induced by a morphismf : A! B (to another abelian variety) hasasan
adjoint the componert-group map induced by the dual morphismf %: B! AC,
Since Albanese and Picard functoriality maps on Jacobiansare dual to each
other, the surjectivity of the Picard map therefore implies the injectivit y of the
Albanese map provided that the biextension pairings in question are perfect
pairings (and then the description of the image of the resulting Albanesein-
jection in terms of H asin Theorem 1.1.3 follows immediately from the order
calculation in Theorem 1.1.6).

In generalthe biextension pairing for an abelian variety and its dual neednot
be perfect[8], but onceit is known to be perfectfor the Jy (p)'s then surjectivity
of the Picard map in Theorem 1.1.6 implies the injectivity of the Albanese
map as required in Theorem 1.1.3. To establish the desired perfectness,one
can use either that the biextension pairing is always perfect in caseof generic
characteristic 0 with a perfect residue eld [6, Thm. 8.3.3], or that surjectivity
of the Picard map ensuresthat Jy (p) has mod p componert group of order
prime to p, and the biextensionpairing is always perfecton primary componerts
prime to the residue characteristic [7, X3, Thm. 7].

It is probablethat the results concerningthe componert groups©(J 4 (p)zfp)
and the mapsbetweenthem that are proved in this article via modelsof X ; (p)
over Z,) can alsobe proved using [20, 5.4, Rem. 1], and the well-known stable
model of X1(p) over Z,[3p] that one can nd for example in [30]. (This
obsenation was prompted by questions of Robert Coleman.) However, sud
an approac does not give information on regular models of Xy (p) over Z.
Hencewe prefer the method of this paper.
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etry", while Conrad and Stein are grateful to the NSF for support during work
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to Henri Darmon, Paul Hacking, and Victor Kac. Dino Lorenzini madea large
number of helpful remarks. Stein thanks Ken Ribet and Sheldon Kamienny
for discussionsabout the torsion subgroup of Ji(p), Allan Steel of Magma
for computational support, and William R. Hearst |1l and Sun Microsystems
for donating computers that were used for computations in this paper. The
authors thank the refereefor a thoughtful report.

1.2 Outline

Section 1.3 corntains a few badkground notational remarks. In Section 2 we
dewvelop the basic Jung{Hirzebruch resolution technique in the cortext of tame
cyclic quotient surfacesingularities. This includes mod-p singularities on many
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(coarse) modular curveswhen p > 3 and the p-power level structure is only
on p-torsion. In Section 3, we recall somegeneral results on moduli problems
for elliptic curvesand coarsemoduli schemesfor such problems. In Section 4,
we use the results of Sections2 and 3 to locate all the non-regular points on
the coarsemoduli scheme Xy (p)=z,, (e.g. when H s trivial this is the set
of Fp-rational points (E;0) with j = 0;1728). In Section 5, we usethe Jung{
Hirzebruch formulas to compute the minimal regular resolution Xy (p)™? of
Xu (P)=z,, , and we use use a seriesof intersection number computations to
obtain a regular proper model for Xy (p)-q; from this, the desired results
on componert groups follow. We concludein Section 6 with some computer
computations concerning the arithmetic of Ji(p) for small p, where (among
other things) we propose a formula for the order of the torsion subgroup of
J1(p)(Q).

To avoid using Weierstrassequations in proofs, we have sometimesargued
more abstractly than is strictly necessarybut this hasthe merit of enabling us
to treat cuspsby essetially the samemethods as the other points. We would
prefer to avoid mertioning j -invariants, but it is more succinct to say \cases
with j = 0" than it is to say \casessud that Aut(E-) hasorder 6."

Becausewe generally use methods of abstract deformation theory, the same
approac should apply to Drinfeld modular curves, as well as to caseswith
auxiliary level structure away from p (including mod p componert groups of
suitable Shimura curves ass@iated to inde nite quaternion algebrasover Q,
with p not dividing the discriminant). Howewer, since a few additional techni-
calities arise, we leave these examplesto be treated at a future time.

1.3 Not ation and terminology

Throughout this paper, p denotesan arbitrary prime unlessotherwiseindicated.
Although the casesp - 3 are not very interesting from the point of view of our
main results, keepingthese casesin mind has often led us to more conceptual
proofs. Wewrite ©,(T) = (TP 1)=(Tj 1) 2 Z[T] to denotethe pth cyclotomic
polynomial (so ©,(T + 1) is p-Eisenstein).

We write V- to denote the dual of a vector spaceV, and we write F- to
denote the dual of a locally free sheafF .

If X and S°are schemesover a schemeS then X —go and X so denote X £ g S°.
If S is an integral scheme with function eld K and X is a K -scheme, by a
model of X (over S) we meana °at S-schemewith generic’ b er X.

By an S-curve over a scheme S we mean a °at separated nitely preseried
map X ! S with "bers of pure dimension 1 (the "bral dimension condition
need only be cheded on generic b ers, thanks to [27, IV 3, 13.2.3]and a re-
duction to the noetherian case). Of course,when a map of schemesX ! Sis
proper °at and Tnitely preseried with geometrically connectedgeneric b ers,
then the other "b ers are automatically geometrically connected(via reduction
to the noetherian caseand a Stein factorization argumert). For purely techni-
cal reasons,we do not require S-curvesto be proper or to have geometrically
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connected b ers. The main reasonfor this is that we want to use §tale local-
ization argumenrts on X without having to violate running hypotheses. The
useof Corollary 2.2.4in the proof of Theorem 2.4.1illustrates this point.

2 Resolution of singularities

Our evertual aim is to determine the componert groups of Jacobiansof inter-
mediate curvesbetweenX ;1(p) and Xo(p). Sudh curvesare exactly the quotient
curves Xy (p) = X 1(p)=H for subgroupsH u (Z=pz)% =f§ 1g, where we iden-
tify the group Aut o (X1(p)=Xo(p)) = Autg(X1(p)=Xo(p)) with (Z=pz)* =f§ 1g
via the diamond operators (in terms of moduli, n 2 (Z=pZ)# sendsa pair (E;P)
to the pair (E;n ¢P)). The quotient Xy (p)=z,,, is an arithmetic surfacewith
tame cyclic quotient singularities (at leastwhenp > 3).

After somebadkground review in Section 2.1 and somediscussionof gener-
alities in Section 2.2, in Section 2.3 we will describe a classof curvesthat give
riseto (what we call) tame cyclic quotient singularities. Rather than work with
global quotient situations X=H, it is more conveniert to require such quotient
descriptionsonly on the level of complete local rings. For example, this is what
oneencourters when computing complete local rings on coarsemodular curves:
the complete local ring is a subring of invariants of the universal deformation
ring under the action of a nite group, but this group-action might not be
induced by an action on the global modular curve. In Section 2.4 we estab-
lish the Jung{Hirzebruch cortin ued-fraction algorithm that minimally resolves
tame cyclic quotient singularities on curvesover an arbitrary discrete valuation
ring. The proof requiresthe Artin approximation theorem, and for this reason
we needto de ne the concept of a curve as in Section 1.3 without requiring
propernessor geometric connectivity of b ers.

We should brie°y indicate here why we needto useArtin approximation to
compute minimal resolutions. Although the end result of our resolution pro-
cessis intrinsic and of §tale local nature on the curve, the mecanism by which
the proof gets there dependson coordinatization and is not intrinsic (e.g., we
do not blow-up at points, but rather along certain codimension-1subsdhemes).
The only way we can relate the general caseto a coordinate-dependert calcu-
lation in a special caseis to useArtin approximation to nd a common §tale
neighborhood over the generalcaseand a special case(coupled with the §tale
local nature of the intrinsic minimal resolution that we are seekingto describe).

These resolution results are applied in subsequeh sectionsto compute a
regular proper model of X (p)=q over Zp in such a way that we can compute
both the mod-p geometric componert group of the Jacobian Jy (p) and the
map induced by Jo(p) ! Jn (p) on mod-p geometric componert-groups. In
this way, we will prove Theorem 1.1.6 (as well as Theorem 1.1.2in the caseof
trivial H).
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2.1 Background review

Somebasic referencedfor intersection theory and resolution of singularities for
connectedproper °at regular curvesover Dedekind schemesare [29, Exposg X],
[13], and [41, Ch. 9].

If S is a connectedDedekind schemewith function "eld K and X is a normal
S-curve, when S is excellert we can construct a resolution of singularities as
follows: blow-up the nitely many non-regular points of X (all in codimension
2), normalize, and then repeat until the processstops. That this processalways
stopsis dueto a generaltheoremof Lipman [40]. For more general(i.e., possibly
non-excellert) S, and X _s with smath generic b er, the samealgorithm works
(including the fact that the non-regular locus consists of only nitely many
closed points in closed b ers). Indeed, when X —« is smooth then the non-
smooth locusof X ! S is supported on nitely many closed b ers, sowe may
assumeS = Spec(R) is local. We can then use Lemma 2.1.1 below to bring
results down from X_g since R is excellert.

SeeTheorem 2.2.2 for the existenceand uniquenessof a canonical minimal
regular resolution X ®9 | X for any connectedDedekind S when X -y  smaoth.
A generalresult of Lichtenbaum [39] and Shafarevid [61] ensuresthat when
X _g is alsoproper (with smooth generic'b erif S isn't excellert), by beginning
with X "9 (or any regular proper model of X - ) we can successiely blow down
i 1-curves(seeDe nition 2.2.1)in closed b ersover S until there are no more
such j 1-curves, at which point we have reaced a relatively minimal model
among the regular proper models of X - . Moreover, when X - is in addition
geometrically integral with positive arithmetic gerus (i.e., H1(X - ; O) 6 0),
this is the unique relatively minimal regular proper model, up to unique iso-
morphism.

In various calculations below with proper curves,it will be conveniert to work
over a basethat is complete with algebraically closedresidue eld. Since pas-
sagefrom Z ;) to W (Fp) involvesbasechangeto a strict henselizationfollowed
by basechangeto a completion, in order to not lose touch with the situation
over Zy it is useful to keepin mind that formation of the minimal regular
proper model (when the generic b er is smooth with positive gerus) is com-
patible with basechangeto a completion, henselization,and strict henselization
on the base. We will not really require these results, but we do needto use
the key fact in their proof: certain basechangesdo not destroy regularity or
normality (and so in particular commute with formation of normalizations).
This is given by:

Lemma 2.1.1 Let R be a discrete valuation ring with fraction eld K and
let X be a locally nite type °at R-schemethat has regular generic ber. Let
R ! RCbe an extensionof discrete valuation rings for which mg R®= mgo and
the residueeld extensionk ! k°is semrable. Assumeeither that the fraction
“eld extensionK ! K?Ois semrable or that X -« is smath (so either way,
X =k o is automatically regular).
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J1(p) Has Connected Fibers 333

For any x°2 X %= X £g Rlying over x 2 X, the local ring Ox oo is regular
(resp. normal) if and only if the local ring Ox x is regular (resp. normal).

Proof. SincemgR%= mgo, the map ¥%: X°! X induces¥% : X £, K°1 X
upon reduction modulo mg. The separability of k° over k implies that Y is a
regular morphism. Thus, if x and x°lie in the closed b ersthen Oy x ! Oy oxo
is faithfully °at with regular b er ring Ox ox0=my. Consequetly, X is regular
at x if and only if X 9is regular at x° [44, 23.7]. Meanwhile, if x and x° lie in
the generic b ersthen they are both regular points sincethe generic’b ersare
regular. This settlesthe regular case.

For the normal case,when X Cis normal then the normality of X follows from
the faithful °atness of %[44, Cor. to 23.9]. Conversely when X is normal then
to deducenormality of X °we useSerre's\Ry + S," criterion. The regularity of
X %in codimensions- 1is clear at points on the regular generic b er. The only
other points of codimension- 1 on X %are the genericpoints of the closed b er,
and theselie over the (codimension 1) generic points of the closed b er of X.
Sudh points on X areregular sinceX is now beingassumedo be normal, sothe
desiredregularity on X © follows from the precedingargumert. This takescare
of the Ry condition. It remainsto ched that points x°2 X °in codimensions
, 2 contain a regular sequenceof length 2 in their local rings. This is clear if
x? lies on the regular generic b er, and otherwise x° is a point of codimension

1 on the closed b er. Thus, x = ¥%x9 is either a genericpoint of X -, or is a
point of codimension, 1on X. In the latter casethe normal local ring Ox
hasdimensionat least 2 and hencecortains a regular sequenceof length 2; this
givesa regular sequencedn the faithfully °at extensionring Ox oxo. If instead
X is a genericpoint of X~ then Ox .« is a regular ring. It follows that Ox oo
is regular, sowe again get the desiredregular sequencgsince dim Oy oxo , 2).

O

B

We wish to record an elemenary result in intersection theory that we will
use seweral times later on. First, somenotation needsto be clari ed: if X is
a connectedregular proper curve over a discrete valuation ring R with residue
“eld k, and D and D are two distinct irreducible and reduceddivisors in the
closed b er, then

X
D:D%:= dim H’(D\ D%0O) = dimy Op\ pog:
d2D\ DO

This is generally larger than the length of the artin ring H°(D \ D% 0), and
is called the k-length of D\ D If F = H%(D;Op), then D\ D%is also an
F -scheme, and soit makessenseto de ne

D:xD°%= dimg H(D\ D%0) = D:DF : k]:

We call this the F-lengthof D\ D° We can likewisede ne D:roD°for the “eld
FO= HY(D%O0). If D°= D, we dene the relative self-intersection D:r D to be
(D:D)=[F : k] where D:D is the usual self-intersection number on the k- b er.
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Theorem 2.1.2 Let X be a connected regular proper curve over a discrete
valuation ring, and let P 2 X be a closal point in the closel ber. Let Cy, C;
ke two (possiblyequal) e®etive divisors supprted in the closal ber of X, with
each C; passingthroughP, and let Cj0 be the strict transform of C; under the
blow-up¥s: X°= Blp(X)! X. We write E' Py, to denotethe exceptional
divsor.

We have¥i 1(Cj) = C2+ m;E where m; = multp (C;) is the multiplicity of
the curve C; at P. Also, m; = (C°):p)E and

C1:Cy = C%CY+ mym,[k(P) : KI:

Proof. Recall that for a regular local ring R of dimension 2 and any non-zero
non-unit g 2 R, the 1-dimensionallocal ring R=g has multiplicit y (i.e., leading
coezcient of its Hilb ert-Samuel polynomial) equalto the unique integer* | 1
such that g 2 mg, g 62m.™".

We have ¥ }(Cj) = CJ-°+ m; E for some positive integer m; that we must
prove is equal to the multiplicity *; = multp (C;j) of C; at P. We have
Exw@)E = i1, soE:E = j [k(P) : k], and we also have ¥ *(Cj):E = O,
som; = (CXE)=[k(P) : k] = (C):«p)E. The strict transform C is the blow-
up of C; at P, equipped with its natural (closedimmersion) map into X ° The
number m; is the k(P)-length of the scheme-theoreticintersection Cjo\ E; this
isthe berof Blp(Cj)! C; over P. Intuitiv ely, this latter b er is the scheme
of tangent directions to C; at P, but more preciselyit is Proj(S;), where

M
§= m=m,
n, o

and m; is the maximal ideal of Oc;;p = Ox.p =(f;j), with f; a local equation
for C; at P. We have m; = m=(f;) with m the maximal ideal of Ox » . Since
fi 2m'i andf; 62m'i*1,

S Symk(P)(m:mz):Fj = k(P)[U?V]:(ﬂ)

with f; denoting the nonzeroimage of f; in degree;. We conclude that
Proj(S;) hask(P)-length *j, som; = ;. Thus, we may compute

C1:Cy = ¥ Y(Cy):¥4 1(Cy) Co%CY+ 2mimyk(P) : k] + mymyE:E

C2C2+ mymy[k(P) : KI:

2.2 Minimal resolutions

It is no doubt well-known to experts that the classicaltechnique of resolution
for cyclic quotient singularities on complex surfaces[25, x2.6] can be adapted
to the caseof tame cyclic quotient singularities on curves over a complete
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equicharacteristic discrete valuation ring. We want the caseof an arbitrary
discrete valuation ring, and this seemsto be lesswidely known (it is not ad-
dressedin the literature, and wasnot known to an expert in log-geometrywith
whom we consulted). Since there seemsto be no adequate referencefor this
more generalresult, we will give the proof after some preliminary work (e.g.
we have to de ne what we mean by a tame cyclic quotient singularity, and we
must show that this de nition is applicable in many situations. Our rst step
is to establish the existenceand uniquenessof a minimal regular resolution in
the caseof relative curves over a Dedekind base (the caseof interest to us);
this will evertually serve to make senseof the canonical resolution at a point.

Since we avoid propernessassumptions, to avoid any confusion we should
explicitly recall a de nition.

Definition 2.2.1 Let X ! S be a regular S-curve, with S a connected
Dedekind scheme. We say that an integral divisor D | X in aclosed b er X
isai 1-curve if D is proper over k(s), HY(D;Op) = 0, and deg,Op (D) = j 1,
wherek = H°(D;Op) is a nite extension of k(s).

By Castelnuovo's theorem, a j 1-curve D | X asin De nition 2.2.1is k-
isomorphic to a projective line over k, wherek = H°(D; Op).
The existenceand uniquenessof minimal regular resolutions is given by:

Theorem 2.2.2 Let X | S be anormal S-curve over a connected Dedekind
schemeS. Assumeeither that S is exellent or that X -5 has smaoth generic
ber.

There exists a birational proper morphism ¥ : X ™9 I X such that X "¢
is a regular S-curve and there are no j 1-curvesin the bers of % Suchan
X -schemeis unique up to unique isomorphism, and every birational proper
morphism X %! X with a regular S-curve X © admits a unique factorization
through¥% Formation of X "9 is compatible with basechangeto SpecOs.s and
Spec(JQS;S for closal points s 2 S. For local S, there is also compatibility with
ind-®tale base change S° ! S with local S° whose closal point is residualy
trivial over that of S.

We remind that reader that, for technical reasonsin the proof of Theorem
2.4.1,we avoid requiring curvesto be proper and we do not assumethe generic
“b er to be geometrically connected. The reader is referred to [41, 9/3.32] for
an alternativ e discussionin the proper case.

Proof. We rst assumeS to be excellent, and then we shall use Lemma 2.1.1
and somedescen considerationsto reducethe generalcaseto the excellert case
by passageto completions.

As a preliminary step, we wish to reduceto the proper case(to make the
proof of uniquenesseasier). By Nagata's compacti cation theorem [43] and the
“niteness of normalization for excellenn schemes,we can nd a schematically
denseopenimmersionX | X with X _g normal, proper, and °at over S (hence

a normal S-curve). By resolving singularities along X | X, we may assume
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the non-regular locuson X coincideswith that on X . Thus, the existenceand
uniquenessresult for X will follow from that for X. The assertionon regular
resolutions (uniquely) factorizing through % goesthe sameway. Hence, we
now assume(for excellert S) that X g is proper. We can alsoassumeX to be
connected.

By Lemma2.1.1and resolution for excellert surfacesthere existsa birational
proper morphism X °! X with X %a regular proper S-curve. If thereis aj 1-
curve in the "ber of X ° over some (necessarily closed) point of X, then by
Castelnuovo we can blow down the j 1-curve and X °! X will factor through
the blow-down. This blow-down processcannot cortin ue forever, sowe get the
existenceof ¥4: X™9 | X with noj 1-curvesin its b ers.

Recall the Factorization Theorem for birational proper morphisms between
regular connected S-curves: such maps factor as a composite of blow-ups at
closed points in closed bers. Using the Factorization Theorem, to prove
uniquenessof Ysand the (unique) factorization through %for any regular reso-
lution of X we just have to show that if X1 X 91 X is atower of birational
proper morphisms with regular S-curves X ° and X ®suc that X ®hasno j 1-
curvesin its "bersover X, then any j 1-curve C in a ber of X! X is
necessarilycortracted by X %1 X0 Also, via Stein factorization we can as-
sumethat the proper normal connectedS-curvesX , X ©, and X ®with common
generic b er over S have geometrically connected b ers over S. We may as-
sumethat S is local. Sincethe map q: X %! X 9is a composite of blow-ups,
we may assumethat C meetsthe exceptional b er E of the "rst blow-down
o : X% X %0f a factorization of g. If C = E we are done, sowe may assume
C 6 E. In this casewe will shav that X is regular, so again uniquenessholds
(by the Factorization Theorem menrtioned above).

The image q.(C) is an irreducible divisor on X {°with strict transform C,
so by Theorem 2.1.2we concludethat g;(C) has non-negative self-intersection
number, so this self-intersection must be zero. SinceX %! S is its own Stein
factorization, and hencehas geometrically connectedclosed b er, g;(C) must
be the ertire closed b er of X% Thus, X ?has irreducible closed b er, and
so the (surjective) proper birational map X{°! X is quasi- nite and hence
“nite. Since X and X °are normal and connected (hence integral), it follows
that X1 X must be an isomorphism. Thus, X is regular, as desired.

With X ™9 unique up to (obviously) unique isomorphism, for the basechange
compatibility we note that the various basechangesS°®! S being considered
(to completionson S, or to local S° ind-§tale surjective over local S and resid-
ually trivial at closed points), the base change stgo is regular and proper
birational over the normal curve X_go (sSeeLemma 2.1.1). Thus, we just have
to ched that the bersof X5 ! X_go do not cortain j 1-curves. The closed-
b er situation is identical to that before base change, due to the residually
trivial condition at closedpoints, sowe are done.

Now supposewe do not assumeS to be excellent, but instead assumeX _g
has smooth generic b er. In this caseall but nitely many b ersof X-5 are
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smooth. Thus, we may reduceto the local caseS = Spec(R) with a discrete
valuation ring R. Consider X _g, a normal R-curve by Lemma 2.1.1. Since R
is excellen, there is a minimal regular resolution

Ya: (X:ﬁ)reg ! X:#?:

By [40, Remark C, p. 155],the map %ais a blow-up along a 0-dimensionalclosed
substheme P physically supported in the non-regular locus of X _s. This Bis

therefore physically supported in the closed b er of X _g, yet ? is artinian and

henceliesin somein nitesimal closed b er of X_g. SinceX £r R! X induces

isomorphismson the level of nth in nitesimal closed- bersfor all n, there is a

unique 0-dimensionalclosedsubshiemeZ in X with Z_g, = 2 inside of X_g-
Sincethe blow-up Blz (X) satis es

Blz(X)_p " Blp(X_p) = (X_)"%

by Lemma 2.1.1 we seethat Bl (X) is a regular S-curve. There are no j 1-
curvesin its "bers over X since Specli? I SpecR is an isomorphism over
SpecR=m. This establishesthe existenceof ¥4: X™9 I X, as well as its
compatibility with basechangeto completionson S. To establish uniqueness
of ¥4 or more generallyits universalfactorization property, we must prove that
certain birational maps from regular S-curvesto X 9 are morphisms. This
is handled by a standard graph argumert that can be cheded after faithfully
°at basechangeto R (such basechangepresenesregularity, by Lemma2.1.1).
Thus, the uniquenessesults over the excellert baseR carry over to our original
R. The sametechnique of basechangeto R shows compatibilit y with ind-§tale
basechangethat is residually trivial over closedpoints.

O

One mild enhancemen of the precedingtheorem rests on a pointwise de ni-
tion:

Definition 2.2.3 Let X_g be asin Theorem 2:2:2, and let 8§ u X be a nite
set of closedpoints in closed b ersover S. Let U bean openin X cortaining §
such that U doesnot cortain the "nitely many non-regular points of X outside
of 8. We de ne the minimal regular resolution along § to be the morphism
Y : Xg ! X obtained by gluing X i 8 with the part of X9 lying over U
(note: the choice of U does not matter, and Xg is not regular if there are
non-regular points of X outside of §).

It is clear that the minimal regular resolution along § is compatible with
local residually-trivial ind-$tale basechangeon a local S, aswell aswith base
changeto a (non-generic) complete local ring on S. It is also uniquely charac-
terized amongnormal S-curvesC equipped with a proper birational morphism
" :C! X via the following conditions:
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2 Y is an isomorphismover X j §,
2 Xg isregular at points over §,
2 Xg hasnoj 1-curvesin its "b ersover 8.

This yields the crucial consequencethat (under some mild restrictions on
residue “eld extensions) formation of Xg is §tale-local on X. This fact is
ultimately the reasonwe did not require propernessor geometrically connected
“b ersin our de nition of S-curve:

Corollar y 2.2.4 Let X-s be a normal S-curve over a connected Dedekind
schemesS, and let 8 p X be a nite set of closel points in closal bers over
S. Let X% X be §tale (so X %is an S-curve), and let § ° denotethe preimage
of §. Assumethat S is exellent or X -s has smath generic ber.

If Xg ! X denotesthe minimal regular resolution along §, and X %! X is
residualy trivial over §, then the basechangeXs £x X°! X %is the minimal
regular resolution along §°.

Remark 2.2.5 The residual trivialit y condition over § is satis ed when S is
local with separablyclosedresidue eld, asthen all points of § have separably
closedresidue eld (and sothe §tale X°! X must induce trivial residue eld
extensionsover suc points).

Proof. Since X5 £x X0 is §tale over X5, we concludethat Xg £x X%is an
S-curve that is regular along the locusover §°u X © and its projection to X ©
is proper, birational, and an isomorphism over X °; 8% It remainsto chek
that

(2.2.1) Xg £x X1 X°

has no j 1-curvesin the proper bersover 8% Since X°! X is residually
trivial over 8 (by hypothesis), sothis is clear.
U

2.3 Nil-semist able cur ves

In order to compute minimal regular resolutions of the sort that arise on
Xy (p)'s, it is corvenient to study the following concept before we discussres-
olution of singularities. Let S be a connectedDedekind schemeand let X be
an S-curve.

Definition  2.3.1 For a closedpoint s 2 S, a closed point x 2 X is nil-
semistableif the reduced b er-curve X [*¢ is semistableover k(s) at x and all
of the analytic branch multiplicities through x are not divisible by char(k(s)).
If X®d is semistablefor all closedpoints s 2 S and all irreducible componerts
of X have multiplicit y not divisible by char(k(s)), X is a nil-semistable curve
over S.
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Considerationswith excellenceof the b er X show that the number of an-
alytic branchesin De nition 2.3.1may be computed on the formal completion
at a point over x in X s—xo for any separablyclosedextensionk® of k(s). We will
usethe phrase\analytic branch" to refer to sud (formal) branchesthrough a
point over x in such a geometric b er over s.

As is well-known from [34], many ne moduli schemesfor elliptic curvesare
nil-semistable.

Fix aclosedpoint s 2 S. From the theory of semistablecurvesover “elds [24,
1, x2], it follows that when x 2 X ¢ is a semistablenon-smaoth point then
the nite extensionk(x)=k(s) is separable. We have the following analogueof
the classi cation of semistablecurve singularities:

Lemma 2.3.2 Letx 2 X be a closel point and let %4 2 Os.s be a uniformizer.

If x is a nil-semistable point at which X is regular, then the underlying re-
ducad schemeof the geometric closed ber over s haseither one or two analytic
branchesat a geometric point over x, with thesebranchessmath at x. When
moreover k(x)=k(s) is semrable and there is exactly one analytic branch at
X 2 Xs, with multiplicity my in Of" ., then

(2.3.1) O  EE [t ] i v):

If there are two analytic branches(so k(x)=k(s) is automatically seprablé),
say with multiplicities m; and m; in O;hs;x, then

(2.3.2) SEAMEINCEN (R SO IR

Conversely, if b)s(h;x admits one of these two explicit descriptions with the
expnents not divisible by char(k(s)), then x is a nil-semistable regular point
on X with k(x)=k(s) semrable.

In view of this lemma, we call the exponerts in the formal isomorphisms
(2.3.1) and (2.3.2) the analytic geometric multiplicities of X at x (this re-
quires k(x)=k(s) to be separable). We emphasizethat these exponerts can be
computed after basechangeto any separably closedextension of k(s) when x
is nil-semistable with k(x)=k(s) separable.

Proof. First assumex 2 X® is a non-smwth semistablepoint and X is reg-
ular at x. Since k(x) is therefore nite separableover k(s), we can make a
base change to the completion of a strict henselization of Oss to reduce to
the caseS = SpeqW) with a complete discrete valuation ring W having sep-
arably closedresidue "eld k such that x a k-rational point. Since @X x is a
2-dimensional complete regular local W -algebra with residue "eld k, it is a
quotient of Wt1;t2] and hencehasthe form Wt1;t2]=(f ) wheref is aregular
parameter. The semistability condition and non-smaothnessof X ¢4 at x imply

KIty; to]=rad(f) = (KIty; to]=( ) rea ' Oyeo i Klua; uzl=(uauy)
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wheref = f mod my, sof has exactly two distinct irreducible factors and
these have distinct (non-zero) tangent directions in X;‘f(d through x. We can
chooset; and t, to lift thesetangent directions, so upon replacing f with a
unit multiple we may assumef = t7'*t2'2 mod my for somemgy;m;, , 1 not
divisible by p= char(k) , 0. Let Y%be a uniformizer of W, sof = t'*t3'2 | ¥g
for someg, and g must be a unit sincef is a regular parameter. Sincesomem;
is not divisible by p, and hencethe unit g admits an mj th root, by unit-rescaling
of the corresponding t; we get to the caseg = 1.

In the casewhen X®9 is smooth at x and k(x)=k(s) is separable,we may
againreduceto the casein which S = SpecW with complete discrete valuation
ring W having separablyclosedresidueeld k and k(x) = k. In this case,there
is just one analytic branch and we seeby a variant of the precedingargumernt
that the completion of O3, hasthe desiredform.

The conversepart of the lemmais clear.

U

In De nition 2.3.6, we shall give a local de nition of the class of curve-
singularities that we wish to resolwe, but we will rst work through someglobal
considerationsthat motivate the relevance of the local De nition 2.3.6.

AssumeX isregular, and let H be a nite group and assumewe are given an
action of H on X g that is free on the scheme of generic points (i.e., no non-
identit y elemen of H actstrivially onaconnectedcomponert of X ). A good ex-
ampleto keepin mind is the (axne) ne moduli schemeover S = Spec(Z ) of
i 1(p)-structures on elliptic curvesequipped with auxiliary full level "-structure
for an odd prime = 6 p, and H = GL,(F-) acting in the usual manner (see
Section 3 for a review of these basic level structures).

We wish to work with a quotient S-curve X °= X =H, sowe now also assume
that X is quasi-projective Zariski-locally on S. Clearly X ! X %is a nite H-
equivariant map with the expected universal property; in the above modular-
curve example, this quotient X % is the coarsemoduli scheme Y1(p) over Zp,.
We also now assumethat S is excellert or X_¢ is smooth, sothat there are
only nitely many non-regular points (all in codimension2) and various results
certering on resolution of singularities may be applied.

The S-curve X ° has regular generic b er (and even smooth generic b er
when X_s has smooth generic ber), and X ° is regular away from Tnitely
many closedpoints in the closed b ers. Our aim is to understand the minimal
regular resolution X 7°9 of X 9, or rather to describe the geometry of the b ers
of X991 X 9 over non-regular points x° satisfying a mild hypothesis on the
structure of X I X % over x°.

We want to compute the minimal regular resolution for X °= X=H at non-
regular points x° that satisfy seweral conditions. Let s 2 S be the image of x°,
and let p, 0 denotethe common characteristic of k(x% and k(s). Pick x 2 X
over x°,

2 We assumethat X is nil-semistable at x (by the above hypotheses,X is
alsoregular at x).
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2 We assumethat the inertia group Hyj,o in H at x (i.e., the stablizer in
H of a geometric point over x) hasorder not divisible by p (so this group
acts semi-simply on the tangent spaceat a geometric point over x).

2 When there are two analytic branchesthrough x, we assumeH ;o does
not interchangethem.

Theseconditions areindependert of the choiceof x over x°and canbe cheded
at a geometric point over x, and when they hold then the number of analytic
branches through x coincideswith the number of analytic branches through
x? (again, we are really speaking about analytic brancheson a geometric b er
over s).

Sincep doesnot divide jHyyoj, it followsthat k(x9 is the subring of invariants
under the action of H,jx on k(x), so a classical theorem of Artin ensures
that k(x)=k(xY) is separable(and even Galois). Thus, k(x)=k(s) is separable
if and only if k(x9=k(s) is separable,and sud separability holds when the
point x 2 X ® is semistablebut not smooth. Happily for us, this separability
condition over k(s) is always satis ed (we are grateful to Lorenzini for pointing
this out):

Lemma 2.3.3 With notation and hypotheses as alove, particularly with
x%2 X %= X=H a non-regular point, the extensionk(x%=k(s) is semrable.

Proof. Recall that, by hypothesis, x 2 X® is either a smooth point or an
ordinary double point. If x is a non-smaoth point on the curve X [¢4, then the
desired separability follows from the theory of ordinary double point singular-
ities. Thus, we may (and do) assumethat x is a smooth point on X [69.

We may also assumes is local and strictly henselian, so k(s) is separably
closed and hence k(x) and k(x% are separably closed. Thus, k(x) = k(x9
and Hyjyo is the physical stabilizer of the point x 2 X. We needto shov
that the common residue eld k(x) = k(x9 is separableover k(s). If we let
X 9= X =H,; 0, then the imagex®of x in X ®hascompletelocal ring isomorphic
to that of x°2 X sowe may replace X ®with X %to reduceto the casewhen
H has order not divisible by p and x is in the xed-point locus of H. By [20,
Prop. 3.4],the xed-point locusof H in X admits a closed-subskemestructure
in X that is smooth over S. On the closed b er this smooth schemeis nite
and hence@tale over k(s), soits residue elds are separableover k(s).

U

The following re nement of Lemma 2.3.2is adapted to the H,jy0-action, and
simultaneously handlesthe casesof one and two (geometric) analytic branches
through x°.

Lemma 2.3.4 With hypothesesas alove, there is an @gﬁs-isomorphism

b)s(h;x l (9g;ls|[t1;t2]|:(tTlt2m2 i l/é)
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(with my > 0, mz , 0) suchthat the H,;,0-action lookslike h(t;) = Aj (h)t; for

~ ~ £ . - .
characters Ag; Az @ Hyjxo ! 6%“5 that are the Teichméller lifts of characters
giving a decomposition of the semisimple H,jy0-action on the 2-dimensional
cotangent space at a geometric point over x. Moreover, AT'*AJ'? = 1.

The charactersAj alsodescribe the action of H,;,0 on the tangert spaceat (a
geometric point over) x. There are two closed- ber analytic branchesthrough
X when m; and m, are positive, and then the branch with formal parameter
t, has multiplicit y m; since

(KIta; t2]=(t7' 52 )[1=te] = K(t2)[ta]=(t7")

haslength m;. Likewise,whenm, > 0t is the branch with formal parameter
t; that has multiplicit y ms.

Proof. We may assumeS = SpecW with W a complete discrete valuation ring
having separablyclosedresidue eld k and uniformizer ¥4 sox is k-rational. Let

R = b;h;x = @X . We have seenin Lemma 2.3.2that there is an isomorphism
of the desired type as W-algebras, but we needto nd better sud t;'s to
linearize the H,jyo-action.

We rst handle the easiercasem; = 0. In this casethere is only one minimal
prime (t1) over (%43, soh(t1) = unt; for a unique unit u, 2 R . Sincet]'* = %
is Hyjxo invariant, we seethat u, 2 ', (R) is a Teichmdler lift from k (since
p - my). Thus, h(ty) = Aq(h)ty for a character A; : Hyjo ! RE that is a
lift of a character for H,jxo on Coty(X). SinceH,;,o acts semisimply on the
2-dimensional cotangert spaceCoty (X ) and there is a stable line spannedby
t1 mod m)z(, we can chooset; to lift an H,;yo-stable line complemerary to the
one spannedhby t; mod m)z(. If A, denotesthe Teichmiller lift of the character
for Hyjxo on this complemerary line, then

h(tz) = Ao(h)(t2 + #))
with +, 2 m for somei , 2. It is straightfoward to compute that
h 7! 4, mod mi™

is a 1-cocyclewith valuesin the twisted Hyjxo-module A, *- (ml =m{**). Chang-
ing this 1-cocycle by a 1-coboundary corresponds to adding an elemen of
mi,=m/*1 to t, mod mi*t. Since

HY(Hyjxo; Ayt - (mi=ml™)) = O;

we can successiely increasei , 2 and passto the limit to nd a choice of t;
such that Hyjxo acts on t, through the character A,. That is, h(t;) = Ai(h)ty
and h(tz) = Ax(h)t; for all h 2 H,j.o. This settlesthe casem; = 0.

Now we turn to the more interesting casewhen also m, > 0, so there are
two analytic branchesthrough x. By hypothesis,the H,jyo-action presenesthe
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two minimal primes (t1) and (t2) over (¥4 in R. We must have h(t;) = upty,
h(tz) = vnty for unique units un; vy 2 RE. SincetT'!t]'? = ¥4 by applying h
we get up'tvp'z =

Consider what happens if we replace t, with a unit multiple t = vt,
and then replace t; with the unit multiple t§ = vi M2"Mit; so as to en-
sure t9''t%'?2 = ¥ Note that an mjth root vi ™2=™: of the unit vi M2
makes sensesince k is separably closed and p - m;. The resulting map
WtS; t9]=(t%"*t%'2 § ¥5 | R is visibly surjective, and henceis an isomor-
phism for dimension reasons. Switching to thesenew coordinates on R hasthe
e®ectof changing the 1-cocycle fv,,g by a 1-coboundary, and every 1-cocycle
cohomologousto f vy g is reached by making such a unit multiple changeon t,.

By separately treating residue characteristic O and positive residue charac-
teristic, an inverse limit argumert shows that Hl(Hijo;U) vanishes, where
U = ker(Rf 3 kf). Thus, the natural map H (Hyjxo; RE) ! HY(Hyjxo; kE) is
injective. The H,jyo-action on k& is trivial sinceH,jxo acts trivially on W, so

HY(Hyjxo kB ) = Hom(H jx0 kB ) = Hom(H yjxo; Ky );
with all elemens in the torsion subgroup kfgrs of order not divisible by p and
henceuniquely multiplicativ ely lifting into R. Thus,

HY (Hyjxo; R®) 1 HY (Hyjx0;k*)

is bijective, and so replacing t; and t, with suitable unit multiples allows us
to assumeh(tz) = Ap(h)tz, with Ay : Hyjxo ! WS, somehomomorphism of
order not divisible by p (since H,jxo acts trivially on kE and p - JHxjx0j))-
Since
1= uptvp'? = uftAg(h)™2

and p - m1, we seethat uy, is aroot of unity of order not divisible by p. Viewing
kE,s W RE via the Teichmilller lifting, we concludethat up 2 k&, p RE.
Thus, we can write h(t;) = Aq(h)t; for a homomorphism Ay @ Hyjye ! W
also necessarily of order not divisible by p. The preceding calculation also
my _—

shows that AT'*AJ'? = 1 sinceu;' vy
O

Although Lemma 2.3.4 provides good (geometric) coordinate systems for
describingthe inertia action, oneadditional way to simplify matters is to reduce
to the casein which the tangernt-spacecharacters A; and A, are powers of eah
other. We wish to explain how this special situation is essetially the general
case (in the presenceof our running assumption that H acts freely on the
scheme of genericpoints of X).

First, obsene that H,jxo acts faithfully on the tangent spaceT,(X) at x.
Indeed, if an elemert in H,;,o acts trivially on the tangent spaceTy (X ), then
by Lemma 2.3.4 it acts trivially on the completion of O, and hence acts
trivially on the corresponding connected componert of the normal X. By
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hypothesis,H acts freely on the scheme of genericpoints of X, sowe conclude
that the product homomorphism

(2.3.3) ALE Ay i Hyjwo I K(X)Eep £ K(X)Eep:

is injective (where k(x)sep is the separableclosureof k(x) usedwhen construct-
ing O)S(h;x). In particular, Hyjxo is a product of two cyclic groups (one of which
might be trivial).

Lemma 2.3.5 Let - = jker(A )j. The characters A;?> and A;* factor through
a common quotient of Hy;,o as faithful characters. When Hy;o is cyclic, this
quotient is Hyjyo.

In addition, - ;jm; and - 3jm,.

The cyclicity condition on H,;,o will hold in our application to modular
curves,asthen even H is cyclic.

Proof. The injectivit y of (2.3.3) implies that A; is faithful on ker(A;) and A,
is faithful on ker(A;). Since AT*AJ? = 1, we get - ,jm; and - ;jm, (even if
myp = O)

For the proof that the indicated powers of the A,- 's factor as faithful char-
acters of a common quotient of H,jyo, it is enoughto focus attention on "-
primary parts for a prime ° dividing jHjxoj (S0~ 6 p). More speci cally, if
G is an nite “-group that is either cyclic or a product of two cyclic groups,
and Ag;A; : G| Z=""Z are homomorphismssuc that Ay £ A; is injective
(i.e., ker(Ao)\ ker(A;) = f1g), then we claim that the A *' ''s factor asfaithful
characters on a common quotient of G, where -; = jker(A;)j. If one of the
A;'s is faithful (or equivalertly, if the “-group G is cyclic), this is clear. This
settles the casein which G is cyclic, sowe may assumeG is a product of two
non-trivial cyclic “-groups and that both AJ- 's have non-trivial kernel. Since
the "-torsion subgroupsker(Aj )['] must be non-trivial with trivial intersection,
these must be distinct lines spanning G[']. Passingto group G=G['] and the
characters A, therefore permits us to induct on jG;j.

O

By the lemma, we concludethat the charactersA9 = A;? and A3 = A;* both
factor faithfully through a common (cyclic) quotient H)‘(’jxo of Hyjxo. Dene
tY = t;2 and t3 = t,*. Since formation of H,jyo-invariants commutes with
passageto quotients on @gﬁ‘s—modules, Lemma 2.3.4 shows that in order to
compute the H,;yo-invariants of (b)s(ho;xo it suxcesto compute invariants on the
level of (9;“5 [t1;t2] and then passto a quotient. The subalgebraof invariants in
(9;';‘5 [t1; to] under the subgroupgeneratedby ker(A;) and ker(A,) is @ghs [t9; 91,

and H o acts on this subalgebrathrough the quotient H .., via the characters

A9 and AS. Letting m? = my=-, and m9 = m,=-; (somJ = 0 in the caseof
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one analytic branch), we obtain the description
0 0
@3.4) O = (FELIE I ™ 1 v

Obviously A3 = A2"*i° for a unique ryjyo 2 (Z=5jH40iZ)® , asthe characters
A are both faithful on H)?jxo.

Since jHY,of and ryjxe 2 (ZFHQ;,0jZ)* are intrinsic to x° 2 X% = X=H
and do not depend on x (or on a choice of k(x)sep), We may denote these
two integers nyo and ryo respectively. We have m§ + mgr)‘(’o " 0mod nyo since

~ 0 . 0 ~ 0 0 ~
1= AMIAQMz = AQMitMalx® with AQ faithful. Theorem 2.3.9 below shaws
that nyo > 1, sincex®is the non-regular.

If S werea smooth curve over C, then the setupin (2.3.4) would be the clas-
sical cyclic surfacequotient-singularit y situation whoseminimal regular resolu-
tion is most readily computed via toric varieties. That casemotivates what to
expect for minimal regular resolutions with more generalS in x2.4, but rather
than delve into a relative theory of toric varieties we can just usethe classical
caseasa guide.

To de ne the classof singularities we shall resole, let X SS now be a normal
(not necessarilyconnected)curve over a connectedDedekind schemeS. Assume
moreover that either S is excellert or that XSS has smooth generic b er, so
there are only "nitely many non-regular points (all closedin closed b ers).
Consider a closedpoint s 2 S with residue characteristic p , 0, and pick a
closedpoint x°2 X 2 sudh that X ¢ hasoneor two (geometric) analytic branches
at x°.

Definition ~ 2.3.6 We sa that a closed point x° in a closed ber X2 is a
tame cyclic quotient singularity if there exists a positive integer n > 1 not
divisible by p = char(k(s)), a unit r 2 (Z=nzZ)%, and integersm$ > 0 and

m9 , 0 satisfying m? ~ j rm3 mod n sudch that O, is isomorphic to the

0 0
subalgebraof * , (K(S)sep)-invariants in (gg'jsl[to;t‘z?]:(t(l)mlt‘z)m2 i V) under the
action t9 7! 3t9, t3 71 37¢9.

Remark 2.3.7. Note that when XSS has a tame cyclic quotient singularity at
x%2 X9, then k(x9=k(s) is separableand x° is non-regular (by Theorem 2.3.9
below). Also, it is easyto ched that the exponerts m$ and m3 are necessarily
the analytic branch multiplicities at x° Note that the data of n andr is merely
part of a presenation of ®y o0 @sa ring of invariants, soit is not clear a priori
that n and r are intrinsic to x°2 X% The fact that n and r are uniquely
determined by x° follows from Theorem 2.4.1below, where we shaw that n and
r arise from the structure of the minimal regular resolution of X ® at x°

Using notation as in the preceding global considerations, there is a very
simple criterion for a nil-semistablex®2 X=H to be a non-regular point: there
should not be a line in Ty (X) on which the inertia group Hjxo acts trivially .
To prove this, we recall Serre's pseudo-re®ectiontheorem [57, Thm. 19. This
requiresa de nition:
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Definition  2.3.8 Let V be a nite-dimensional vector spaceover a "eld k.
An elemen ¥of Auty (V) is called a pseudo-e°ection if rank(1i %3 - 1.

Theorem 2.3.9(Serre). LetA beanoetherian regular local ring with maximal
ideal m and residueeld k. Let G be a nite sulgroup of Aut( A), and let A®
denotethe local ring of G-invariants of A. Supmsethat:

1. The characteristic of k does not divide the order of G,
2. G acts trivial ly on k, and
3. Ais a nitely geneated A®-module.

Then A® is regular if and only if the image of G in Auty(m=m?) is geneated
by pseudo-e°ections.

In fact, the \only if" implication is true without hypotheseson the order of
G, provided A® hasresidue eld k (which is automatic whenk is algebaically
closel).

Remark 2.3.1Q0 By Theorem 3.7(i) of [44] with B = A and A = A®, hypoth-
esis3 of Serre'stheorem forcesAC to be noetherian. Serre'stheorem ensures
that x°asin De nition 2.3.6is necessarilynon-regular.

Proof. Since this result is not included in Serre's Collected Works, we
note that a proof of the \if and only if" assertion can be found in [68,
Cor. 2.13, Prop. 2.15]. The proof of the \only if" implication in [68] works
without any conditions on the order of G as long as one knows that A® has
the sameresidue eld asA. Sud equality is automatic whenk is algebraically
closed. Indeed, the caseof characteristic 0 is clear, and for positive character-
istic we note that k is a priori nite over the residue eld of A®, soif equality
were to fail then the residue "eld of A® would be of positive characteristic
with algebraic closure a nite extension of degree> 1, an impossibility by
Artin-Schreier.

To seewhy everything still works without restriction on the order of G
when we assumeAC is regular, note rst that regularity of A® ensuresthat
AC® I A must be nite free, soevenwithout a Reynoldsoperator we still have
(A- ac A)® = A, where G acts on the left tensor factor. Hence,the proof of
[68, Lemma 2.5] still works. Mearnwhile, equality of residue “elds for A® and
A makesthe proof of [68, Prop. 2.6] still work, and then one easily cheds that
the proofs of [68, Thm. 2.8, Prop. 2.15()) (ii)] go through unchanged.

O

The point of the preceding study is that in a glotal quotient situation
X %= X=H as consideredabove, one always has a tame cyclic quotient sin-
gularity at the image x° of a nil-semistable point x 2 X s when xis not regular
(by Lemma 2.3.3, both k(x) and k(x% are automatically separableover k(s)
when such non-regularity holds). Thus, when computing complete local rings
at geometric closedpoints on a coarsemodular curve (in residue characteristic
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11 12

E>

Figure 1: Minimal regular resolution of x°

> 3), we will naturally encourter a situation such asin De nition 2.3.6. The
ability to explicitly (minimally) resolwe tame cyclic quotient singularities in
generalwill therefore have immediate applications to modular curves.

2.4 Jung{Hirzebr uch resolution

As we noted in Remark 2.3.7, it is natural to ask whether the numerical data
ofnandr 2 (Z=nZ)%® in De nition 2.3.6are intrinsic to x°2 X % We shall see
in the next theorem that this data is intrinsic, asit can be read o® from the
minimal regular resolution over x°.

Theorem 2.4.1 Let X% be a normal curve over a local Dedekind base S
with closal point s. Assumeeither that S is exellent or that XSS has smaoth
generic ber. Assume X © has a tame cyclic quotient singularity at a closel
point x°2 X ¢ with parametersn and r (in the senseof De nition 2:3:6), where
we representr 2 (Z=nZ)£ by the unique integer r satisfying 1 - r < n and
ged(r;n) = 1. Finally, assumeeither that k(s) is semrably closed or that
all connected components of the regular compacti cation X of the regular
generic- ber curve X2 have positive arithmetic genus.
Consider the Jung{Hirzebruch continued fraction expmnsion

2.4.1) ?: by i ;1

b i
1
eeep —
)
with integersly , 2 for all j.
The minimal regular resolution of X © along x° has "ber over k(x%sep Whose
underlying reduced schemelooks like the chain of E;'s as shownin Figure 1,
where:

2 all intersections are transverse,with E; ' Pﬁ(xo)sep;

2 EjEj =i <jlforallj;
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2 E; is transverseto the strict transform X of the glotal algebaic irr e-
ducible component X ¢ through x° with multiplicity m$ (along which t? is
a cotangent direction), and similarly for E and the component X2 with
multiplicity m? in the case of two analytic branches.

Remark 2.4.2 The caseX? = X ¢ can happen, and there is no X? in caseof
one analytic branch (i.e., in casem$ = 0).

We will also needto know the multiplicities *; of the componerts E; in
Figure 1, but this will be easierto give after we have proved Theorem 2.4.1;
seeCorollary 2.4.3.

The labelling of the E;'s indicates the order in which they arisein the reso-
lution processwith ead\new" E; linking the precedingonesto the rest of the
closed b er in the caseof one initial analytic branch. Keeping this picture in
mind, we seethat it is always the strict transform X2 of the initial componert
with formal parameter t9 that occurs at the end of the chain, and this is the
componert whosemultiplicit y is m§.

Proof. We may assumes is local, and if S is not already excellert then (by
hypothesis) X2 is smooth and all connected componerts of its regular com-
pacti cation have positive arithmetic gerus. We claim that this positivity
assumptionis presened by extension of the fraction “eld K. That is, if C is a
connectedregular proper curve over a “eld k with H}(C;Oz) 6 0 and C is a
denseopen in C that is k-smooth, then for any extensionk%k we claim that
all connectedcomponerts CP of the regular k®curve C°= C_,o have compact-
i cation éio with Hl(éio; Oco) 6 0. Sincethe eld H°(C; Og) is clearly Tnite

separableover k, by using Stein factorization for C we may assumeC is geo-
metrically connectedover k. Thus, c’= C_yo is a connected proper k%curve

with HY(C" Og0) 6 0 and there is a denseopen C° that is k®smooth, and
we want to show that the normalization of C?ed has positive arithmetic gerus.

SinceC is generically reduced, the map from Ogo to the normalization sheaf
of Oéod has kernel and cokernel supported in dimension 0, and sothe map on

H''s is an isomorphism. Thus, the normalization of ésed indeed has positive
arithmetic gerus.

We concludethat Lemma 2.1.1and the base-tiange compatibilit y of De ni-
tion 2.2.3(via Theorem 2.2.2) permit usto base-©iangeto Os.s without losing
any hypotheses.Thus, we may assumeS = SpecW with W a complete (hence
excellert) discrete valuation ring. This brings us to the excellert casewith all
connected componerts of the regular compacti cation of X ¢ having positive
arithmetic gerus when the residue eld is not separably closed. If in addition
k(s) is not separably closed,then we claim that base-tiangeto SpecW " pre-
serwesall hypotheses,and sowe can always get to the caseof a separablyclosed
residueeld (in particular, we get to the casewith k(x% separablyclosed);see
[24, p. 17] for a proof that strict henselization presenes excellence. We need
to shaw that basechangeto W*" commutes with the formation of the minimal
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regular resolution. This is a re nement on Theorem 2.2.2 becausesud base
changeis generally not residually trivial.

From the proof of Theorem 2.2.2in the excellert case,we seethat if X°] X
is a Nagata compacti cation then the minimal resolution X ! X °of X %is the
part of the minimal regular resolution of X " that lies over X . Hence, the base-
change problem for W | Wsh is reducedto the proper case. We may assume
that X 0 is connected,so v = HO(X % Oy o) is a complete discrete valuation
ring hite over W. Hence, s v - \, Ws", sowe may reduceto the case
when X911 SpecW is its own Stein factorization. In this proper case,the
positivity condition on the arithmetic gerus of the generic b er allows us to
use [41, 9/3.28] (which rests on a dualizing-sheafcriterion for minimality) to
concludethat formation of the minimal regular resolution of X ®is compatible
with $§tale localization on W. A standard direct limit argumert that chases
the property of having a j 1-curve in a b er over X ° thereby shows that the
formation of the minimal regular resolution is compatible with ind-§tale base
change(such asW ! Wsh). Thus, we may nally assumethat W is excellert
and has a separably closedresidueeld, and sowe no longer needto imposea
positivity condition on arithmetic generaof the connectedcomponerts of the
generic- ber regular compacti cation.

The intrinsic numerical data for the unique minimal resolution (that is, the
self-intersection numbers and multiplicities of componerts in the exceptional
divisor for this resolution) may be computed in an §tale neighborhood of x°,
by Corollary 2.2.4and Remark 2.2.5, and the Artin approximation theorem is
the ideal tool for "nding a corvenient §tale neighborhood in which to do such a
calculation. Wewill usethe Artin approximation theoremto construct a special
casethat admits an §tale neighborhood that is also an §tale neighborhood of
our given x° and soit will be enoughto carry out the resolution in the special
case. The absenceof a good theory of minimal regular resolutions for complete
2-dimensional local noetherian rings prevents us from carrying out a proof
ertirely on Oy ox0, and so forcesus to usethe Artin approximation theorem.
It is perhapsworth noting at the outset that the reasonwe have to use Artin
approximation is that the resolution processto be usedin the special casewill
not be intrinsic (we blow up certain codimension-1subshiemesthat depend on
coordinates).

Here is the special casethat we wish to analyze. Let n > 1 be a positive
integerthat is a unit in W, and choosel - r < n with gcd(r;n) = 1. Pick inte-
gersm;, land m,, O satisfyingm;”~ i rmy mod n. For technical reasons,
we do not require either of the m;'s to be units in W. To motivate things, let
us temporarily assumethat the residue eld k of W contains a full set of nth
roots of unity. Let * (k) act on the regular domain A = W [ty;t,]=(t"*t5'? | %)
via

0

(242) [3](t1) = 3t1; [3](t2) = grtzi

Sincethe 1 , (k)-action in (2.4.2) is clearly free away from t; = t, = %= 0, the
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quotient
Z = (SpedA))=tn (k) = Spec(B)

(with B = A'»() is normal and also is regular away from the image point
z27Z ofty =t = Y= 0.

To connect up the special situation (Z;z) and the tame cyclic quotient sin-
gularity x°2 X%, note that Lemma 2.3.4 shows that our situation is formally

isomorphic to the algebraicZ = Spec() for a suitable such B andn 2 W£ .
By the Artin approximation theorem, there is a common (residually trivial)
connected §tale neighborhood (U;u) of (Z;z) and (X %x9. That is, there is
a pointed connectedazne W-sthemeU = Spec(A) that is a residually-trivial
§tale neighborhood of x° and of z. In particular, U is a connectednormal W -
curve. We can assumethat u is the only point of U over z, and also the only
point of U over x°% Keep in mind (e.g, if gcd(my;my) > 1) that the “eld K
might not be separably closedin the function “elds of U or Z, so the generic
"bersof U and Z = Spec(B) over W might not be geometrically connected
and U is certainly not proper over W in general.

The ®tale-local nature of the minimal regular resolution, as provided by
Corollary 2.2.4and Remark 2.2.5,implies that the minimal regular resolutions
of (X%x9 and (Z;z) have pullbacks to (U;u) that coincide with the minimal
regular resolution of U along fug. The b ersover u; x%z are all the samedue
to residual-trivialit y, sothe geometry of the resolution b er at x%is the sameas
that over z. Hence,we shall compute the minimal regular resolution Z°! Z
at z, and will seethat the b er of Z% over z is asin Figure 1.

Let us now study (Z;z). Sincen is a unit in W, the normal domain
B = A" is a quotient of W]ty;t,]' ") via the natural map. Since the
action of 1 , (k) asin (2.4.2) sendseadh monomial t7*t5? to a constart multiple
of itself, the ring of invariants W{ty;t,] " (K) is spannedover W by the invariant
monomials. Clearly t7*t5? is * ,(k)-invariant if and only if e; + re; = nf for
someinteger f (soe; - (n=r)f), in which caset{'t$ = ufvez, whereu = t
and v = t,=t] are!(k)-invariant elemerns in the fraction "eld of W{ts;tz].
Note that even though v doesnot lie in W|ty;ts], for any pair of integersi; j
satisfying 0- j - (n=r)i we haveu'vl 2 W[t;t,] and

1 M .
Wltg;tp] " ®) = wu'v
0-j- (n=r)i

We have t]'*t]'2 = u' vz with my + rmy = nt (som;, - (n=r)!). Thus,

L »
0 j- (n=r)i WUV

(u'vmzj 3

Obsenethat (2.4.3) makessenseasa de nition of nite-t ype W -algebra, with-
out requiring n to be a unit and without requiring that k cortain any non-trivial
roots of unity. It is clear that (2.4.3) is W-°at, asit has a W-module basis
given by monomialsu'vi with 0- j - (n=r)i and eitheri < * orj < my. It
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is lessevidert if (2.4.3) is normal for any n, but we do not needthis fact. We
will inductively compute certain blow-ups on (2.4.3) without restriction on n
or on the residue eld, and the processwill end at a resolution of singularities
for SpecB.

Before we get to the blowing-up, we shall shaw that SpecB is a W-curve
and we will infer some properties of its closed ber. Note that the map
K(u;v) ' K(ty;tz) de'ned by u 7! t7, v 7! t,=t] inducesa W-algebra in-
jection

M o
(2.4.4) Wu'vi I W]ty;ts]
0 j- (n=r)i

that is "nite becauset] = u and tj = u'v". Thus, the left side of
(2.4.4) is a 3-dimensional noetherian domain and passingto the quotient by
u'vmz i Y= tt0'2 | Yayields a Tnite surjection

(2.4.5) Spec(W[ty; to]=(t7*1]% i %)) ! Spec®):

Passingto the generic'b er and recalling that B is W-°at, weinfer that Spec(B)
is a W-curve with irreducible generic b er, so SpecB) is 2-dimensional and
connected. We also have a "nite surjection modulo %

(2.4.6) Spec(k[ty; t2]=(t7*15'?)) ! Spec®=%);

sothe closed b er of Spec(B) consistsof at most two irreducible componerts
(or just one when m, = 0), to be called the imagesof the t;-axis and t,-axis
(where we omit mertion of the t;-axis when m, = 0). Since the t,-axis is
the preimage of the zero-stieme of u = t] under (2.4.6), we conclude that
when m; > 0 the closed b er SpedB=% does have two distinct irreducible
componerts.

Inspired by the caseof toric varieties, we will now compute the blow-up Z°
of the W-°at Z = SpedB) along the ideal (u;uv). Since

Spec(W [ty; to]=(tT 122 i Y4t7;t01 "t5)) | Speq B=(u;uv))

isa nite surjection and the sourceis supported in the t,-axis of the closed b er
over SpedW), it follows that Sped B =(u; uv)) is supported in the image of the
to-axis of the closed b er of SpeqB) over Spec(W). In particular, blowing up
Z along (u; uv) doesnot a®ectthe generic'b er of Z over W. SinceZ is W -°at,
it follows that the proper blow-up map Z°! Z is surjective.

There are two charts covering Z° D, (u) and D. (uv), where we adjoin the
ratios uv=u = v and u=uv = 1=v respectively. Thus,

D+ (u) = Spec®[V]) = SpecW [u; VI=(u" V™2 | ¥))

is visibly regular and connected,and D . (uv) = Spec(B[1=V]) with
L o
i+ (n=r)i 0. | WUV

(u'vmz j Y)

B[1=V] =
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We needto rewrite this latter expressionin terms of a more useful set of vari-
ables. We begin by writing (as one doeswhen computing the Jung{Hirzebruch
continued fraction for n=r)

n=lyrij r°

with by , 2 and either r = 1 with r®= 0Qor elser®> 0with gcd(r;r% = 1 (since
ged(n;r) = 1). We will rst treat the caser®= 0 (proving that B[1=V] is also
regular) and then we will treat the caser®> 0. Note that there is no reasonto
expect that p cannot divide r or r% evenif p-n, and it is for this reasonthat
we had to recastthe de nition of B in a form that avoids the assumption that
n is a unit in W. For similar reasons,we must avoid assumingmj; or my is a
unit in W.

Assumer®= 0,sor = 1,b, = n,and b, | my = my. Let i®= byij j
and j% = i, so i and j° vary precisely over non-negative integers and
uvi = (1=v)(uv™)°. Thus, letting u®= 1=v and v®= uv® yields

B[1=v] = WIUSVA=u™ ' ™V 1 = WUV v

which is regular. In the closed b er of Z%= Bl(uuv )(Z) over Spec(\W), let D
denote the v%-axis in D (uv) = SpecB[1=V] and when m, > O let D, denote
the u-axis in D. (u). The multiplicites of D; and D, in Z? are respectively
m; = by! | my and m, (with multiplicit y m, = 0 being a device for recording
that there is no D,). The exceptional divisor E is a projective line over k
(with multiplicit y * and gluing data u®= 1=v) and hencethe uniformizer ¥has
divisor on Z°= Bl )(Z) given by

divzo(d = (k' | my)Dy+ E + myDy = m;Dy + E + myD;

(when m; = 0, the "nal term really is omitted).

It is readily chedked that the Dj's ead meet E transversally at a single
k-rational point (suppressingD, when m, = 0). The intersection product
divzo(¥9:E makessensesinceE is proper over k, even though Z is not proper
over W, and it must vanish becausedivzo(¥) is principal, so by additivit y of
intersection products in the rst variable (restricted to e®ectiwe Cartier divisors
for a "xed proper secondvariable such as E) we have

0= divzo(¥):E = by j my+ 1 (E:E) + my:

Thus,E:E = i by.

Now assumer®> 0. Sincen = byr j r® the condition 0 - j - (n=r)i can

be rewritten as0 - i - (r=r9(byij j). Letting j°= i andi®= byij j,
P ;0 0

we have u'vi = u%v3 with u® = 1=v and v° = uv®. In particular,

utvmz = gt M2y0 Thyg,

L 0 o0
0,0
0 jo. (r=r0)i°WU \ ]

(u(:blli mzy,0 7

(2.4.7) B[1=V] =
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Note the similarity between (2.4.3) and (2.4.7) up to modi cation of parame-
ters: replace (n;r;my; my;1) with (r;r%mg;2; byt i my). The blow-up along
(u% uWY) therefore has closed b er over Spec(W) with the following irreducible
componerts: the v®-axis D1 in D. (uv) with multiplicit y by j m,, the u-axis
D; in D, (u) with multiplicit y m, (so this only shavs up when m, > 0), and
the exceptional divisor E that is a projective line (via gluing u®= 1=v) having
multiplicit y ¢ and meeting D; (as well as D, when m, > 0) transversally at
a single k-rational point. We will focus our attention on D (uv) (as we have
already seenthat the other chart D. (u) is regular), and in particular we are
interested in the \origin" in the closed b er of D. (uv) over Spec(W) where
the projective line E meetsD 1; near this origin, D (uv) is an atne open that
is given by the spectrum of (2.4.7).

If r werealsoa unit in W then D. (uv) would be the spectrum of the ring
of 1, (k)-invariants in W[t?;t3]=(t9"*t3" i %3 with the action [](t9) = 3t and
[2](t%) = 37t (this identi cation usesthe identity my + r® = r(b® | my)),
and without any restriction on r we at least seethat (2.4.7) is an instance of
the general(2.4.3) and that there is a natural "nite surjection

Speckt; 1=t 13 ) ! D (uv)i:

On D. (uv)k, the componert E of multiplicit y * is the image of the t9-axis
and the componert D; with multiplicit y m; is the image of the t3-axis. As
a motivation for what follows, note also that if r 2 W% then sincer > 1 we
seethat the \origin" in D. (uv)k is necessarilya non-regular point in the total
spaceover SpeqW) (by Serre'sTheorem 2.3.9).

We conclude (without requiring any of our integer parametersto be units in
W) that if we make the change of parameters

(2.4.8) (mrsmymgt) A (rr%me s b i mp)

then D, (uv) is like the original situation (2.4.3) with a revised set of initial
parameters. In particular, n is replacedby the strictly smallerr > 1, sothe
processwill evertually end. Moreover, since! > 0 we seethat the casem, = 0
is now \promoted" to the casem;, > 0. When we make the blow-up at the
origin in D4 (uv)y, the strict transform E; of E plays the samerole that D,
played above, so E; is ertirely in the regular locus and the new exceptional
divisor E° has multiplicit y b, | m, (this parameter plays the role for the
secondblow-up that * played for the "rst blow-up, as one seeshy inspecting
our changeof parametersin (2.4.8)).

As the processcortin ues,nothing more will changearound E ;, soinductiv ely
we conclude from the descriptions of the regular charts that the processends
at a regular connectedW -curve with closed- ber Weil divisor

(2.4.9) ¢e¢+ (byt § M2)EC+ 1E { + myDo+ it

(where we have abusednotation by writing E°to denote the strict transform
of E%in the "nal resolution, and this strict transform clearly has generic mul-
tiplicit y by* | my). The omitted terms in (2.4.9) do not meet E;, So we may
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form the intersection against E; to solve
0= (bt i mp)+ *(EilEL) + My
just asin the caser®= 0 (i.e.,r = 1), sOE;:E; = j by. Since

n 1
e
by induction on the length of the continued fraction we reac a regular resolu-
tion in the expectedmanner, with Ej:Ej = i iy for all j and the nal resolution
having b er over z 2 Z looking exactly like in Figure 1. Note also that eac
new blow-up separatesall of the previous exceptional lines from the (strict
transform of the initial) componert through z with multiplicit y m;. Since
i - j2<jlforallj, weconcludethat at no stage of the blow-up pro-
cessbhefore the end did we have a regular stcheme (otherwise there would be
aj 1-curve in a b er over the original baseZ). Thus, we have computed the
minimal regular resolution at z.

O

We now compute the multiplicit y ; in the closed b er of X 7 for eadh
“bral componert E; over x2 X %in Figure 1. In order to computethe *;'s, we
introduce somenotation. Let n=r > 1 be a reduced-formfraction with positive
integersn and r, sowe can write

as a Jung{Hirzebruch continued fraction, wherely , 2 for all j. De ne

P.1=0 Q1=il Po=1 Qo=0
Pi=8Pi1i Pii2; Q=8BQj;1i Q2

induction P; Qj; 1i QjPj; 1= i 1andQ; > Q;; 1 forall j , 0, soin particular
Qj > Oforall j > 0. Thus,

makes senseand P =Q is in reducedform. Thus, P = n and Q = r since
the Q;'s are necessarilypositive.

Document a Mathema tica 8 (2003) 325{402



J1(p) Has Connected Fibers 355

Cor ollar y 2.4.3 With hypothesesand notation as in Theorem 2:4:1, let *
denote the multiplicity of E; in the Tber of X 7* over k(x%sep. The condition
r = 1 hapgensif and only if | = 1, in which case!; = (m? + m9)=n.

If r>1(so, > 1), thenthe!;'s are the unique solution to the equation

0 1
bb i1 0 0 ::: O 0 0o 1 O m°1
il bbb i1 0 ::: O 0 0 t1 02
0O i1 by i1 ::: O 0 0 :
(2.4.10) e . : CT R
0 0 0 0 =t i1 b;1 i1 1 rr?o
0 0 0 0 :@::x O j1 b ; 1
Keeping the condition r > 1, dene P%= P; (b ; J+1;""b ), soP%= n and
PO, = Q (bi;:i;b) = r. If welet mg = P% m§+ m? = rm§+ m?, then
thel;'s are also the unigue solution to
0 1
po 0 0O ::: 0 0 0 0, rea 1
iP%, P°, 0 i 0 0 2
0" PPV, PO, i 0 0
(2.4.11) : ; . : :
; : : : ; 0
0 0 0 = jiP? mé
0 0 0 o 0 1

In particular, *; = (rm3+ m9)=n.

Note that in the applications with X °®= X=H as at the beginning of x2.3,
the condition A? 6 AS (i.e., HX w0 doesnot act through scalars)is equivalert
to the condition r > 1in Corollary 2.4.3.

Proof. The value of 11 whenr = 1 was establishedin the proof of Theorem
2.4.1,s0 now assumer > 1. On X 7 (or rather, its basechangeto OFY) we
have

X
(2.4.12) div(Ye) = m9R2+  1,E; + m3®d+

where

2 the ®{-term doesnot appear if there is only one analytic branch through
x% (recall we alsosetm$ = 0 in this case),

2 the )@jo-terms are a single term when there are two analytic branches
but only one global irreducible (geometric) componert (in which case
0 — 0
mi = m3),

2 the omitted terms \:::" on the right side of (2.4.12) are not in the "b er
over x° (and in particular do not intersect the E;'s).
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Thus, the equations E; :div(¥s) = 0 and the intersection calculations in the
proof of Theorem 2.4.1 (as summarizedby Figure 1, including transversalities)
immediately yield (2.4.10). By solving this system of equations by working
up from the bottom row, an easyinduction argumert yields the reformulation
(2.4.11).

O

To prove Theorems1.1.2and 1.1.6, the precedinggeneralconsiderationswill
provide the necessaryintersection-theoretic information on a minimal resolu-
tion. To apply Theorem 2.4.1 and Corollary 2.4.3to the study of singularities
at points x° on modular curves,we needto nd the value of the parameter ryo
in ead case. This will be determined by studying universal deformation rings
for moduli problems of elliptic curves.

3 The Coarse moduli scheme X1(p)

Let p be a prime number. In this section we review the construction of the
coarsemoduli scheme X 1(p) attached to j 1(p) in terms of an auxiliary nite
Btale level structure which exhibits X 1(p) asthe compacti cation of a quotient
of a ne moduli scheme. It is the "ne moduli schemeswhose completed local
rings are well understood through deformation theory (asin [34]), and this will
provide the starting point for our subsequeh calculations of regular models
and componert groups.

3.1 Some general nonsense

As in [34, Ch. 4], for a schemeT we let (EII=T) be the category whoseobjects
areelliptic curvesover T-schemesand whosemorphismsare cartesiandiagrams.
The moduli problem [j 1(p)] is the contravariant functor (Ell) ! (Sets that
to an elliptic curve E-g attachesthe set of P 2 E(S) sud that the relative
e®ecti\e Cartier divisor

[0]+ [P]+ [2P]+ ¢ee+ [(pi 1)P];

viewed as a closed substheme of E, is a closed subgroup scheme. For any
moduli problem P on (Ell=T) and any object E-g over a T-scheme,we de ne
the functor Pg-s(S% = P(E-g0) to classify\ P-structures”" on basechangesof
E-s. If Pe—g is represettable (with someproperty P relative to S) for every
E-s, we say that P is relatively representable(with property P). For example,
[i 1(p)] is relatively represenable and "nite locally free of degreep?; 1 on (Ell)
for every prime p.

For p, 5, the moduli problem [j 1(p)l=z[1=p] IS represenable by a smooth
atne curve over Z[1=p] [34, Cor. 2.7.3, Thm. 3.7.1, and Cor. 4.7.1]. For any
elliptic curve E_g over an F,-scheme S, the point P = 0 is xed by the auto-
morphism i 1of E-g, andisin [j 1(p)I(E=S) becausd0]+ [P]+ ¢¢¢+ [(pj 1)P]is
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the kernel of the relative Frobeniusmorphism F: E ! E®. Thus, [i 1(p)l-z,,,
is not rigid, soit is not represertable.
As there is no ne moduli stcheme asseiated to [j 1(p)]=z,, for any prime

p, we let X (p) be the compacti ed coarsemoduli schemeM ([j 1(P=z, ), as
constructed in [34, Ch. 8]. This is a proper normal Z -model of a smooth

and geometrically connectedcurve X 1(p)-q, but X 1(p) is usually not regular.

Nevertheless, the complete local rings on X ;(p) are computable in terms of

abstract deformation theory. Since(Z=pz)% =f§ 1g acts on isomorphismclasses
of j 1(p)-structures via

(E;P) 7! (E;atP) " (E;j atP);

we get a natural action of this group on X 1(p) which is readily chedkedto be a
faithful action (i.e., non-idertit y elemens act non-trivially). Thus, for any sub-
group H p (Z=pz)t =f§ 1g we get the modular curve X (p) = X 1(p)=H which
is a normal proper connectedZ ,-curve with smooth generic b er X (p)=q -
When p > 3, the curve Xy (p) has tame cyclic quotient singularities at its
non-regular points.

In order to compute a minimal regular model for these normal curves, we
need more information than is provided by abstract deformation theory: we
needto keeptrack of glotal irreducible componerts on the geometric b er mod
p, whereasdeformation theory will only tell us about the analytic branches
through a point. Fortunately, in the caseof modular curves X (p), distinct
analytic branchesthrough a closed-"ber geometric point always arise from dis-
tinct global (geometric) irreducible componerts through the point. In order to
review this fact, as well asto explain the connection between complete local
rings on Xy (p) and rings of invariants in universal deformation rings, we need
to recall how X 1(p) canbe constructed from ne moduli schemes.Let usbrie®y
review the construction process.

Pick a represertable moduli problem P that is "nite, $§tale, and Galois over
(Ell=Z ) with Galois group Gp, and for which M (P) is atne. For example
(cf. [34, x4.5{4.6]) if = 6 pis a prime with ~ , 3, we can take P to be the
moduli problem [j( ‘)]zz(p) that attachesto E-g the set of isomorphisms of
S-group schemes

A1 (Z=Z2)s" ET];
the Galois group Gp is GL,(F-). Let Yi(p;P) be the "ne moduli scheme
M ([i 1(P)]=z,,; P) that classi espairs consisting of a j 1(p)-structure and a P-
structure on elliptic curvesover variable Z y-schemes. The scdhemeY;(p; P) is
a‘at atne Z-curve. Let Y1(p) bethe quotient of Y1(p; P) by the Gp -action.

We introduce the global P rather than just useformal deformation theory
throughout becauseon characteristic-p b erswe needto retain a connectionbe-
tweenclosed b er irreducible componerts of global modular curvesand closed
“b er \analytic" irreducible componerts of formal deformation rings. The pre-
ciseconnectionbetweenglobal P's and in nitesimal deformation theory is given
by the well-known:
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Theorem 3.1.1 Let k be an algebaically closeal "eld of characteristic p and
let W = W(k) beits ring of Witt vectors. Let z 2 Y;(p)=x be a rational point.
Let Aut(z) denote the nite group of automorphisms of the (non-canonically
unique) i 1(p)-structure over k underlying z. Choose a P-structure on the el-
liptic curve underlying z, with P as alove, and let z° 2 Yy(p;P)(k) be the
correspnding point over z.

The ring @Yl(p;p)w 20 is naturally identi e d with the formal deformation ring

of z. Under the resulting natural action of Aut(z) on @Yl(p;p)w 20, the subring

of Aut (z)-invariants is @Yl(p)w 7.
For any sutgroup H p (Z=pz)f =f§ 1g equipped with its natural action on
Y1(p), the stabilizer H o, of z%in H acts faithful ly on the universal deformation

ring @Yl(p;p)w 0 of z in the natural way, with subring of invariants ®y,, (P)w 2+

Proof. SinceP is §tale and Y;(p;P)w is a ne moduli scheme,the interpreta-
tion of @Yl(p;p)w 0 asa universaldeformation ring is immediate. SinceY1(p)w
is the quotient of Y1(p; P)w by the action of Gp, it follows that @Yl(p)w 2 IS

identied with the subring of invariants in @Yl(p;p)w 20 for the action of the
stabilizer of z° for the Gp-action on Y;(p;P)w. We needto compute this
stabilizer subgroup.

If z°= (E,;P,; 9 with supplemenary P-structure f, then g 2 Gp xes z°
if and only if (E,;P;; ) is isomorphicto (E;;P;;9(1). This says exactly that
there exists an automorphism ®y of (E,; P,) carrying fto g(1), and such ®, is
clearly unique if it exists. Moreover, any two P-structures on E, are related
by the action of a unique g 2 Gp becauseof the de nition of Gp asthe Galois
group of P (and the fact that z is a geometric point). Thus, the stabilizer of
z in Gp is naturally identied with Aut(E,;P,) = Aut(z) (compatibly with
actions on the universal deformation ring of z). The assertion concerningthe
H -action is clear.

O

Since Y1(p; P) is a regular Z-curve [34, Thm. 5.5.1], it follows that its
quotient Y1(p) isanormal Z ) -curve. Moreover, by [34, Prop. 8.2.2]the natural
map j : Yi(p) ! A%(p) is nite, and henceit is also °at [44, 23.1]. In [34],
X 1(p) is de ned to be the normalization of Y1(p) over the compacti ed j-line
P%(p). Both X 1(p) and Y1(p) are independert of the auxiliary choiceof P. The
complex analytic theory shows that X 1(p) has geometrically connected b ers
over Zp, sothe sameis true for Y;(p) sincethe complete local rings at the
cuspsare analytically irreducible mod p (by the discussionin x4.2, especially
the self-cortained Lemma 4.2.4 and Lemma 4.2.5).

3.2 Formal parameters

To do deformation theory computations, we need to recall some canonical
formal parametersin deformation rings. Fix an algebraically closed eld k
of characteristic p and let W = W(k) denote its ring of Witt vectors. Let
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z 2 Y1(p)=x be a k-rational point corresponding to an elliptic curve E,_, with
i 1(p)-structure P;.

For later purposes,it is useful to give a conceptual description of the 1-
dimensional \reduced" cotangert spacem=(p;m?) of R, or equivalertly the
cotangert spaceto the equicharacteristic formal deformation functor of E;:

Theorem 3.2.1 The cotangent space to the equicharacteristic formal defor-
mation functor of an elliptic curve E over a "eld k is canonically isomorphic
to Coto(E)™ 2.

Proof. This is just the dual of the Kodaira-Spencerisomorphism. More specif-
ically, the cotangert spaceis isomorphicto H(E; (- é:k)—)—, and Serreduality
identi es this latter spacewith

HO(E; (- £4)7 20— HO(E;- £ )" 2 == Coto(E)" %

the “rst map being an isomorphism since - é:k is (non-canonically) trivial.
O

Let
E.! SpeqR))

denote an algebraization of the universaldeformation of E,, sonon-canonically
R? ' WI[t] and (by Theorem 3.1.1) there is a unique local W -algebra map
R2! R, to the universal deformation ring R, of (E;;P,) suc that there is a
(necessarilyunique) isomorphism of deformations betweenthe basechange of
E, over R, and the universalelliptic curve underlying the algebraizeduniversal
i 1(p)-structure deformation at z.

Now make the additional hypothesisP, = 0, so upon choosing a formal co-
ordinate x for the formal group of E, it makessenseto considerthe coordinate

x=x(Pz) 2R,

of the \p oint" P, in the universal j 1(p)-structure over R,. We thereby get a
natural local W -algebramap

(3.2.1) W[x;t]! Rz:

Theorem 3.2.2 The natural map (3:2:1) is a surjection with kernel geneated
by an elementf, that is part of a regular system of parameters of the regular
local ring Wx;t]. Moreover, x and t span the 2-dimensional cotangent space
of the target ring.

Proof. The surjectivity and cotangert-space claims amourt to the assertion
that an artinian deformation whose j 1(p)-structure vanishes and whose t-
parameter vanishesnecessarilyhas p = 0 in the basering (so we then have
a constart deformation). The vanishing of p in the basering is [34, 5.3.2.2].
Sincethe deformation ring R, is a 2-dimensionalregular local ring, the kernel
of the surjection (3.2.1) is a height-1 prime that must therefore be principal
with a generatorthat is part of a regular system of parameters.

O
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3.3 Closed-fiber  description

For considerationsin Section 5, we will heed some more re ned information,
particularly a description of f, mod p in Theorem 3.2.2. To this end, we rst
needto recall somespecializedmoduli problemsin characteristic p.

Definition  3.3.1 If E_s is anelliptic curve over an F-schemeS, andG ! E
isa nite locally free closedsubgroupschemeof order p, we shall say that G isa
(1; 0)-sutgroupif G is the kernel of the relative Frobeniusmap Fg-s : E! E(®
and G is a (0; 1)-sulgroup if the order p group schemeE[p]=G | E=Gis the
kernel of the relative Frobenius for the quotient elliptic curve E=G over S.

Remark 3.3.2 This is a special caseof the more generalconceptof (a; b)-cyclic
sulgroup which is deweloped in [34, x13.4] for describing the mod p b ers of
modular curves. On an ordinary elliptic curve over a "eld of characteristic p,
an (a; b)-cyclic subgroup has connected$tale sequencewith connectedpart of
order p* and §tale part of order pP.

Let P be a represernable moduli problem over (Ell=Z ) that is nite, §tale,
and Galois with M (P) atne (asin x3.1). For (a;b) = (1;0);(0; 1), it makes
senseto considerthe subfunctor

(3.3.1) [[i 1(P]-(a;b)-cyclic; P]

of points of [j 1(p)=r,; P] whosei 1(p)-structure generatesan (a; b)-cyclic sub-
group. By [34, 13.5.3, 13.5.4], these subfunctors (3.3.1) are represened by
closed substiemesof Yi(p; P)=F, that intersect at exactly the supersingular
points and have ordinary loci that give a covering of Y1(p; P)Z[é’p by open sub-
schemes. Explicitly , we have an F ,-schemeisomorphism

(3:3.2) M ([i 1(p]-(0; 1)-cyclic;P) " M ([lg(p)]; P)

with a smooth (possibly disconnected)Igusa curve, where [Ig(p)] is the mod-
uli problem that classi es Z=pZ-generators of the kernel of the relative Ver-
schiebung Ve=s : E(® | E, and the line bundle ! of relative 1-forms on the
universal elliptic curve over M (P)=¢, provides the description

(3.3.3) M (i 1(P)I-(1; 0)-cyclic;P) ' Sped(Symy (p)_, 1)=!" 1 V)

as the cover obtained by locally requiring a formal coordinate of the level-p
structure to have (pj 1)th power equalto zero. The scheme(3.3.3) hasgeneric
multiplicit y pi 1 and has smooth underlying reducedcurve M (P)=¢ .

We concludethat Yi;(p;P) is Zy-smooth at points in

M (i 1(p)]-(0; 1)-cyclic; P)°";

and near points in M ([j 1(p)]-(1; 0)-cyclic; P) we can use a local trivialization

of I to 'nd a nilpotent function X with a moduli-theoretic interpretation as
the formal coordinate of the point in the j 1(p)-structure (with X Pi 1 arising as
©p(X + 1) mod p along the ordinary locus). Thus, we get the \ordinary" part
of:
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Theorem 3.3.3 Let k ke an algebnically closal "eld of characteristic p, and
z 2 Y1(p)=x a rational point corresmpnding to a (1;0)-sulgroup of an elliptic
curve E over k. Choosez®2 Y;(p;P)- over z. Letf, be a geneator of the
kernel of the surjection W[x; t]2 @y, (ppy.c0 in (3:2:1).

We can choosef, sothat
£, mod p= XPi L if E is ordinary,
z xPi 1t0 if E is supersingular,
with p;x; t° a regular system of parametersin the sugersingular case. In par-
ticular, Yl(p;P)ff(d has smaoth irr educible components, ordinary double point
singularities at sugersingular points, and no other non-smath points.

The signi cance of Theorem 3.3.3 for our purposesis that it ensuresthe
regular Zp)-curve Y1(p; P)z,,, is nil-semistablein the senseof De nition 2.3.1.
In particular, for p> 3 and any subgroupH p (Z=pz)% =f§ 1g, the modular
curve Xy (p) hastame cyclic quotient singularities away from the cusps.

Proof. The geometricirreducible componerts of Y;(p;P)™ are smooth curves
(3.3.2) and (3.3.3) that intersectat exactly the supersingular points, and (3.3.3)
settles the description of f, mod p in the ordinary case. It remains to verify
the description of f, mod p at supersingular points z, for oncethis is chedked
then the two minimal primes (x) and (t9 in the deformation ring at z must
correspond to the k- b er irreducible componerts of the smaooth curves (3.3.2)
and (3:3:3)eq through z° and thesetwo primes visibly generatethe maximal
ideal at z%in the k- b er so(3.3.2) and (3:3:3),eq intersect transversally at z° as
desired.

Consider the supersingular case. The proof of [34, 13.5.4] ensuresthat we
can choosef, sothat

(3.3.4) fz mod p= gu.090:1);

with K[x; t]=go.1) the completelocal ring at z%on the closedsubstheme(3.3.2)
and likewisefor k[x; tJ=g1.0) and (3.3.3). By (3.3.3), we cantake gg.g) = xPi 1,
soby (3.3.4) it suxcesto ched that the formally smooth ring K[x; t]=ge.1) does
not have t asa formal parameter. In the proof of [34, 12.8.2],it is shown that
there is a natural isomorphism betweenthe moduli stack of Igusa structures
and the moduli stadk of (pj 1)th roots of the Hasseinvariant of elliptic curves
over F,-sthemes. Sincethe Hasseinvariant commutes with base change and
the Hasseinvariant on the the universal deformation of a supersingular elliptic
curve over K[t] has a simple zero [34, 12.4.4], by extracting a (pj 1)th root
we losethe property of t being a formal parameter if p > 2. We do not need
the theorem for the supersingular casewhen p = 2, sowe leave this caseasan
exercisefor the interested reader.

O
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4 Determina tion of non-regular  points

Sincethe quotient Xy (p) of the normal proper Z ,)-curve X 1(p; P) is normal,
there is a nite set of non-regular points in codimension-2on X (p) that we
haveto resolveto getaregular model. Wewill provethat the non-regular points
on the nil-semistable X (p) are certain non-cuspidal F ,-rational points with
j-invariants 0 and 1728, and that these singularities are tame cyclic quotient
singularities when p > 3, so Jung{Hirzebruch resolution in Theorem 2.4.1 will
tell us everything we needto know about the minimal regular resolution of

Xn ().

4.1 Anal ysis away fr om cusps

The only possiblenon-regular points on X (p) are closedpoints in the closed
“ber. We will “rst considerthose points that lie in Yy (p), and then we will
study the situation at the cusps. The reasonfor treating thesecasesseparately
is that the deformation theory of generalizedelliptic curvesis a little more
subtle than that of elliptic curves. One can also treat the situation at the
cuspshy using Tate curves instead of formal deformation theory; this is the
approac usedin [34].

In order to determine the non-regular points on Yy (p), by Lemma 2.1.1 we
only needto considergeometric points. By Theorem 3.1.1, we needa criterion
for detecting when a "nite group acting on a regular local ring has regular
subring of invariants. The criterion is provided by Serre's Theorem 2.3.9 and
leadsto:

Theorem 4.1.1 A geometric point z = (E;; P;) 2 Y1(p) hasnon-regular image
in Yy (p) if and only if it is a point in the closal ber suchthat jAut (E;)j > 2,
P, = 0, and 2jH]j - jAut (E,)j.

In particular, whenp > 3 there are at most two non-regular points on Yy (p)
and such points are Fp-rational, while for p - 3 (so H is trivial ) the unique
(Fp-rational) sugersingular point is the unique non-regular point.

Proof. Let k be an algebraically closed eld of characteristic p and de ne
W = W(k); we may assumethat z is a k-rational point. By Lemma 2.1.1,
we may considerthe situation after basechangeby Z,) ! W. A non-regular
point z must be a closedpoint on the closed b er. Let z° be a point over z in
Y1(p; P)(k). Let (E;;P,) be the structure arising from z.

First supposep > 3 and H s trivial. The group Auty(E;) is cyclic of
order prime to p, so the automorphism group Aut(z) of the j 1(p)-structure
underlying z is also cyclic of order prime to p. By Theorems3.1.1 and 2.3.9,
the regularity of @Yl(p)w . is therefore equivalert to the existenceof a stable
line under the action of Aut(z) on the 2-dimensional cotangert spaceto the
regular universal deformation ring R, = @Yl(p;p)w 20 Of the i 1(p)-structure z.

When the j 1(p)-structure z is §tale (i.e., P, 6 0), then the formal defor-
mation theory for z is the sameas for the underlying elliptic curve E,=hP,i,
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whencethe universal deformation ring is isomorphic to Wt]. In such casesp
spansan Aut (z)-invariant line in the cotangert spaceof the deformation ring.
Even when H is not assumedto be trivial, this line is stable under the action
of the stabilizer of z°the preimageof H in (Z=pz)£). Hence,we get regularity
at z for any H whenp> 3and P, 6 0.

Still assumingp > 3, now drop the assumptionof trivialit y on H but suppose
that the j 1(p)-structure is not @tale, soz = (E,;0) and Aut(z) = Aut«(E,).
The preimage H® p (Z=pz)%® of H acts on the deformation ring R, since
P, = 0. By Theorem 3.1.1 and Theorem 3.2.2, the cotangert spaceto R, is
canonically isomorphic to

(4.1.1) Coto(E,) © Coto(E,)" %;

where this decomposition correspondsto the lines spannedby the imagesof x
and t respectively. Conceptually, the rst line in (4.1.1) arisesfrom equichar-
acterisitc deformations of the point of order p on constart deformations of the
elliptic curve E,, and the secondline arisesfrom deformations of the elliptic
curve without deforming the vanishing level structure P,. Theseidenti cations
are compatible with the natural actions of Aut(z) = Aut (E,).

Sincep > 3, the action of Aut(E;) = Aut(z) on the line Coty(E;) is given
by a faithful (non-trivial) character A, and the other line in (4.1.1) is acted
upon by Aut (E,) via the character Ai%. The resulting represenation of Aut (z)
on Coto(E,)" 2 is trivial if and only if A3 = 1, which is to say (by faithfulness)
that Aut (E,) hasorder 2 (i.e., j (E,) 6 0;1728). Sincethe H %action is trivial
on the line Coto(E,)" ? (due to HO only acting on the level structure) and we
are passingto invariants by the action of the group H °£€ Aut (E,-), by Serre's
theorem we get regularity without restriction on H whenj (E;) 6 0;1728.

If j(E,) 2 f0;1728 then jAut(E,)j > 2 and the cyclic H? acts on (4.1.1)
through a represenation A © 1 with A a faithful character. The cyclic Aut(z)
acts through a represernation A © A? with A a faithful character, so A% 6 1.
The commutativ e group of actions on (4.1.1) generatedby H° and Aut (z) is
generatedby pseudo-re°ectionsif and only if the action of the cyclic Aut (z) on
the “rst line is induced by the action of a subgroupof H? That is, the order of
A must divide the order of A, or equivalertly j Aut (z)j must divide jHY = 2jH]|.
This yields exactly the desired conditions for non-regularity whenp > 3.

Now supposep - 3,soH istrivial. If Aut(E,-) = f8 1g, soz is an ordinary
point, then for p = 3 we can usethe precedingargumert to deduceregularity
at z. Meanwhile, for p = 2 we seethat R, is formally smooth by Theorem
3.3.3, sothe subring of invariants at z is formally smooth (by [34, p. 508]). It
remainsto chedk non-regularity at the unique (supersingular) point z 2 Y1(p)=«
with j = 0= 1728in k.

By Serre'stheorem, it sutcesto ched that the action of Aut (z) = Aut (E,)
on (4.1.1) is not generatedby pseudo-re°ections,whereE; is the unique super-
singular elliptic curve over k (up to isomorphism). The action of Aut(E.) is
through 1-dimensional characters, so the p-Sylow subgroup must act trivially .
In both cases(p = 2 or 3) the group Aut (E;) has order divisible by only two
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primes p and p° with the p®-Sylow of order > 2. This p®-Sylow must act through
a faithful character on Cotg(E;) (use [20, Lemma 3.3] or [68, Lemma 2.16]),
and hencethis group also acts non-trivially on Cotg(E,)" 2. It follows that this
action is not generatedby pseudo-re°ections.

D

4.2 Regularity along the cusps

Now we ched that Xy (p) is regular along the cusps, so we can focus our
attention on Yy (p) when computing the minimal regular resolution of X  (p).
We will againusedeformation theory, but now in the caseof generalizedelliptic
curves. Throughout this section, p is an arbitrary prime.

Recall that a genealized elliptic curve over a schemesS is a proper °at map
Ya:E ! S of nite preseration equipped with a sectione:S! ES™ into the
relative smooth locusand a map

+:ES"E£SE! E
sudh that
2 the geometric b ers of “aare smooth gerus 1 curvesor N§ron polygons;

2+ restricts to a commutativ e group schemestructure on ES™ with identit y
sectione;

2 + js an action of ES™ on E suc that on singular geometric b ers with
at least two \sides", the translation action by ead rational point in the
smooth locusinducesa rotation on the graph of irreducible componerts.

Sincethe much of the basictheory of Drinfeld structures was developed in [34,
Ch. 1] for arbitrary smooth separatedcommutativ e group schemesof relative
dimension 1, it can be applied (with minor changesin proofs) to the smooth
locus of a generalizedelliptic curve. In this way, one can merge the \atne"
moduli-theoretic Z-theory in [34] with the \prop er" moduli-theoretic Z[1-N ]-
theory in [15]. We refer the readerto [2]] for further details on this synthesis.

The main deformation-theoretic fact we need is an analogue of Theorem
3.2.1:

Theorem 4.2.1 An irreducible genealized elliptic curve C; over a perfect
“eld k of characteristic p > 0 admits a universal deformation ring that is
abstractly isomorphic to W[t], and the equicharacteristic cotangent space of
this deformation ring is canonically isomorphic to Coto(C$™)" 2.

Proof. The existenceand abstract structure of the deformation ring are special
casesof [15, 111, 1.2]. To describe the cotangert spaceintrinsically, we wish to
put oursehesin the context of deformation theory of proper °at curves. In-
“nitesimal deformations of C; admit a unique generalizedelliptic curve struc-
ture oncewe x the identity section[15, 11, 2.7], and any two choicesof iden-
tit y sectionare uniquely related by atranslation action. Thus, the deformation
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theory for C; asa generalizedelliptic (i.e., marked) curve coincideswith its de-
formation theory asa °at (unmarked) curve. In particular, the tangent space
to this deformation functor is canonically identi ed with Ext}:l(- élzk;ocl)
[56, x4.1.1].

Since the natural map - f1:1=k I 1¢,= to the invertible relative dualizing
sheafis injective with "nite-length cokernel (supported at the singularity),

Exte, (! c,=:0c,) ' Exte, (! ¢t cum) 't HO(Cas! G20 )-

with the nal isomorphism provided by Grothendiedk duality. Thus, the cotan-
gert spaceto the deformation functor is identied with H%(Cy;! éf:k). Since
! c,=k is (non-canonically) trivial, just asfor elliptic curves,we get a canonical
isomorphism

HO(Cy;! ¢ 2,) " HO(Cuilcys)” 2" Coto(Ci™) 2

(the "nal isomorphism de ned via pullback along the identit y section).
O

Definition  4.2.2 A j 1(N)-structure on a generalizedelliptic curveE! S'is
an\ S-ample" Drinfeld Z=N Z-structure on E™; i.e., a sectionP 2 ESM[N](S)
such that the relative e®ective Cartier divisor
X
D = [ P]
j2Z=NZz

in ES™ is a subgroup scheme which meets all irreducible componerts of all
geometric b ers.

If E.s admits aj 1(N)-structure, then the non-smaoth geometric b ers must
be d-gonsfor various djN. In caseN = p is prime, this leaves p-gonsand 1-
gons as the only options. The importance of De nition 4.2.2is the following
analogueof Theorem 3.1.1:

Theorem 4.2.3 Let k be an algebaically closal "eld of characteristic p > 0,
and W = W (k). The points of X1(p)=x i Y1(p)=x corresmpnd to isomorphism
classesof i 1(p)-structureson degeneate genealized elliptic curvesover k with
1 or p sides.

For z2 X1(p)=x i Yi(p)=«, there exists a universal deformation ring S, for

the j 1(p)-structure z, and ®X1(p)w - IS the subring of Aut (z)-invariants in S,.

Proof. In general,j 1(p)-structures on generalizedelliptic curvesform a proper
°at Deligne-Mumford stack M, , 5y over Z(p, of relative dimension 1, and this
stack is smooth over Q and is normal (as one cheds via abstract deformation
theory). For our purposes,the important point is that if we choosean odd
prime = 6 p then we can de ne an evident [j 1(p);i( *)]-variant on De nition
4.2.2 (imposing an amplenesscondition on the combined level structure), and
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the open locusof points with trivial geometricautomorphism group is a scheme
(asiit is an algebraic spacequasi- nite over the j-line). This locus Tls up the
ertire stack M [, (p):( 'y OVer Z(p), sothis stac is a scheme.

The resulting normal Z,)-°at proper schemeM | , ) 'y IS hite over the
j-line, whenceit must coincide with the scheme X 1(p;[i( )]) as constructed
in [34] by the ad hoc method of normalization of the ne moduli scheme
Y1(p;[i( *)]) over the j-line. We therefore get a map

Mg seysic o = XL T Xa(p)

that must be the quotient by the natural GL,(F-)-action on the source. Since
complete local rings at geometric points on a Deligne-Mumford stadk coincide
with universal formal deformation rings, we may conclude as in the proof of
Theorem 3.1.1.

4

We are now in position to argue just asin the elliptic curve case: we shall
work out the deformation rings in the various possiblecasesand for p 6 2 we
will use Serre's pseudo-re°ectiontheorem to deduceregularity of X ;(p) along
the cuspson the closed b er. A variant on the argumert will alsotake care of
p= 2.

As in the elliptic curve case,it will sutce to considergeometricpoints. Thus,
there will betwo typesof j 1(p)-structures (E; P) to deform: E is either a p-gon
or a 1-gon.

Lemma 4.2.4 Let Eq be a p-gon over an algebaically closel eld k of char-
acteristic p, and Pg 2 EgM™(k) a i 1(p)-structure. The deformation theory of
(Eo; Po) coincides with the deformation theory of the 1-gon genealized elliptic
curve Eq=HPgi .

Note that in the p-gon case,the point Py 2 E§™(K) generatesthe order-p
constart componert group of EG™, sothe group schemehPyi generatedby Py
is visibly ®tale and the quotient Eo=HPyi makessense(as a generalizedelliptic
curve) and is a 1-gon.

Proof. For any in nitesimal deformation (E;P) of (Eo;Po), the subgroup
sthemeH generatedby P is "nite $§tale, and it makes senseto form the quo-
tient E=H asa generalizedelliptic curve deformation of the 1-gonEy=Hg (with

Ho = hPgi). Sinceany nite §tale cover of a generalizedelliptic curve admits a
unique compatible generalizedelliptic curve structure oncewe x a lift of the
identit y section and demand geometric connectednessf b ers over the base
[15, 11, 1.17], we seethat the deformation theory of (Eq;Hy) (ignoring P) is
equivalent to the deformation theory of the 1-gon Eq=Hg. The deformation
theory of a 1-gonis formally smooth of relative dimension1 [15, II, 1.2], and
upon specifying (E; H) deforming (Eo; Ho) the $talenessof H ensuresthe exis-
tenceand uniquenessof the choiceof j 1 (p)-structure P generatingH suc that
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P lifts Py on Eq. That is, the universal deformation ring for (Eq; Pg) coincides
with that of Eq=Hy.
O

In the 1-goncase there is only one(geometric) possibility up to isomorphism:
the pair (C1;0) where C; is the standard 1-gon (over an algebraically closed
“eld k of characteristic p). For this, we have an analogueof (4.1.1):

Lemma 4.2.5 The universal deformation ring of the j 1(p)-structure (Cy;0) is
isomorphic to the regular local ring W [t]J[X [=©,(X + 1), with cotangent space
canonically isomorphic to

Coto(C5™M) © Coto(CS™M) 2:

Proof. Sincethe p-torsion on C™ is isomorphicto ! ,, upon Xing an isomor-
phism C3™[p] * *, there is a unique compatible isomorphism C*"[p] ' * for
any in nitesimal deformation C of C;. Thus, the deformation problem is that
of endowing a Z=pZ-generator to the !, inside of deformations of C; (as a
generalizedelliptic curve). By Theorem 4.2.3, this is the scheme of generators
of 1, over the universal deformation ring W [t] of Cy.

The scheme of generators of 1, over Z is Z[Y]=©,(Y), so we obtain
WItI[Y]=0,(Y) as the desired (regular) deformation ring. Now just set
X = Y i 1. The description of the cotangen spacefollows from Theorem
4.2.1.

O

SinceC; hasautomorphism group (as a generalizedelliptic curve) generated
by the unique extension[j 1] of inversion from Ci™ to all of C;, we conclude
that Aut (Cg;0) is generatedby [j 1]. This puts usin position to carry over our
earlier elliptic-curv e argumerts to prove:

Theorem 4.2.6. The schemeXy (p) is regular along its cusps.

Proof. As usual, we may work after making a basechangeby W = W (k) for
an algebraically closed eld k of characteristic p > 0. Let z 2 X1(p)= be a
cusp whoseimage zy in Xy (p)=x We wish to study. Let H° be the preimage
of H in (Z=pz), and let H? be the maximal subgroup of H ° that acts on the
deformation spacefor z (e.g, H2 = HCif the level structure P, vanishes). By
Theorem 4.2.3, the ring ®x ,, ()2, is the subring of invariants under the action
of Aut(z) £ H? on the formal deformation ring for z. By Theorem 4.2.1 and
Lemma 4.2.4 (as well as [34, p. 508]), this deformation ring is regular (even
formally smooth) in the p-gon case. In the 1-gon case,Lemma 4.2.5 ensures
that the deformation ring is regular (and even formally smooth when p = 2).
Thus, for p6 2 we may use Theorem 2.3.9to reducethe problem for p6 2 to
cheding that the action of Aut(z) £ H? on the 2-dimensional cotangert space
to the deformation functor has an invariant line.
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In the p-gon case, the deformation ring is W][t] and the cotangert line
spannedby p is invariant. In the 1-gon case,Lemma 4.2.5 provides a func-
torial description of the cotangert spaceto the deformation functor and from
this it is clear that the involution [j 1] acts with an invariant line Cotg(z)" 2
when p 6 2 and that H? also acts trivially on this line.

To take careof p= 2 (for which H is trivial), we just have to ched that any
non-trivial W -algebra involution fof W[T] has regular subring of invariants.
In fact, for T°= TY(T) the subring of invariants is W[T] by [34, p. 508].

D

5 The Minimal resolution

We now are ready to compute the minimal regular resolution X (p)™? of
X (p). SinceXy (p)-g isaprojectiveline whenp - 3, both Theorem1.1.2and
Theorem 1.1.6 are trivial for p- 3. Thus, from now on we assumep > 3. We
have found all of the non-regular points (Theorem 4.1.1): the F ,-rational points
of (1;0)-type such that j 2 f0;1728), provided that jHj is not divisible by 3
(resp. 2) whenj = 0O (resp. j = 1728). Theorem 3.3.3providesthe necessaryo-
cal description to carry out Jung{Hirzebruch resolution at these points. These
are tame cyclic quotient singularities (since p > 3). Moreover, the closed b er
of Xy (p) is a nil-semistable curve that consistsof two irreducible componerts
that are geometrically irreducible, as one seesby considering the (1,0)-cyclic
and (0,1)-cyclic componerts.

5.1 General considera tions

There are four cases,dependingon p” 81;85mod 12 as this determinesthe
behavior of the j-invariants 0 and 1728in characteristic p (i.e., supersingular
or ordinary). This dichotomy betweenordinary and supersingular casescorre-
spondsto Jung{Hirzebruch resolution with either one or two analytic branches.

Pick a point z = (E;0) 2 X1(p)(Fp) with j = 0 or 1728 corresponding
an elliptic curve E over F, with automorphism group of order > 2. Let
zy 2 Xu(p)(Fp) be the image of z. By Theorem 4.1.1, we know that zy
is non-regular if and only if jHj is odd for j (E) = 1728,and if and only if jH]j
is not divisible by 3 for j(E) = 0.

There is a single irreducible component through z, in the ordinary case
(arising from either (3.3.2) or (3.3.3)), while there are two such (transverse)
componerts in the supersingular case,and to compute the genericmultiplicities
of these componerts in Xy (p):Ep we may work with completions becausethe
irreducible componerts through z are analytically irreducible (even smooth)
at zy.

Let C%and C denote the irreducible componerts of X (p)zfp, with C° cor-
responding to §tale level p-structures. Since the preimage of H in (Z=pz)*%
(of order 2jH]) acts generically freely (resp. trivially) on the preimage of C°
(resp. of C) in a ne moduli scheme over X (p):gp obtained by adjoining
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some prime-to-p level structure, rami cation theory considerationsand Theo-
rem 3.3.3 shaw that the componerts C%and C in Xy (p):Ep have respective
multiplicities of 1 and (pi 1)=2jHj = [(Z=pZ)? =f§ 1g : H]. Moreover, by
Theorem 3.3.3we seethat zy lieson C whenit is an ordinary point.

5.2 The case p~ j 1mod 12

We are now ready to resolwe the singularities on Xy (p)=w with W = W (Fp).
We will “rst carry out the calculation in the casep” j 1 (mod 12), so0 and
1728 are supersingular j -values. In this case(pj 1)=2 is not divisible by 2 or
3, sojHj is automatically not divisible by 2 or 3 (so we have two non-regular
points).

Write p= 12k 1with k, 1. By the Deuring MassFormula [34, Cor. 12.4.6]
the componerts C and C®meetin (pj 11)=12= ki 1 geometric points away
from the two supersingular points with j = 0;1728. Consider one of the two
non-regular supersingular points z . The completelocal ring at zy on Xy (p)w
is the subring of invariants for the commuting actions of Aut( z) and the preim-
ageHOp (Z=pz)%® of H on the universal deformation ring R, of the j 1(p)-
structure z. Note that the actions of H® and Aut(z) on R, have a common
involution. The action of H® on the tangent space xes one line and acting
through a faithful character on the other line (seethe proof of Theorem 4.1.1),
so by Serre's Theorem 2.3.9 the subring of H %invariants in R, is regular. By
Lemma 2.3.5and the subsequen discussionthere, the subring of H %invariant
hasthe form W [x? t9=(x %" =R o, p) with Aut(z)=f§ 1g acting on the tan-
gert spacevia A" © A for a faithful character A of Aut (z)=f§ 1g. Let h = jH],
so¥z= (pi 1)=2h is the multiplicit y of C in Xy (p)_¢-

When j (zy) = 1728the character A is quadratic, sowe apply Theorem 2.4.1
and Corollary 2.4.3with n = 2,r = 1, mY = 1, m§ = % The resolution has
a single exceptional b er D that is transverseto the strict transforms C and
€° and DO has self-intersection | 2 and multiplicit y (m?+ m)=2= (V= 1)=2.
When j(z4) = 0 the character A is cubic, so we apply Theorem 2.4.1 with
n=3ml=1md=%andr = hmod3. That is,r = 1whenh "~ 1mod 6
andr = 2whenh” j 1 mod 6. In the caser = 1 we get a single exceptional
b er E%in the resolution, transverseto C and 60 with self-intersectionj 3 and
multiplicit y (¥%2+ 1)=3 (by Corollary 2.4.3). This is illustrated in Figure 2(a).
In the caser = 2 we usethe continued fraction 3=2 = 2 1=2 to seethat the
resolution of zy has exceptional b er with two componerts E? and EY, and
these have self-intersection j 2 and transverseintersectionsas shown in Figure
2(b) with respective multiplicities (2%t 1)=3 and (¥z+ 2)=3 by Corollary 2.4.3.
This completesthe computation of the minimal regular resolution X (p)° of
Xn(p) whenp” j 1 mod 12.

To compute the intersection matrix for the closed b er of X  (p)°, we need
to compute some more intersection numbers. For h © 1mod 6 we let 1 and
° denote the multiplicities of D®and E%in Xy (p)% and for h~ j 1 mod 6 we
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(@ h” 1mod®6 (b) h™ j 1mod 6

Figure 2: Minimal regular resolution X (p)° of Xy (p), p= 1% 1,k , 1,
h=jH]
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dene * in the sameway and let °; denote the multiplicit y of E? in X (p)°.
In other words,

1= (Ya+ 1)=2, © = (Yo+ 1)=3; °1 = 2%+ 1)=3; %2 = (¥ 2)=3
Thus,
(5.2.1) C’+ Y + 1D 0+ 0EO"
soif we intersect (5.2.1) with C and usethe identities
Y= (6kj 1)=h; CC =k 1= (h%j 5)=6;

we get

C:C=i1lj (hj")=6
where" = 81" hmod 6. In particular, C:C < j 1 unlessh = 1 (i.e., unless
H is trivial). We can also compute the self-intersection for 60, but we do not
needit.

When H is trivial, so C is a j 1-curve, we can contract C and then by
Theorem 2.1.2 and Figure 2 the self-intersection numbers for the componerts
D%and E%drop to | 1 and j 2 respectively. Then we may cortract D so E°
becomesa j 1-curve, and nally we end with a single irreducible componert
(coming from 60). This proves Theorem 1.1.2whenp” j 1 mod 12.

Returning to the case of general H, let us prove Theorem 1.1.6 for
p~ i 1mod12. Since ¢’ has multiplicit y 1 in the closed b er of X (p)°,
we can usethe following special caseof a result of Lorenzini [9, 9.6/4]:

Lemma 5.2.1 (Lorenzini). Let X be a regular proper °at curve over a com-
plete discrete valuation ring R with algebaically closeal residue eld and frac-
tion "eld K. Assumethat X_¢ is smooth and geometrically connected. Let

that somecomponent X;, occurs with multiplicity 1 in the closal ber divisor.

The component group of the N&§ron model of the Jacobian Pic?(K -k hasorder
equal to the absolutevalue of the (mj 1)£ (mj 1) minor of the intersection
matrix (X;:X;) obtained by deleting the ioth row and column.

The intersection submatrices formed by the ordered set fC;D%E% for
h~ 1mod6 and by fC;D%EJ;EJg for h © | 1 mod 6 are given in Figure
3. The absolute value of the determinant is h in eat case,soby Lemmab5.2.1
the order of the componert group ©(J 4 (p)=r,) ish = jHj = jHj=gcd(jH|; 6).

To establish Theorem 1.1.6for p” j 1 mod 12, it remainsto shaw that the
natural Picard map Jo(p) ! Jn (p) induces a surjection on mod-p geometric
componert groups. We outline a method that works for generalp but that we
will (for now) carry out only for p” | 1 mod 12, as we have only computed
the intersection matrix in this case.
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C DO EO C DO E? E
_ 0 _ 1 _ 0 1 F2q
C j1; D 1 C j1; ™ 1 1 o0
D°@ 1 i2 O0A DO% 1 i2 0 0
EC 1 0 i3 E? 1 0 i2 1
ES 0 0 1 2

(@ h” 1mod®6 (b)) h” j 1mod6

Figure 3: Submatrices of intersection matrix for Xy (p)% p~ i 1 mod 12

The componert group for Jo(p) is generatedby (0) (1 ), where(0) classi es
the 1-gon with standard subgroup®, ! Gp in the smooth locus, and (1)
classi esthe p-gon with subgroupZ=pZ ! (Z=pZ) £ G, in the smooth locus.
The generic- ber Picard map induced by the coarsemoduli schememap

Xu(P)=z,, ! Xo(P)=z,
pulls (0) j (1) badk to a divisor
(pi Q=2iH]
(5.2.2) P i p?

j=1

where the PCs are Q-rational points whose (cuspidal) reduction lies in the

componert c’ classifying $tale level-structures and P is a point with residue
"eld (Q(3p)*)" whose (cuspidal) reduction lies in the componert C classi-
fying multiplicativ e level-structures. This description is seenby using the
moduli interpretation of cusps (i.e., N®ron polygons) and keeping track of
Gal(Q=Q)-actions, and it is valid for any prime p (e.g. the j 1(p)-structures on
the standard 1-gon consistute a principal homogenousspacefor the action of
Gal(Q(* p)=Q), sothey give a single closedpoint P on Xy (p)-o with residue
“eld (Q(p)")").

To apply (5.2.2), we needto recall somegeneralfacts (see[9, 9.5/9, 9.6/1])
concerningthe relationship betweenthe closed™b er of a regular proper model
X of a smooth geometrically connectedcurve X- and the componert group
© of (the N®ron model of) the Jacobian of X-, with the base equal to the
spectrum of a discrete valuation ring R with algebraically closedresidue eld.
If fX;gi2 is the set of irreducible componerts in the closed b er of X, then
we can form a complex

21 Oy g
whereZ' is the free group on the X;'s, the map ® is de ned by the intersection
matrix (X;:Xj), and  sendsead standard basis vector to the multiplicit y of
the corresponding componert in the closed b er. The cokernel ker(" )=im(®)
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is naturally identied with the componert group © via the map Pic(X)! Z'
that assignsto ead invertible sheafL its tuple of partial degreesdeg, (L).

By using [9, 9.1/5] to compute such line-bundle degrees,one nds that the
N&ron-madel integral point assaiated to the pullback divisor in (5.2.2) has
reduction whoseimagein ©(J 4 (p)zfp) is represenied by

(pi Y=2iH]
cl=c; Pilee

[Q(P) : Q] = i
= =26 =
2H]

(5.2:3) mult (C)

i=1
when this componert group is computed by using the regular model X y (p)°
that we have found for p~ j 1 mod 12 (the samecalculation will work for all
other p's, aswe shall see).

The important property emerging from this calculation is that one of the
coezcients in (5.2.3) is 8 1, so an elemert in ker( ) that is a Z-linear combi-
nation of C and C° must be a multiple of (5.2.3) and henceis in the image of
©(Jo(p)) under the Picard map. Thus, to prove that the componert group for
Jo(p) surjects onto the componernt group for Jy (p), it sutces to chedk that
any elemert in ker(") can be modi'ed modulo im(®) to lie in the Z-spanof C
and C°

Since the matrix for ® is the intersection matrix, it suxces (and is even
necessary)to ched that the submatrix M.z of the intersection matrix given

by the rows labelled by the irreducible componerts other than C and Cclisa
surjective matrix over Z. Indeed, such surjectivity ensuresthat we can always
subtract a suitable elemert of im(®) from any elemeri of ker  to kill coetcients
away from C and C'in a represenativ e for an elemeri in © ' ker(")=im(®).
The surjectivity assertionover Z amourts to requiring that the matrix Mg o
have top-degreeminors with gcd equalto 1. It is enoughto ched that those
minors that avoid the column coming from c’have gcd equalto 1. Thus, it is
enoughto ched that in Figure 3 the matrix of rowsbeneaththe top row hastop-
degreeminors with gcd equalto 1. This is clear in both cases.In particular,
this calculation (especially the analysis of (5.2.3)) yields the following result
whenp” j 1 mod 12:

Corollar y 5.2.2 Let¥%= (pi 1)=2jHj. The degree-0 divisor C i YE' repre-
sentsa geneator of the mod-p component group of Jy (p).

The other casesp” 1;85 mod 12 will behave similarly, with Corollary 5.2.2
being true for all such p. The only di®erencesn the argumerts are that cases
with jH ] divisible by 2 or 3 canariseand we will sometimeshaveto usethe \one

branch" version of Jung{Hirzebruch resolution to resolve non-regular ordinary
points.

5.3 The case p° 1mod 12

We have p = 12k + 1 with k , 1, so(pj 1)=2 = 6k. In this case0 and
1728 are both ordinary j -invariants, so the number of supersingular points is
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(pi 1)=12= k by the Deuring Mass Formula. The minimal regular resolution
X (p)°of X (p) is illustrated in Figure 4, depending on the congruenceclass
of h = jHj modulo 6. When h is divisible by 6 there are no non-regular points,
SoXn (p)°= Xn (p)=w is asin Figure 4(a). When h is even but not divisible by
3 there is only the non-regularity at j = 0 to be resolwed, as shonn in Figures
4(b),(c). The caseof odd h is givenin Figures 4(d){(f ), and theseare all easy
applications of Theorem 2.4.1 and Corollary 2.4.3. We illustrate by working
out the caseh ©~ 5mod 6, for which there are two ordinary singularities to
resolhe.

Arguing much asin the casep” j 1 mod 12, but now with a \one branch"
situation at ordinary points, the ring to be resolved is formally isomorphic to
the ring of invariants in W [x% t=(x%P" =215 1) under an action of the cyclic
Aut(z)=f§ 1g with a tangent-spaceaction of AHi © A for a faithful character A.
At a point with j = 1728we have quadratic A, n = 2, r = 1. Using the \one
branch" versionof Theorem2.4.1yields the exceptionaldivisor D ° asillustrated
in Figure 4(f), transverseto C with self-intersection j 2 and multiplicit y %=2.
At a point with j = 0 we have a cubic A, son = 3. Sinceh ~ 2 mod 3 when
h” 5mod 6, we haver = 2. Since3=2= 2 1=2, we get exceptional divisors
E9 and EJ with transverseintersectionsas showvn and self-intersectionsof j 2.
The \outer" componert E? has multiplicit y %3 and the \inner" componert
E2 has multiplicit y 2%3. Once again we will suppressthe calculation of coe’
sinceit is not needed.

We now proceedto analyzethe componert group for eat value of h mod 6.
Since C° has multiplicit y 1 in the closed b er, we can carry out the same
strategy that was usedfor p ~ j 1 mod 12, resting on Lemma 5.2.1. When
h ~ 0mod 6, there are only the componerts C and Cin the closed D er of
Xu(p)° = Xu(p), with C:C = j h=6. Thus, the componert group has the
expected order jHj=6 and since there are no additional componerts we are
donein this case.

If h = 1mod 6, one nds that the submatrix of the intersection matrix
corresponding to the orderedsetfC;D%E% is

1

i(h+5)=6 1 1
1 i2 0A

1 0O 3

with absolute determinant h = jHj=gcd(jH j; 6) asdesired,and the bottom two
rows have 2£ 2 minors with gcd equalto 1. Moreover, in the specialcaseh = 1
we seethat C is aj 1-curve, and after cortracting this we corntract D®and E°
in turn, leaving us with only the componert c° This provesTheorem 1.1.2for
p° 1mod 12.

For h” 2mod 6, the submatrix indexed by fC;E?;Edg is

0 1
i(h+4)=6 0 1
0 i2 1A
1 1 2
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1 1 Y2
k

%

3
C c c°
(@ h” Omod6 (b) h" 2mod 6 (c) h” 4mod 6
1 Ve 1 Y2 1 Ve

k

c c’ s
(e) h” 3mod 6

d) h” 1mod6

(f) h”~ 5mod 6

Figure 4: Minimal regular resolution X (p)% p= 12k + 1,k , 1, h = jHj,
V= (pi 1)=2h
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with absolute determinant h=2 = jHj=gcd(jH j; 6), and the bottom two rows
have 2 £ 2 minors with gcd equal to 1. The casesh = 3;4mod 6 are even
easier, sincethere are just two componerts to deal with, fC;D% and fC,E%
with corresponding matrices

“i(h+3):6 1“_ “i(h+2):6 1“
1 P2 1 i3
that yield the expectedresults.

For the nal cgseh " i 1 mod 6, the submatrix indexed by the ordered set
of componerts fC;D%EY; Edg is

0 1
i(h+7)=6 1 0 1
1 i2 0 o§
0 0 2 1
1 0 1 2

with absolute determinant h = jHj=gcd(jH j; 6) and gcd 1 for the 3£ 3 minors
along the bottom three rows. The casep” 1 mod 12 is now settled.

5.4 The cases p° §5mod 12

With p= 1%+ 5for k , 0, wehave (pj 1)=2= 6k + 2, soh = jHj is not
divisible by 3. Thus, the supersingular j = 0 is always non-regular and the
ordinary j = 1728is non-regular for even h.

Using Theorem 2.4.1 and Corollary 2.4.3, we obtain a minimal regular reso-
lution depending on the possibilities for h mod 6 not divisible by 3, asgivenin
Figure 5.

From Figure 5 one easily carries out the computations of the absolute de-
terminant and the gcd of minors from the intersection matrix, just aswe have
donein earlier cases,and in all casesone getsjHj=gcd(jH |; 6) for the absolute
determinant and the gcd of the relevant minors is 1. Also, the caseh = 1 has
C asa 1-curve, and successie cortractions end at an integral closed b er, so
we have establishedTheorems1.1.2 and 1.1.6 for the casep” 5 mod 12.

Whenp= 12 5with k, 1,so(pj 1)=2= 6k 3is odd, we have that
h = jHj is odd. Thus, ] = 1728 does give rise to a non-regular point, but
the behavior at j = 0 dependson h mod 6. The usual applications of Jung{
Hirzebruch resolution go through, and the minimal resolution has closed- ber
diagram asin Figure 6, depending on odd h mod 6, and both Theorem 1.1.2
and Theorem 1.1.6 drop out just asin the precedingcases.

6 The Arithmetic of Ji(p)

Our theoretical results concerningcomponert groups inspired us to carry out
somearithmetic computations in J;(p), and this section summarizesthis work.

In Section 6.1 we recall the Birch and Swinnerton-Dyer conjecture, as this
motivates many of our computations, and then we describe someof the theory
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3 1

C C

(@ h” 2mod6 (b) h™ 4mod 6

1 Ya
k
DO

(2

2
Yo+l = E?
3 @

c c’

(c) h” 1mod 6 (dh” j1mod6

Figure 5: Minimal regular resolution X (p)% p= 12k + 5,k , 0, h = jHj,
Y= (pi 1)=2h
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1 Y 1 s

D D
HESER N AT
s g ¢ c 2

(& h” 1mod6 (b) h™ 3mod 6 (¢) h” 5mod 6

Figure 6: Minimal regular resolution X ()%, p= 12k 5,k , 1, h = jHj,
Y= (pi 1)=2h

behind the computations that went into computing the tables of Section 6.6.
In Section6.2we nd all p such that J;(p) hasrank 0. We next discusstables
of certain arithmetic invariants of J;(p) and we give a conjectural formula for
iJ1(P)(Q)twor j, along with someevidence. In Section 6.3 we investigate Jaco-
bians of intermediate curvesJy (p) assaiated to subgroupsof (Z=pz)£, and in
Section 6.4 we consideroptimal quotients As of J;(p) attachedto newforms. In
Section 6.4.1we describe the lowest-level modular abelian variety that (assum-
ing the Birch and Swinnerton-Dyer conjecture) should have in nite Mordell-
Weil group but to which the generaltheorems of Kato, Kolyvagin, et al., do
not apply.

6.1 Comput ational methodology

We used the third author's modular symbols padkage for our computations;
this padkageis part of [10] V2.10-6. SeeSection 6.5 for a description of how to
use Magma to compute the tables. For the generaltheory of computing with
modular symbols, see[14] and [63].

Remark 6.1.1 Many of the results of this section assumethat a Ma gma pro-
gram running on a computer executedcorrectly. Magma is complicated soft-
ware that runs on physical hardware that is subject to errors from both pro-
gramming mistakes and physical processessuc as cosmicradiation. We thus
make the running assumption for the rest of this section that the computa-
tions below were performed correctly. To decreasethe chance of hardware
errors such as the famous Pertium bug (see[17]), we computed the tables in
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Section 6.6 on three separatecomputers with di®eren CPU architectures (an
AMD Athlon 2000MP, a Sun Fire V480 which was donated to the third author
by Sun Microsystems, and an Intel Pertium 4-M laptop).

Let A be a modular abelian variety over Q, i.e., a quotient of J;(N) for
someN. We will make frequert referenceto the following special caseof the
general conjecturesof Birch and Swinnerton-Dyer:

Conjecture  6.1.2 (BSD Conjecture). Let X (A) be the Shafarevich-Tate
group of A, let ¢, = j©a;p (Fp)j be the Tamagawanumber at p for A, and let
- a be the volume of A(R) with respect to a geneator of the invertible shef of
top-degree relative di®erentials on the N§ron model A-; of A over Z. Let A-
denotethe akelian variety dual of A. The group X (A) is "nite and

LAy X AN

-a JAQIGA-(Q))

where we interpret the right side as 0 in case A(Q) is in nite.

Remark 6.1.3 The hypothesisthat A is modular implies that L(A;s) has an
analytic continuation to the whole complex plane and a functional equation of
a standard type. In particular, L(A; 1) makessense.Also, when L(A; 1) 6 0,
[32, Cor. 14.3]implies that X (A) is nite.

for such an I. Note that A is an optimal quotient in the sense that
1J1(N) = ker(J1(N) ! A) is an abelian subvariety of J;(N).

6.1.1 Bounding the torsion subgr oup

To obtain a multiple of the order of the torsion subgroup A(Q)r , We proceed
as follows. For any prime ° - N, the algorithm of [3, x3.5] computes the
characteristic polynomial f 2 Z[X] of Frob- acting on any p-adic Tate module
of A with p6 *. To compute jA(F-)j, we obsene that

jA(F)j = deg(Frob- j 1) = det(Frob: j 1);

and this is the value of the characteristic polynomial of Frob- at 1. For any
prime ~ - 2N, the reduction map A(Q)wr ! A(F-) is injective, so jA(Q)tor |
divides
T = gcdjA(F-)j: "< 60and” -2Ng:

(If N is divisible by all primes up to 60, let T = 0. In all of the examplesin
this paper, N is prime and so T 6 0.) The injectivit y of reduction mod *~ on
the "nite group A(Q)ir for any prime * 6 2 is well known and follows from
the determination of the torsion in a formal group (see,e.g. the appendix to
[33] and [59, xIV.6{9]).
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The cardinality jA(F-)j doesnot changeif A is replacedby a Q-isogenous
abelian variety B, so we do not expect in generalthat jA(Q)wrj = T. (For
much more on relationships betweenjA(Q)wrj and T, see[33, p. 499].) When
we refer to an upper bound on torsion, T is the (multiplicativ e) upper bound
that we have in mind.

The number 60 has no special signi cance; we had to make somechoiceto do
computations, and in practice the sequenceof partial gcd's rapidly stabilizes.
For example,if A = J;(37), then the sequenceof partial gcds is:

1524908523627247802583433488023.60516686697605: :

where the term 160516686697608peats for all * < 1000.

6.1.2 The Manin index

Let p be a prime, let - -z denote the sheafof relative 1-forms on the N&ron
model of A over Z, and let | be the annihilator of A in the Hede alge-
braT 2 End(J1(N)). ForasubringR % C, let Sy(j 1(N); R) be the R-module
of cusp forms whose Fourier expansionat 1 liesin R[g]. The natural sur-
jective Hedke-equinariant morphism J1(N) ! J;(N)=1J:(N) = A induces (by
pullback) a Hede-equivariant injection 2 o : HO(A_z:- a=2z) | S2(j 1(N); Q)
whose image lies in Sy(j 1(N); Q)[1]. (Here we identify Sy(j 1(N); Q) with
HO(X1(N);- x,(n)=0) = H°(J1(N);- 3,(n)=0) in the usual manner.)

Definition  6.1.4 (Manin index). The Manin index of A is
c=[S2(i 1(N);Z)[1]: 2 A(H(A=z;- a=2))] 2 Q:

Remark 6.1.5 We name c after Manin, since he rst studied c, but only in
the context of elliptic curves. When Xg(N) ! A is an optimal elliptic-curve
quotient attachedto a newformf , the usual Manin constart of A is the rational
number c such that ¥2(! o) = § cff dg=qg where! 5 is a basisfor the di®erertials
on the N&ron model of A. The usual Manin constart equalsthe Manin index,
sinceSy(i 1(N); Z)[1] is generatedas a Z-module by f .

A priori, the index in De nition 6.1.4is only a generalizedlattice index in the
senseof [12, Ch. 1, x3], which we interpret asfollows. In [12], for any Dedekind
domain R, the lattice index is de ned for any two nite free R-modules V
and W of the samerank %that are embeddedin a Y2dimensional Frac(R)-
vector spaceU. The lattice index is the fractional R-ideal generatedby the
determinant of any automorphism of U that sendsV isomorphically onto W.
In De nition 6.1.4,wetakeR = Z, U = Sy(j 1(N); Q)[1], V = Sa(i 1(N); Z)[11],
andW = 2 5 (H%(A-z;- a=z)). Thus,cis the absolutevalue of the determinant
of any linear transformation of Sy(j 1(N); Q)[I ] that sendsS,(j 1(N); Z)[l ] onto
a A(H%(A-z;- ao=7)). In fact, it is not necessaryto consider lattice indexes,
as the following lemma shows (note we will use lattices indices later in the
statemert of Proposition 6.1.10).
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Lemma 6.1.6. The Manin index c of A is an integer.

Proof. Let X:(N) be the coarsemoduli schemeover Z that classi esisomor-
phism classesof pairs (E=S;®), with ®: 1y | E®™ a closedsubgroupin the
smooth locus of a generalizedelliptic curve E with irreducible geometric b ers
Es. This is a smooth Z-curve that is not proper, and it is readily constructed
by combining the work of Katz-Mazur and Deligne-Rapoport (see x9.3 and
x12.3 of [16]). There is a canonical Z-point 1 2 X:(N)(Z) de ned by the
standard 1-gon equipped with the canonicalembedding of  \ into the smaooth
locus G, and the theory of the Tate curve provides a canonical isomorphism
between Spf(Z[q]) and the formal completion of X. (N) along 1 .

There is an isomorphism between the smooth proper curves X;(N) and
X1 (N) over Z[1=N] becausethe open modular curves Y;(N) and Y:(N)
coarselyrepreser moduli problemsthat may beidenti ed over the category of
Z[1=N ]-schemesvia the map

(E;P) 7! (E=tPi:E[N]=HPI);

where E[N ]=hPi is identied with 1\ via the Weil pairing on E[N]. For our
purposesthe key point (which follows readily from Tate's theory) is that under
the moduli-theoretic identi cation of the analyti cation ofthe C-berof X: (N)
with the analytic modular curve X1(N) via the trivialization of *y (C) by
meansof 3y = €32 i N the formal parameter q at the C-point 1 computes
the standard analytic g-expansion for weight-2 cusp forms on j 1(N). The
reasonwe consider X: (N) rather than X(N) is simply becausewe want a
smooth Z-model in which the analytic cusp1 descendgo a Z-point.

Let A: J1(N) ! A bethe Albanesequotient map over Q, and passto N&ron
models over Z (without changing the notation). Since X: (N) is Z-smooth,
there is a morphism X. (N) ! J1(N) over Z that extendsthe usual morphism
sendingl to 0. Wehaveamap? : H°(A;-) ! Z[qJdg=qof Z-modulesde ned
by composition

HO(A ) 1 HOu(N);) 1 HOXa (N);) 9P zuq]ld—(f;

The map 2 is injective, since it is injective after base extensionto Q and
ead group above is torsion free. The image of 2 in Z[g]dg=qis a nite free
Z-module, cortained in the image of S = Sy(j 1(N); Z), the sub-Z-module of
S2(j 1(N); C) of those elemerts whose analytic g-expansionat 1 has coex-
cients in Z. Since? respectsthe action of Hedke operators, the image of 2 is
contained in S[I], sothe lattice index c is an integer. O

We make the following conjecture:

Conjecture  6.1.7. If A = A; is a quotient of J;(N) attached to a single
Galois-conjugacy class of newforms, then c= 1.
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Manin madethis conjecture for one-dimensionaloptimal quotients of Jo(N).
Mazur boundedc in somecasesn [46], Stevensconsideredc for one-dimensional
quotients of J1(N) in [65], Gonz&lezand Lario consideredc for Q-curvesin [2€],
Agasheand Stein consideredc for quotients of Jo(N ) of dimensionbiggerthan 1
in [4], and Edixhoven proved integrality results in [19, Prop. 2] and [22, x2].

Remark 6.1.8 We only make Conjecture 6.1.7 when A is attached to a single
Galois-conjugacyclassof newforms, sincethe more general conjecture is false.
Adam Joyce [3]] hasrecertly usedfailure of multiplicit y one for Jo(p) to pro-
duce examplesof optimal quotients A of Ji(p), for p = 431, 503, and 2089,
whose Manin indices are divisible by 2. Here, A is isogenousto a product of
two elliptic curves,soA is not attached to a single Galois-orbit of newforms.

Remark 6.1.9 The question of whether or not c is an isogery-invariant is not
meaningful in the context of this paper becausewe only de ne the Manin index
for optimal quotients.

6.1.3 Computing L-ra tios

Thereis aformula for L(A¢;1)= A, in [3, x4.2]when A; is an optimal quotient
of Jo(N) attachedto a single Galois conjugacyclassof newforms. In this section
we describe that formula; it appliesto our quotient A of J;(N).

Recall our running hypothesisthat A = A, is an optimal (new) quotient of

2 THi(X1(N); Q) ! Hom(Sz(i 1(N)IIT;C)

be the linear map that sendsa rational homology class® to the functional
on the subspaceS;(j 1(N))[I] in the spaceof holomorphic 1-formson X 1(N).

Let T 2 End(H1(X1(N); Q)) be the ring generatedby all Hedke operators.
Since the T-module H = Hom(S,(j :(N))[I1];C) has a natural R-structure
(and evena natural Q-structure), it admits a natural T -linear and C-semilinear
action by complex conjugation. If M is a T -submodule of H, let M* denote
the T -submadule of M "xed by complex conjugation.

Let ¢ be the Manin index of A asin Section 6.1.2, let ¢; be the number
of connectedcomponerts of A(R), let - o be the volume of A(R) asin Con-
jecture 6.1.2,and let f0;1g 2 H;(X1(N);Q) be the rational homology class
whoseintegration functional is integration from 0 to i1 along the i-axis (for
the precisede nition of f0;1g and a proof that it liesin the rational homology
see[38, Ch. IV x1{2]).

Pr oposition 6.1.1Q Let A = A, be an optimal quotient of J;(N) attached to
a Galois-stablecollection of newforms. With notation as alove, we have

L(A L)

(6.1.1) ¢ ¢ct = [P(H 1(X1(N);Z))" :3( Tf0;1g )];

where the index is a lattice index as discussé in Section 6:1:7 (in particular,
L(A;1) = 0if and only if 3 Tf0;1g ) hassmaller rank than H;(X1(N);Z)*).
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Proof. It is straightforward to adapt the argument of [3, x4.2] with Jo(N)
replacedby J1(N) (or even Jy (N)), but one must be careful when replacing

normalized newforms corresponding to A, then L(A; s) = L(fy;s) ¢¢¢L(fp;S).
O

Remark 6.1.11 This equality (6.1.1) need not hold if oldforms are in-
volved, ewven in the jo(N) case. For example, if A = Jo(22), then
L(A; s) = L(Jo(11);s)?, but two copiesof the newform corresponding to Jo(11)
do not form a basisfor S,(j 0(22)).

We nish this sectionwith somebrief remarkson how to computethe rational
number c¢L (A; 1)= A using (6.1.1) and a computer. Using modular symbols,
onecan explicitty computewith H;(X1(N);Z). Though the above lattice index
involves two lattices in a complex vector space,the index is unchanged if we
replace @ with any linear map to a Q-vector spacesud that the kernel is
unchanged (see[3, x4.2]). Such a map may be computed via standard linear
algebraby "nding a basisfor Hom(H (X 1(N); Q); Q)[I].

To compute c¢; , usethe following well-known proposition; we include a proof
for lack of an adequate published reference.

Pr oposition 6.1.12 For an alelian variety A over R,
¢, = 20me, AR d.
where d = dimA and ¢; = jA(R)=A°(R)j.

Proof. Let @ = H;(A(C);Z), sothe exponertial uniformization of A(C) pro-
vides a short exact sequence

0! o! Lie(A(C))! A(C)! O

Thereis an evident action of Gal(C=R) on all terms via the action on A(C), and
this short exact sequences Galois-equivariant becauseA is de ned over R. Let
o* be the subgroup of Galois-invariants in @, sowe get an exact cohomology
sequence

0! o* ! Lie(A(R)! A(R)! HY(Gal(C=R);m)! 0

becausehigher group cohomology for a "nite group vanisheson a Q-vector
space(such asthe Lie algebraof A(C)). The map Lie(A(R)) ! A(R) is the
exponertial map for A(R), and soits imageis A(R)°. Thus, a* has Z-rank
equalto dim A and

A(R)=A(R)? "' HY(Gal(C=R);q):

To compute the sizeof this H*, considerthe short exact sequence

0! s?al a=2a! 0
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of Galois-modules. Sincea=na ' A[n](C) as Galois-madules for any n 6 0,
the long-exact cohomologysequencegivesan isomorphism

A[2J(R)=(a*=2a")"' HGal(C=R);n):

Remark 6.1.13 Sincethe canonicalisomorphism
AIN(C) " Hi(A(C);Z)=nH1(A(C); 2Z)

is Gal(C=R)-equivariant, we can identify A[2](R) with the kernel of ¢ 1
where g is the mod-2 reduction of the involution on H{(A(C); Z) induced by
the action ¢ of complex conjugation on A(C). In the special casewhen A is
a quotient of someJ;(N), and we choosea connectedcomponert of C i R
to uniformize Y;(N) in the usual manner, then via the Gal(C=R)-equivariant
isomorphism H1(J1(N)(C);Z) ' Hi(X1(N)(C);Z) we seethat H1(A(C);Z2)
may be computed by modular symbols and that the action of ¢, on the modular
symbol is f®, g 7! fi ®;j g. This makes A[2](R), and hencec; , readily
computable via modular symbols.

6.2 Arithmetic of Ji(p)
6.2.1 The Tables

For p- 71,the rst part of Table 1 (on page393) lists the dimension of J;(p)
and the rational number L = cdL (J1(p); 1)= j,(p). Table 1 alsogivesan upper
bound T (in the senseof divisibilit y) on jJ1(p)(Q)wrj for p - 71, asdiscussed
in x6.1.1.

When L 6 0, Conjecture 6.1.2and the assumptionthat c= 1 imply that the
numerator of L divides ¢, ¢jX (A)j, that in turn divides T2L. For every p& 29
with p- 71, we found that T2L = 1. For p= 29, we have T2L = 2'?; it would
beinteresting if the isogery-invariant T overestimatesthe order of J;(29)(Q)1or
or if X (J1(29)) is nontrivial.

6.2.2 Determina tion of positive rank

Pr oposition 6.2.1 The primes p such that J,(p) has positive rank are the
sameas the primes for which Jo(p) has positive rank:

p= 3743536167 andall p, 73

Proof. Proposition 2.8 of [45, xI11.2.2, p. 147]says: \Supposeg* > 0 (which is
the casefor all N > 73, aswell asN = 37,43,53,61;67). Then the Mordell-
Weil group of J.. is a torsion-free group of in nite order (i.e. of positive rank)."
Here, N is a prime, g* is the gerus of the Atkin-Lehner quotient Xo(N)* of
Xo(N), and J; is isogenousto the Jacobian of Xo(N)*. This is essetially
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correct, except for the minor oversigh that g* > 0 alsowhen N = 73 (this is
stated correctly on page 34 of [45)).

By Mazur's proposition Jo(p) has positive algebraicrank for all p, 73 and
for p= 37,43;53;61;67. The signin the functional equationfor L(J+;s)is 1,
S0

L(J;1) = L@+ ;1)L ;1) = 0¢L(J;, ;1)= 0

for all p such that g > 0. Using (6.1.1) we seethat L(J;1) 6 O for all p such
that g* = 0, which by Kato (see[32, Cor. 14.3]) or Kolyvagin{Logachev (see
[36]) implies that J hasrank 0 whenewer g* = 0. Thus L(Jo(p);1) = 0if and
only if Jo(p) has positive rank.

Work of Kato (see[32, Cor. 14.3]) implies that if J;(p) hasanalytic rank 0,
then Ji(p) has algebraicrank 0. It thus sutcesto ched that L(J1(p);1) 6 O
for the primes p sud that Jo(p) has rank 0. We verify this by computing
CcCL(J1(p); 1)= 5,(p) Using (6.1.1), asillustrated in Table 1.

O

If we instead considercomposite level, it is not true that Jo(N) has positive
analytic rank if and only if J1(N) has positive analytic rank. For example,
using (6.1.1) we nd that Jo(63) has analytic rank 0, but J;1(63) has positive
analytic rank. Closerinspection using Ma gma (seethe program below) shawvs
that there is a two-dimensional new quotient A with positive analytic rank,
wheref = g+ (! | 1)+ (i ! i 2)g®+ ¢¢¢, and! 3 = 1. It would be interesting
to prove that that the algebraicrank of As is positive.

> M:= ModularSymbols(63,2);

> S := CuspidalSubspace(M);

> LRatio(S,1); /I SoJ 0(63) has rank 0
1/384

> G<a,b> := DirichletGroup(63,CyclotomicField(6));

> e = a’b*b;

> M:= ModularSymbols([e],2,+1);

> S := CuspidalSubspace(M);

LRatio(S,1); /I This step takes sometime.

\%

0
> D := NewformDecomposition(S);
LRatio(D[1],1);

\Y

0
> gEigenform(D[1],5);
q + (-2*zeta_6 + 1)*gq*2 + (-2*zeta_ 6 + 1)*q"3 - g™ + O(g"5)
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6.2.3 Conjectural order of J1(Q)or
For any Dirichlet character " modulo N, de ne Bernoulli numbers B, by

X or@ye X By

= t*:
az1 eNtj 1 Ko k!

We make the following conjecture.

Conjecture  6.2.2 Let p , 5 be prime. The rational torsion sulgroup
J1(p)(Q)twor is genernted by the di®erenaesof Q-rational cuspson X 1(p). Equiv-
alently (see below), for any prime p, 5,

Y
(6.2.1) PP = 55 ¢ Bar
"61
where the product is over the nontrivial evenDirichlet characters" of conductor

dividing p.

Due to how we de ned X 1(p), its Q-rational cuspsare exactly its cuspslying
over the cuspl 2 Xo(p)(Q) (corresponding to the standard 1-gon equipped
with the subgroup? , in its smooth locus G ) via the secondstandard degen-
eracy map

(E;P) 7! (E=hPi; E[p]=hPi):

In [49] Ogg showedthat jJ1(13)(Q)j = 19, verifying Conjecture 6.2.2for p= 13.
The results of [37] are also relevant to Conjecture 6.2.2, and suggestthat the
rational torsion of Ji(p) is cuspidal. Let C(p) be the conjectural order of
J1(p)(Q)twr onthe right side of (6.2.1). In [37, p. 153], Kubert and Lang prove
that C(p) is equal to the order of the group generatedby the di®erencesof
Q-rational cuspson X1(p) (in their language, these are viewed as the cusps
that lie over 02 Xo(p)(Q) via the rst standard degeneracymap

(E;P) 7! (E;HPi));

and so C(p) is a priori an integer that moreover divides jJ1(pP)(Q)tor j-

Table 1 provides evidencefor Conjecture 6.2.2. Let T(p) be the upper bound
on J1(p)(Q)wr (seeTable 1). For all p- 157,we have C(p) = T(p) except for
p= 29 97 101 109 and 113, where T(p)=C(p) is 2%, 17, 24, 37, and 2%? ¢3?,
respectively. Thus Conjecture 6.2.2is true for p - 157,exceptpossiblyin these
v e cases,where the deviation is consistert with the possibility that T(p) is a
nontrivial multiple of the true order of the torsion subgroup (recall that T (p)
is an isogery-invariant, and soit is not surprising that it may be too large).

6.3 Arithmetic of Jy(p)

For ead divisor d of pj 1, let H = Hq4 denotethe unique subgroup of (Z=pz)%
of order (pj 1)=d. The group of characterswhosekernel cortains H4 is exactly
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the group of characters lof ordeg dividing d. Sincethe linear fractional trans-
formation assaiated to | éi ‘1’ acts trivially on the upper half plane, we lose
nothing (for the computations that we will do in this section) if we assumethat
i 12 H,andsojHj is even.

For any subgroupH of (Z=pZ)% asabove, let J,; be the Jacobianof Xy (p),
asin Section 1. For eah p- 71, Table 2 lists the dimensionof Jy = Jy (p),
the rational number L = c¢L(Jy;1)= 4, , an upper bound T on jIy (Q)ior js
the conjectural multiple T2L of jX (Jn)j ¢cp, and ¢, = j©(Jn )j. We compute
j©n)(Fp)j = j©(In )(Fp)j using Theorem 1.1.3. Note that Table 2 omits the
data for d= (pj 1)=2, sincedy = Ji(p) for such d, sothe corresponding data
is therefore already contained in Table 1.

When L 6 0, we have T2L = j©(Jy)j in all but one case. The exceptional
caseisp = 29 and d = 7, where T2L = 25 but j©(Jy)j = 1; probably T
overestimatesthe torsion in this case.In the following proposition we usethis
obsenation to deducethat jX (Jy)j = ¢= 1in somecases.

Pr oposition 6.3.1 Supmsethat p - 71 is a prime and d j (pi 1) with
(pi 1)=deven. Let Jy be the Jacobian of X (p), where H is the sulgroup
of (Z=pz)% of order (pj 1)=d. Assumethat Conjecture 6:1:2 is true, and if
p = 29 then assumethat d 6 7;14. If L(Jy;1) 6 O, thenjX (Jy)j = 1 and
c= 1

It is not interesting to remove the condition p - 71 in the statemert of the
proposition, sincewhen p > 71 the quartity L(Jy ;1) automatically vanishes
(seeProposition 6.2.1). It is probably not always the casethat jX (Jy)j = 1;
for example, Conjecture 6.1.2 and the main result of [1] imply that 72 divides
X (J0(1091));.

Proof. We deducethe proposition from Tables 1{3 as follows. Using Conjec-
ture 6.1.2we have

(6.3.1) X (In)j = ce- SICLERY ¢3n (Q)ror j:

3 GOQH))

Let T denote the torsion bound on Jy (Q)wr as in Section 6.1.1 and let
L = c¢L(Ju;1)= 5., so the right side of (6.3.1) divides T2L=j©O(Jy )j: An
inspection of the tables shows that T?L=j©(Jy)j = 1 for Jy satisfying the
hypothesis of the proposition (in the excluded casesp = 29 and d = 7;14,
the quotient equals 26 and 212, respectively). Sincec 2 Z, we conclude that
c=jX (Iu)i=1

O

Remark 6.3.2 Theorem 1.1.3is an essetial ingredient in the proof of Proposi-
tion 6.3.1becausewe usedTheorem 1.1.3to compute the Tamagawva factor c;.
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6.4 Arithmetic of newf orm quotients

Tables4{5 at the end of this paper cortain arithmetic information about each
newform abelian variety quotient A¢ of J;(p) with p- 71.

The rst column givesa label determining a Galois-conjugacyclassof new-
forms ff;:::g, where A corresponds to the rst class,B to the second,etc.,
and the classesare ordered rst by dimensionand then in lexicographical order
by the sequenceof nonegative integersjtr(ax(f))j;jtr(as(f))j;jtr(as(f))j;:::.
(WARNING: This ordering does not agreewith the one usedby Cremonain
[14]; for example,our 37A is Cremona's37B.) The next two columnslist the
dimension of A; and the order of the Nebentypus character of f , respectively.
The fourth column lists the rational number L = L(A¢;1)= a,, and the fth
lists the product T2L, where T is an upper bound (as in Section 6.1.1) on the
order of As (Q)tor . The sixth column, labeled\mo dular kernel", lists invariants
of the group of Q-points of the kernel of the polarization Ar ! Ji(p) ! As;
this kernel is computed by using an algorithm basedon Proposition 6.4.1 be-
low. The elemenary divisors of the kernel are denoted with notation such as
[2214?] to denote

=27 £ Z=2Z £ Z=14Z £ Z=14Z:

Pr oposition 6.4.1 Supmse A = A, is an optimal quotient of J = J;(N)
attached to the annihilator | of a Galois-stable collection of newforms. The
group of Q-points of the kernel of the natural map A- | J ! A is isomorphic
to the cokernel of the natural map

Hom(H1(X1(N);Z2);Z)[1]! Hom(H1(X1(N); 2)[I']; Z):

Proof. The proof is the sameas[35, Prop. 1].
O

It is possibleto compute the modular kernel by using the formula in this
proposition, together with modular symbols and standard algorithms for com-
puting with "nitely generatedabelian groups.

We do not give T in Tables 4{5, sincein all but six casesT?L 6 0, hence
T2L and L determine T. The remaining six casesare 37B, 43A, 53A, 61A,
61B, and 67C, and in all thesecasesT = 1.

Remark 6.4.2 If A = At is an optimal quotient of J1(p) attached to a new-
form, then the tables do not include the toric, additive, and abelian ranks of
the closed b er of the Nron model of A over F,, sincethey are easyto de-
termine from other data about A asfollows. If "(f) = 1, then the toric rank
is dim(A), sinceA is isogenousto an abelian subvariety of Jo(p) and so A has
purely toric reduction over Z,. Now supposethat "(f) is nontrivial, soA is
isogenousto an abelian subvariety of the abelian variety J1(p)=Jo(p) that has
potentially good reduction at p. Hencethe toric rank of A is zero, and inertia
Ip %2 Gy = Gal(Q,=Q)) acts with Tite image on the Q--adic Tate module V-
of A for any ~ 6 p. HenceV: splits as a nontrivial direct sum of simple repre-
sertations of I ,. Let V°beafactor of V- corresponding to a simple summandK
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of T - Q, whereT is the Hedke algebra. Sincethe Artin conductor of the
2-dimensionalK -represeration V-%is p, the Q- [l ,]-module Q- - . Vis the di-
rect sum of the trivial represetation and the character "(f ) : (Z=pz)% ! 6«5
viewed as a character of G, via the identi cation Gal(Q,(3,)=Qp) = (Z=p2)% .
This implies that the abelian rank as well asthe additive rank are both equal

to half of the dimension of A.

6.4.1 The Simplest example not covered by general theor y

The prime p = 61 is the only prime p - 71 such that the maximal quotient
of J1(p) with positive analytic rank is not a quotient of Jo(p). Let " be a
Dirichlet character of conductor 61 and order 6. Consider the abelian variety
A; attached to the newform

f=q+ (@73 DFi 29°+ ¢e¢

that lies in the 6-dimensional C-vector space Sy(j 1(61);"). Using Proposi-
tion 6.1.10,we seethat L(f;1) = 0.

It would be interesting to shaw that A; has positive algebraic rank, since
At is not covered by the generaltheorems of Kolyvagin, Logacev, and Kato
concerning Conjecture 6.1.2. This example is the simplest example in the
following sense:ewery elliptic curve over Q is a quotient of someJy(N), and
an inspection of Tables 4{5 for any integer N < 61 shows that the maximal
quotient of J;(N) with positive analytic rank is also a quotient of Jo(N).

The following obsenation puts this questionin the context of Q-curves,and
may be of some usein a direct computation to shaov that A; has positive
algebraicrank. Sincef = f - "i 1, Shimura's theory (see[62, Prop. 8]) supplies
anisogery ' : Af ! A; de ned over the degree-6abelian extensionof Q cut
out by ker("). Using' , oneseeghat A; isisogenougo a product of two elliptic
curves. According to Enrique Gonzalez-JimeneZpersonalcommunication) and
Jordi Quer, if t+ t5 25t + 8t3+ 123? 126 + 27 = 0, sot generatesthe
degree6 sub eld of Q(341) corresponding to “, then one of the elliptic-curve
factors of A hasequationy? = x3+ c;x + cs, Where

1
G = 5(i 321+ 738 | 3052 196° + 47t* + 13°);
1
Co = 5(i 4647+ 6300 + 99a?; 17833 432*; 14t°):

6.4.2 Can Optimal Quotients Have Nontrivial ~Component Gr oup?

Let p be a prime. Componert groups of optimal quotients of Jo(p) are well-
understood in the senseof the following theorem of Emerton [23]:

Theorem 6.4.3 (Emer ton). |If Aq;:::; A, are the distinct optimal quotients
of Jo(p) attached the Galois-orbits of newforms, then the product of the or-
ders of the component groups of the A;'s equals the order of the component
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group of Jo(p), i.e., the numerator of (pj 1)=12. Moreover, the natural maps
©(Jo(p)) ! ©(Aj) are surjective.

Shuzo Takehashiasked a related question about J;(p):

Question 6.4.4 (T akehashi). SupposeA = A; is an optimal quotient of
Ji(p) attached to a newform. What can be said about the componert group
of A? In particular, is the componert group of A necessarilytrivial?

Since J1(p) hastrivial componert group (see Theorem 1.1.1), the trivialit y
of the componert group of A is equivalent to the surjectivity of the natural
map from ©(J1(p)) to ©(A;).

The data in Tables 4{5 shedslittle light on Question 6.4.4. The following
arethe A;'s that have nonzeroL = c¢L(Af;1)= with numerator divisible by
an odd prime: 37D, 37F, 43C, 43F, 53D, 61E, 61F, 61G, 61J, 67D, 67E,
and 67G. For ead of these, Conjecture 6.1.2 implies that c ¢X (Ar) ¢c, is
divisible by an odd prime. Howewer, it seemsditcult to deducewhich factors
in the product are not equal to 1. We remark that for eadh A; listed above
such that the numerator of L is exactly divisible by p, there is a rank-1 elliptic
curve E over Q sud that E[p] 2 A, so methods as in [2] may shed light on
this problem.

6.5 Using Magma to compute the tables
In this section, we describe how to use Magma V2.10-6 (or later) to compute
the ertries in Tables1{5 at the end of this paper.

6.5.1 Computing Table 1: Arithmetic of Ji(p)

Let p be a prime. The following Ma gma code illustrates how to compute the
two rows in Table 1 corresponding to p (= 19). Note that the spaceof cuspidal
modular symbols has dimension 2dim J1(p).

>p = 19;

> M:= ModularSymbols(Gammal(p)):
> S := CuspidalSubspace(M);

> S;

Modular symbols space of level 19, weight 2, and dimension
14 over Rational Field (multi-character)

> LRatio(S,1);

1/19210689

> Factorization(19210689);

[ <8, 4>, <487, 2> ]

> TorsionBound(S,60);

4383

Remark 6.5.1 It takeslesstime and memory to compute c¢L(J1(p); 1)= in
Q£ =27, and this is done by replacing M:=ModularSymbols(GammaZl(p))with
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M:=ModularSymbols(Gammal(p),2,+1). A similar remark appliesto all com-
putations of L-ratios in the sectionsbelow.

6.5.2 Computing Tables 2{3: Arithmetic of Jy(p)

Let p be a prime, d a divisor of pj 1 such that (pj 1)=dis even,and H the
subgroupof (Z=N Z)£ of order (pj 1)=d. We useTheorem1.1.3and commands
similar to the onesin Section 6.5.1to 1l in the ertries in Tables 2{3. The
following code illustrates computation of the secondrow of Table 2 for p = 19.

>p = 19;

>[d : din Divisors(p-1) | IsEven((p-1) div d)];
[ 1, 3, 9]

>d:= 3

> M:= ModularSymbolsH(p,(p-1) div d, 2, 0);

> S := CuspidalSubspace(M);

> S;

Modular symbols space of level 19, weight 2, and dimension 2
over Rational Field (multi-character)

> L := LRatio(S,1); L;

1/9

> T := TorsionBound(S,60); T;

3

> TA2*L;

1

> Phi := d / GCD(d,6); Phi;

1

It takesabout ten minutesto compute all entries in Table 2{3 using an Athlon
2000MP-basedcomputer.

6.5.3 Computing Tables 4{5

Let p be a prime number. To compute the modular symbols factors cor-
responding to the newform optimal quotients A of Ji(p), we use the
NewformDecomposition command. To compute the modular kernel, we use
the command ModularKernel . The following code illustrates computation of
the secondrow of Table 4 corresponding to p = 19.

19;
ModularSymbols(Gammal(19));
CuspidalSubspace(M);
NewformDecomposition(S);

—V VVVYV
O0wmnL™©

Modular symbols space for Gamma_0(19)f weight 2 and
dimension 2 over Rational Field,
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Modular symbols space of level 19, weight 2, and
dimension 12 over Rational Field (multi-character)

A = D[2];
Dimension(A) div 2;

Order(DirichletCharacter(A));

(e IRVANORAVARVEN

> L := LRatio(A,1); L;
1/2134521

> T := TorsionBound(A,60);

> TA2*L;

1

> Invariants(ModularKernel(A));
[ 3 3]

It takesabout 2.5 hours to compute all ertries in Tables4{5, exceptthat the
entries corresponding to p = 71, using an Athlon 2000MP-basedcomputer.
The p= 71lentry takesabout 3 hours.
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6.6 Arithmetic tables

The notation in Tables1{5 below is explainedin Section 6.

Table 1: Arithmetic of J1(p)

[ Ju(p) | dim c¢L(J1(p); 1)=
11 1 1=5?
13 2 1=19°
17 5 1=2°¢7F
19 7 1=3* %87
23 12 1=11°63718%
29 22 1=2123? (72 4 F €1 7837
31 26 1=2%¢5*¢7% (112 ©230238%
37 40 0
41 51 1=28(5° (13? (31° ®431° 250183721%
43 57 0
47 70 1=23°(13% (82397087 (12451196833
53 92 0
59 | 117 1=29°(59°9988553613691393812358794271
61 | 126 0
67 | 155 0
71 | 176 1=5°¢77d31° (113 (211°©281°¢701* ¢12713 ¢
13070849919225655729061

| Ja(p) | Torsion Bound |
11 5
13 19
17 23¢73
19 3%2¢487
23 11437181
29 212(3¢7¢43¢17837
31 2252 4701162302381
37 32 (5¢7¢19¢37¢730577¢17209
41 2% 5¢13¢312¢431¢250183721
43 22 ¢7¢19029¢463¢1051¢416532733
47 23(139(8239708 112451196833
53 7¢1308541109633113795491641949283
59 2905909988553613691393812358794271
61 5677117 ¢19¢314¢208162801¢40231041124X514216621
67 11067¢19316612 (2861¢8009¢1 128 49383200455691459
71 | 5¢7¢31¢1130¢211¢281¢7012¢12713¢1307084991922565572906
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Table 2: Arithmetic of Jy (p)

p d[dm L=c¢L(Jy;1)= T= TorsionBound T?L jO(Jy)j
11 1] 1 1=5 5 5 5
13 1 0 1 1 1 1

2] 0 1 1 1 1
3| 0 1 1 1 1
17 1 1 1=22 22 22 2°
2] 1 1=23 22 2 2
4| 1 1=2% 22 1 1
19 1| 1 1=3 3 3 3
3] 1 1=32 3 1 1
23 1| 2 1=11 11 11 11
29 1 2 1= 7 7 7
2| 4 1=32¢7 3¢7 7 7
7] 8 1=20¢7° 43 2°¢7¢43 26 1
31 1| 2 1=5 5 5 5
3| 6 1=2% 5472 224547 5 5
5] 6 1=5%¢11? 5201 1 1
37 1| 2 0 3 0 3
2| 4 0 36 0 3
3| 4 0 3¢7 0 1
6 | 10 0 3647437 0 1
9| 16 0 3247019577 0 1
41 1 3 1=2¢5 26 206G 2@
2| 5 1=28¢5 2265 5 5
4] 11 1=28 5013 24(5413 5 5
5] 11 1=205% 437 2¢6¢31 2 2
10| 21  1=2%¢5231°®31? 23050312 %31 1 1
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Table 3: Arithmetic of Jy (p) (continued)
p d[dim L=c¢LJy;1)= T= TorsionBound T?L jO(Jn)j
43 1| 3 0 7 0 7
3] 9 0 22¢7¢19 0 7
71 15 0 74290463 0 1
47 1 4 1=23 23 23 23
53 1| 4 0 13 0 13
2| 8 0 7¢13 0 13
13| 40 0 130963314379549 0 1
59 1| 5 1=29 29 29 29
61 1| 4 0 5 0 5
2| 8 0 5¢11 0 5
3] 12 0 5¢7¢19 0 5
51| 16 0 5¢2801 0 1
6 | 26 0 5¢72¢11¢19¢31 0 5
10| 36 0 5¢11? 208192801 0 1
15| 56 0 5¢7¢19¢2801¢ 0 1
514216621
67 1| 5 0 11 0 11
3] 15 0 11¢193 0 11
11| 45 0 1146614¢2861¢8009 0 1
71 1| 6 1=5¢7 5¢7 5¢7 5¢7
5| 26  1=5%¢7@31°@112 570316211 7 7
7 | 36 1=5¢72¢11F ¢12713 5¢7¢113¢12713 5 5
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Table 4: Arithmetic of Optimal Quotients A; of J1(p)

As dim ord(") L =c¢L(Af;1)= T2L modular kernel
11A | 1 1 1=5? 1 1]

13A | 2 6 1=19° 1 0

17A | 1 1 1=2% 1 [27]
17B | 4 8 1=22 @73 1 [22]
19A | 1 1 1=3? 1 [3%]
19B | 6 9 1=3 487 1 [3%]
23A | 2 1 1=17° 1 [117]
23B | 10 11 1=3718F 1 [112]
29A | 2 2 1=3° 1 [14%]
209B | 2 1 1=72 1 [22147]
29C | 6 7 1=26¢3 26 [210147]
29D | 12 14 1=26¢17837 26 [2814%]
31A | 2 1 1=5? 1 [3°15]
31B | 4 5 1=5%@112 1 [3°1%]
31C | 4 3 1=24¢72 1 [5*15%
31D | 16 15 1=230238% 1 [15°]
37A | 1 1 1=3? 1 [12]
37B 1 1 0 0 [36°]
37C | 2 2 2=5? 2 184
37D | 2 3 3=7? 3 [6%187]
37E | 4 6 1=372 1 [3*18%]
37F 6 9 3=577 3 [26621024]
37G | 6 9 1=3? (1% 1 [2834°102]
37H | 18 18 1=73? 17209 1 [2126'2]
41A | 2 2 1=2* 1 201
41B | 3 1 1=22 52 1 [22207]
41C | 6 4 1=2203F 1 [5210']
41D | 8 10 1=31% 1 [4*220%]
41E | 8 5 1=437? 1 [4%2204]
41F | 24 20 1=250183721% 1 [22010%2]
43A | 1 1 0 0 [427]
43B | 2 1 2=7? 2 [32422]
43C | 2 3 3=2¢ 3 [35°10%]
43D | 4 3 1=19 1 [74105"]
43E | 6 7 1=29 1 [3839°273F)
43F 6 7 7=463F 7 [3839°273F)
43G | 36 21  1=105P®165327383 1 [3!221%?]
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Table 5: Arithmetic of Optimal Quotients As of J;(p) (continued)

As dim ord(") L = cC¢L(Af;1)= T?L modular kernel
47A | 4 1 1=23 1 [23°]
47B | 66 23 1=13%(8239708% 1 [23°]
12451196833
53A | 1 1 0 0 [52]
53B | 3 1 2=13 2 [2226°52°]
53C | 4 2 2=7? 2 [26°]
53D | 36 13 13-9633F (379549 13 [20626°]
53E | 48 26 1=85417 (641949283 1 [26426°]
59A | 5 1 1=29 1 [29]
59B | 112 29 1=5%°¢ 1 [29%]
9988553613691393812358794271
61A | 1 1 0 0 [607]
61B | 2 6 0 0 [55%]
61C | 3 1 2=5? 2 [623076(7]
61D | 4 2 2=117 2 [30°]
61E | 8 3 =P 3 [10°30°%]
61F | 8 6 11°=72431? 112 [10°30*33(%]
61G | 12 5 5=2807 5 [6%830°]
61H | 16 10 1=117 2087 1 [386%630°]
611 | 32 15 1=51421662%1 1 [206°30%6]
61J | 40 30 52=4023F ®41124% 52 [2%2612307]
67A | 1 1 1 1 [165]
67B | 2 1 22=11? 22 [6233(7]
67C | 2 1 0 0 [66%]
67D | 10 11 11=2867 11 [3'675278273%]
67E | 10 3 =192 3 [11103319]
67F | 10 11 1=661% 1 [3'646235085%]
67G | 20 11 11=800% 11 [3%6240999]
67H | 100 33 1=67° 6617 ¢11287¢ 1 [3%033%0]
9383200455691439
71A | 3 1 1=7? 1 [5235°315]
71B | 3 1 1=5? 1 [7235°315]
71C | 20 5 1=312@21 72 1 [7303510]
71D | 30 7 1=11F 312713 1 [5°03519]
71E | 120 35 1=2812¢701% 1 [52035%0]
130708499192256557290561
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