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I constructed N = 800610470601655221392794180058088102053408423 by mul-
tiplying together five random (and promptly forgotten) primes p with the property
that p—1 is not B-power-smooth for B = 10%. Since N is a product of five not-too-big
primes, N begs to be factored using the elliptic curve method.

1 The Elliptic Curve Method (ECM)

The following description of the algorithm is taken from Lenstra’s paper [Factoring
Integers with Elliptic Curves, Annals of Mathematics, 126, 649-673|, which you can
download from the Math 124 web page.

The new method is obtained from ollard’s (p — 1)-method by
replacing the multiplicative group by the group of points on a
random elliptic curve. To find a non-trivial divisor of an integer

1, one begins by selecting an elliptic curve  over ,

a point on  with coordinates in , and an integer as
above [ =lem(2 3 B)]. sing the addition law of the curve,
one ne t calculates the multiple of . ne now hopes that
there is a prime divisor p of for which and the neutral

element  of the curve become the same modulo p if is given
by a homogeneous eierstrass e uation = ,
with = (0 1 0), then thisis e uivalent to the -coordinate of
being divisible by p. ence one hopes to find a non-trivial
factor of by calculating the greatest common divisor of this
-coordinate with

If the above algorithm fails with a specific elliptic curve , there is an option that
is unavailable with ollard’s (p — 1)-method. e may repeat the above algorithm
with a di erent choice of . The number of points on over p is of the form

p 1— for some with 2 p, and the algorithm is likely to succeed if p 1—
is B-power-smoth.
Suppose that = ( Jand = ( ) are non ero points on an elliptic curve
= and that = . Let =( - )( — )and = -
ecall that = ( ) where
= - - and =— —



If we do arithmetic on an elliptic curve modulo N and at some point we can not
compute because we can not compute the inverse modulo N of — |, then we
(usually) factor N.

ple e t tio d E ple
or simplicity, we use an elliptic curve of the form
= 1

which has the point = (0 1) already on it.
The following tiny A I function implements the M. It generates an error
message along with a usually nontrivial factor of N e actly when the M succeeds.

The following two functions are also useful

irst we will try the program on a small integer N, then we will try it on the N
at the top of this lecture. ( uses the random function, so the results of your run
may di er from the one below.)



ow we are ready to try the big integer N from the begining of the lecture.



Thus N = N N = 1004320322301182911 797166454590134548773760793 ne
checks that neither N nor N is prime. e t we try = M on each

ow
N=N N N N =1406051123 714284357 2029256729 392836669307471617

and one can check that N | N | N are prime but that N is composite. Again,
we apply M

This time it took a long time to factor N because is too large so we often get
both factors. A smaller  would have worked more uickly. In any case, we discover
that the prime factori ation is

N = 1406051123 714284357 2029256729 615433499 638308883



